
 

Eg4.1 Equicontinuous but unbounded

let E El 13 and consider

f x CCEBIT xEtS t TEES is
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E is equicontinuous
as above

But E is unbounded
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clearly Ix n has no convergent subsequence

eg4I Closed Bounded butnot Equicontainous

het D If C CEO I Hank l t XEto D

Then B is closedand bounded
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To show that B is not equicontinuous we only need

to find a subset of B which is notequi
continuous



Let lfalxs suinxb.EC B

Suppose on the contrary that

tfnkfsiunxb.no a equicontinuous

Then for E I I 8 0 such that

that X yC oil with IX y1 8 we have

1 swim sinny I stz

However forany 8 0 if n Max I If

wehate o y II C Eye with
h

IX yl s 8 and

I suin o sein En1 10 11 1 E
which is a contradiction

swim nI is notequicontinuous



k 3 Let A L Z Jj be a countable set

and fu A R h 1,2 be a sequence of

functions defined on A Suppose that for each

Zj E A IfnHj is a bounded sequence in

R Then there exists a subsequence knish

of tfn5 such that f z EA

fish2 j is convergent

Pt Since facz is a bounded sequence in IR

a subsequence In such that

fitzi is convergent

Note that we have used the same
index n

to denote the subsequence Snh

The superscript 1 is to denote
that it

is convergent when evaluated at Ei



For the subsequence ft of original fan

that is bounded sie LthHalfa
Hence I a subsequence

In of tf's such that

FEEDS is convergent

Note that since Hhs is a subset of Hn's

St is also a subsequence ofHa's

Also FnEis is a subseq of the

convergent subsequence HuttB

Hiei is also convergent

Therefore we've found a subset HE of I



suchthat FEED and

HIGH are convergent

And I uiasubsq.at n'S

Repeating the process one can obtain sequences

FI wish ff fu suck that

Ci Hitt's is a subsequence of HIS tj Qb3

c'il Ifinizas Ifiness HintzD
are convergent jet

caveyeut at

f f f's i fi z

f ft f f Zita

f f f r th r Zi ZyZ3

In f f e fun Zi Zz Zy



Define Gn fan it nu thediagonal sequence

then 1guy is a subsequence of this and

for any fixed by i

ghttp fhtt
As n b n z j fu sufficiently large n

Hence I fit is a subsequence of

the convergent sequence fifty fa all

sufficiently large n Therefore 19aEp is

convergent This completes the proof of
the

lemma

Thismethodoffinding gn is called
Cantor's

diagonal trick


