
MATH2020A Homework 4

(15.7)
9.∫ 1

0

∫ √
z

0

∫ 2π

0

(r2 cos2 θ + z2)rdθdrdz =

∫ 1

0

∫ √
z

0

(r2π + 2πz2)rdrdz

=

∫ 1

0

(
πz2

4
+ πz3)dz

=
π

12
+

π

4

=
π

3

15.

∫∫∫
D

f(r, θ, z)dzrdrdθ =

∫ π

0

∫ 2 sin θ

0

∫ 4−r sin θ

0

f(r, θ, z)dzrdrdθ

20.∫∫∫
D

f(r, θ, z)dzrdrdθ =

∫ π
2

π
4

∫ 1
sin θ

0

∫ 2−r cos θ

0

f(r, θ, z)dzrdrdθ

1



29.∫ 1

0

∫ π

0

∫ π
4

0

12ρ sin3 ϕdϕdθdρ =

(∫ π
4

0

sin3 ϕdϕ

)(∫ π

0

dθ

)(∫ 1

0

12ρdρ

)

=

(∫ π
4

0

sinϕ(1− cos2 ϕ)dϕ

)
× π × 6

= 6π

[
− cosϕ+

cos3 ϕ

3

]π
4

0

=
8− 5

√
2

2
π

35.

V =

∫ 2π

0

∫ π

0

∫ 1−cosϕ

0

ρ2 sinϕdρdϕdθ

=

∫ 2π

0

∫ π

0

(1− cosϕ)2 sinϕ

2
dϕdθ

=

∫ 2π

0

[
(1− cosϕ)3

6

]π
0

dθ

= 2π × 4

3

=
8

3
π

41. By definition we have
D = {(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 4, z ≥ 1}

Hence, range of θ is [0, 2π], range of ϕ is [0, π
3
], range of ρ is [ 1

cosϕ
, 2]
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(a)

V (D) =

∫ 2π

0

∫ π
3

0

∫ 2

1
cos θ

ρ2 sinϕdρdϕdθ

(b)

V (D) =

∫ 2π

0

∫ √
3

0

∫ √
4−r2

1

dzrdrdθ

(c)

V (D) =

∫ √
3

−
√
3

∫ √
3−x2

−
√
3−x2

∫ √
4−x2−y2

1

dzdydx

(d)

V (D) =

∫ 2π

0

∫ √
3

0

∫ √
4−r2

1

dzrdrdθ

=

∫ 2π

0

∫ √
3

0

(
√
4− r2 − 1)rdrdθ

=

∫ 2π

0

[
−1

3
(4− r2)

3
2 − 1

2
r2
]√3

0

dθ

=
5π

3

45.

V =

∫ 0

−π
2

∫ 3 cos θ

0

∫ −r sin θ

0

dzrdrdθ

=

∫ 0

−π
2

∫ 3 cos θ

0

−r sin θrdrdθ

=

∫ 0

−π
2

−1

3
(3 cos θ)3 sin θdθ

= 9

[
cos4 θ

4

]0
−π

2

=
9

4

54.



V =

∫ 2π

0

∫ 1

0

∫ r2+1

r2
dzrdrdθ

=

∫ 2π

0

∫ 1

0

rdrdθ

=

∫ 2π

0

1

2
dθ

= π

62. Put x2 + y2 = z in x2 + y2 + z2 = 2 and we will get z + z2 = 2. So
the solution is z = 1. So the range for this region is

{(x, y, z) ∈ R3 : x2 + y2 ≤ 1, x2 + y2 ≤ z ≤
√

2− x2 − y2}

Choose cylindrical Coordinates,

V =

∫ 2π

0

∫ 1

0

∫ √
2−r2

r2
dzrdrdθ

=

∫ 2π

0

∫ 1

0

(r
√
2− r2 − r3)drdθ

=

∫ 2π

0

2
√
2− 1

3
− 1

4
dθ

=
8
√
2− 7

6
π

65. ∫∫∫
R

f(ρ, ϕ, θ)ρ2 sinϕdρdϕdθ =

∫ 2π

0

∫ π

0

∫ 1

0

ρ3 sinϕdρdϕdθ

=

∫ 2π

0

∫ π

0

1

4
sinϕdϕdθ

=

∫ 2π

0

1

2
dθ

= π

The volume of unit solid ball is V = 4
3
π. So the average is

Average value =
π
4
3
π
=

3

4


