
Q1

let fnlx) : = for ✗ c- [0,17 . Show that the sequence lfn)

of differentiable functions converges uniformly to a differentiable
function f- on -10,17 ,

and that the sequence If 'm)

converges on [Oil ] to a function g , but that
got -1-1-111 .

Solution :

For each ✗ c- [0,17 , fnlx) = ¥ → 0 as n→oo

Let f-1×7=0 , V- ✗ c- [0,17 . It is clear that f- is differentiable .

i. fn → f- point wisely
let E>0 and let N c- so that £ < e t n >N . (Archimedean)

property
Then V-✗ c- -10,17 , when n >N , we have

lfnlxl -1-1×71 =/ ¥1 c- tn < [

.

'

. fn → f- uniformly .

f n' 1×1 = ✗n
-I
,
t ✗ c- [0/1] .

For ✗ c- -10,1) , f-n' 1×7 → 0 as n→oo
.

For ✗ =L , f-n' 11) = 1 → 1 as n→oo
.

Let glx) =/ 0 for ✗ c- 10,1)
1- for ✗=L

.

Then fn
'

→ g pointwisely .

g. 111=11--0
= f-

'

(1)



Q .
2

Let I := [ a , b) and let lfn) be a sequence of functions

on I → IR that converges on I to f. Suppose that each

derivative f-
'

n
is continuous on I and that the sequence

lfn
'

) is uniformly convergent to g on I. Prove that

f- 1×1 - f- Ia) =)? glt) dt and that fix =

91×7 for all ✗ c-I
.

Solution :

Note that by the FTC ,

fnlxl - that =/
"

f-
'

nltdt .
b- ✗ c- I

.

- 1*1
a

we want to Take limits at both sides to yield the identities

required .

For each ✗ c- I
, limlfnlx) - fnla)) = fix - f-(a) by pointwise
n→oo

convergence .

n-so.la?fn'tDdt=fjglt1dtWe want to show that dim

Since f-n' → g uniformly , b- t c- [a. b) , te> 0 , -7N c-

NS.t.lfnitl-gltsl<¥ .



f? f-n' It)dt - fi gltldt =

fjlfn.lt/-gltDdtEfa1frilt)-glt)ldt
< f? Edt
=

E
Ix- a)

b- a

£ E

b-a
' (b- a)

= E as n7N

in dim /
✗

friltdt =/of gltdtn→oo a

Then by letting n→oo at 1*7 , we have .

f- 1×1 - f- Ia) =/
✗

a
glt) let V- ✗ c- I .

Since fri are continuous , g is cont . by unif.com .

Differentiating both side w.r.tn ✗ , f-
'

1×7=91×7 by FTC .



QB

Let {Mira , ... . rn . . . . } be an enumeration of rational numbers

in I := coil] ,
and let fn : I→ IR be defined to be 1 if

✗=r , , . . . . rn and equal to 0 otherwise . Show that fn is

Riemann integrable for each new , that

f-11×1%1×7 E. . . Etna E. . . and that fix : = limlfnlx)) is
n→oo

the Dirichlet function , which is not Riemann integrable on

-10117 .

Solution :

For each n ,
note that the set ftp.n.vn } is a null set .

For each ✗ C- Ikr , , . . . .vn} , let {✗ = min
{ 1×-91 . . . - . / ✗ - rnl} and

2

Ix be the Ex - nbd of × .

Then fnly) = 0 ty c- Ix ⇒ dim fnly) = 0 = fnlxl .
y→x

. : fn is continuous on 1) {rim. . . rn} .
i. fn is Riemann integrable by the Lebesgue Criterion .

For each ✗ c- [0-1] Mac , note that fnlx) = 0 kn

i. ltnlx) is increasing and fix)
= limfnlx) = 0
n→oo

For each ✗ c- [0,1] n ☒ ,
✗ = rk for some KEN .

i. fnlx) = 1 for n>K .

i. ltnlx) is increasing and f- 1×1
= dim fnlx) = 1 .

n→x



i. fix = { 1 for ✗ c- 10117M ☒
,
which is the Dirichlet

0 otherwise

function .

f- is not Riemann integrable by the same proof
of Q .} in tutorial 7 .


