
 

Reme F Ff to in general and it is called the Laplacian of f

and is denotedby

Ff F Ff dir Ff I t 13

In graduate level it will be denoted by 0 82 or D F

The operator F is called the Laplace operator and the

equation Ff o is called the Laplaceequation
Solutions

to Laplace equation are called
harmonicfunctions
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Weonly need to show that ifRsuisply connected connected e

Fx E o Ift 3
then F is conservative I
cased di da have no intersection

gThen r is simply connected R l

theregion R enclosed by 4 and i r

ca lies completely insider

Then by Green'sThin
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Case G G intersect

iii answers SEthan
end point and does not

intersect di a de

Then by case 1 SdMdxtndy fgmdx Ndy

fdzmdx
Ndyi.fdf.DE

is independent of the path and hence

conservative



In order to apply Green's Thm to more generalsituations

we need a general form of Green's Thm

supposethat we have a simple closed conned in R2

Suppose that 4,4 Cn be pairwise disjoint piecewisesmooth

simple closed caves suchthat dy n En are enclosedby d
All C di du are anti clockwiseoriented
let R beHeregion between C and Cy Dn

Suppae that E MitNj is defined on some openset
containing R and is C Then we have

Fx FT DA Mohandy EI qMdxtNdy
his is the tangential fam Thenormalform issimilar

Sketch ofProof

For simplicity onlyone C inside C p

d

We connect d d by an arc L

and consider the simple closed Anne



starting from f
C L d L

Thenthe region R enclosed between d C is the region
enclosed by C except the arch

Hence
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we've calculated
c F di IT for 4 515 7

anti clockwise

How about

foe



Sole I Recall that 8xF o

Green's1hmdoesn'tapply toget dEdEo suicedencloses
the origin 6,0 where F is notdefined

choose Eso smallenough

suchthat the circle de

ofradius E centered at ago R

is completely enclosed by C

E is smooth in the region R between de and Ce
Hence the general fan of Green's Than applied
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y E soo
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In fact we've proved that qF df 2T Haugradius R 0

which can beseen by consider the domain
between G Cp
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c K cfedF qEdry

b
umami

21T O 21T

Hence aDP zit to 21T 41T


