
Q- I

Use the following argument to prove the Substitution Theorem 7.3.8
.

Recall Theorem 7.3.8 :

Let J=[a. p] and let 4 : J → 112 have a continuous derivative on J
.

If f- : I→ 112 is continuous on an interval I containing 41J) , then

141T)) - Y' It)dt =/"Pfixdx
'

4K)

Define Flu) :=/Jia, flxldx for u c- I
,
and Hit := 1=1411-1) for TEJ . Show that

H' 11-1=1-1411-1) Y' It) for TEJ and that

% flxldx = FIYIP )) = HIP) =/11-144-174 '
it)dt

Solution :

Since f- is continuous on I , by the Fundamental Theorem of

calculus LFTC) , F is differentiable and F' In) = flu) .

Therefore , by chain rule , H' It) = F' (411-1) Y'It) = f- 1411-114
'

/t) for

teJ

Let 1^-111-7=1×+1-141D) Y' b) dt.it c- J .
Since f. 4

'

are continuous , by
FTC again ,

tilt) = f-1411-11441-1 .

i. H' lt-tl.lt) tteJ

IHLH - tilt)) '= 0 .

Then VTEJ
,
Hlt) - 1^-111-7 = C for some constant C c- IR



> 0

Take t=a . f- Hla) - 1^-11×1=-1-141xD - fifths)) Y' b) dt
= JUN fixdx = 0

41×1
i. Hlt) - tilt) = o tt c-J

felt
>

fix)d✗ = fat f- 141s)) 44s) ds
41×1

Take t =p

/ flxldx =/ (fulls)) Y' Is)dsj
41×1



Q .
2

Let f. g c- R[a.b] .

(a) If TEIR , show that fabltf -1-95>-0 .
(b) Use (a) to show that 2 / fabfg / stfabf ' + ¥ /ab g ' for t>o
(c) If fabf ' =o , show that fabfg = 0 .

(d) Now prove that lfabfgl 's / fablfgl )
-

⇐ ✗ ab F) flab g.) .

Solution :

Ia) Clearly , Itf -19570 .

Claim : If f- c- Rta , b) such that 1=1×730 for ✗ c- [a. b) , then

fbflxldx 70
a

Proof :

Let Ñn be any tagged partition of [a. b) with 111%11 → 0 .

Since 1=1×730 on [a. b) , Slf ; in) 70 .

Recall by tutorial 5 Q . / , dim Slfipn) =)? -1-1×7 dx .
n→ox

Then fab FIND ✗ 70 . 4

Then we apply the claim to Itf -1-91
'

to obtain the desired

result .



(b) fabltftgl
'

=)? It 't
'

-12 tfg + g.) 70

- ztbfg E t
' / ab f- + /ab g

'

a

-2)abfg et / off
'

+ & / ab g'

f? It f-g)
'

=)? It 't
'

-2 tfg + g.) 70

ztbfg E t
' / ab f- + /ab g

'

a

2) bafg et / If
'

+ & / abgz
i. 21 /abfg let / If ' + If !gZ

(c) If fabf ' = 0 ,

21 /abtg I ⇐ f- fabgi
Note that fiyz.tt/abg'=o .

By Sandwich Theorem , fabfg = 0 .

(d) For the first inequality . it suffices to show that

fabfg efablfgl .
Note that lfgltfg 70. By the claim in Ia) ,

Jtfgl Ifg) 70
a

Ifabfg £ fablfgl
⇒ lfabfg I e fablfgl



For the second inequality , we consider

fabltf -g)
'

so

✗abfyt2-kfabfglt-f.bg
'

30 1*1

The LHS can be regarded as a quadratic function of t .

Condition 1*7 implies that this quadratic function has at most one

real root . Therefore , by considering the discriminant , we get

tzfabfgi -41%1-411! g.) so

lfabfg )
-

e Ifab f) lfabgz )
By replacing fig by 1ft , Igt respectively , we obtain the second inequality .



0.3

Let h :[Oil] → IR be the Thomae 's function and let sgn be the Signum

function . Show that the composite sgnoh is not Riemann integrable on

[0,17 .

Solution :

Recall the definition of Thomae 's function and the Signum function .

f- if ✗ c-☒nlo , 17 and ✗= P-q.p.qc-ZS.t.gcdlp.gl =/

hlx) = { 1 if ✗ =o

0 otherwise

sgnlx)
= { 1 if × >o

0 if 4--0

Then we have
1 if ✗ c- On -10,17

lsgnoh) 1×7 = { 0 otherwise .

Clearly , sgnoh is bounded .
We want to show that sgnoh is not

continuous everywhere on [0,17 .This shows that sgnoh is not Riemann

integrable by the Lebesgue's Integrability Criterion .



Let f- = sgnoh .

Case 1 : a c- ☒ .

Then f- (a) = 1 . Let E- £ .

By density of ☒
'
on IR

, Ff >0,7✗ c- la-8 , at 5) n to , in Q? ⇒ f-1×1=0

⇒ Iftx) - f-(a) 1=1 > £ .

i. f is not continuous at a.

Case 2 : a c- Qc

Then f- (a) =D . Let E=£ .

By density of ☒ on IR
, Ff >0,7✗ c- (a-S.a-isn-o.in/Q .

⇒ f-1×7--1 .

⇒ Iftx) - f-(a) 1=1 > £ .

i. f is not continuous at a .


