o |
Wee the 'Fo\\owmﬂ arﬂwneml‘ o prove the Substitution Theorem 7.3 ¢

Reeall Theoremy F.3.§°
Lot 3.=[°h{3] ond let ‘-F:J—>IR have o Contiavous derivative on J.
IF .F; 1q|R 1S Lﬁ-nf'mmus om an 'm-l-wva‘ 1 (rvnTa.‘n;nj L(’LJ),H‘W

F W' = ke(F) d |
L{wu—» Q' Wt j%) 9 dx

Defme Flu)u‘[\;“) ‘Hx)d‘K ‘FW wel, ond HIB):= Fl‘f(t’)) 'fﬂ'r ‘t’ej Show That
He) = FlQw) ¢'it) for teT oand that

Kgl(f)) fw dx = FUELp) = H(B) = ff FYw) P wdt

Solutimm:
Smee £ 1S amtimuous o I,by e Fundamental Thegremt of
Caleulws LFTQ) , F is diffwvomtiable and  F'lu) = flu).
Therefove by chain 1wl HP) = Flyw) ') = FIEw) ') fov
ted
X r'ltt)zfzﬂtﬂﬁ)\("ts)dtvteJ.S’mcc £.4" are (m\’rmv\ous,l,7
FTc B go:n; F\’l‘t)=f—(‘€tt-))l-[?'(t),

H't) = H (£) Vte]
(HW-An) =0 .
Thew V1eJ, W) - A = C for some amstort CeIR
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Toke t-a c=mq-ﬂwaMmrj;&wﬂ?@ﬁt
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- S*{’u fidx =0
N ‘f\oo

LHW-Aw=o Wred

t
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@ g?
(x)dx = Le(s) Y'ie)ds.
L’(’lﬂ)‘f ? A)C i V4



Q.2

Lot 1C,36R[a,b],

w If TelR) shiw thak v(::&tfﬂj)zao.

(b) Use (@) to show that 2 g:ﬁ,\ < {,\(':_j:z_r %m, for >0
() If J:f’ =0, Show that J"jaj .

” b 2 hb 2 b 2\ b ,

@) New pave st [ g e ([1tq) <(] ) ([, 1),
Colution <

1a) Clearly, miﬂ)' %0

Uoim’ TF FeRTob] such that FO20 fo x €[a, bl , Them

b
[Hx)dx >0
o

Proof-

Lt B be any Togqed partitim o [ab] with IPall = 0
Cine FO 20 m [To.b], SH,P,,) %0 -

Reall by twtrial 5 6., Jim SUF5P) X: Fox) dx.

n—->w0

Thew f:F(x)dx 20. v

Then we opply the Claim T [‘tffﬂ)z to obtoun the desired

reswit.



(b) fi‘”*jf =J:H’f11)tf3 +0‘) 20
-“J}ﬁ <t j:]@)f Ib §°

(o

b 2

SR KRR
g:(tF-j)’ = J:H’fl-ltfj +0‘) %90

2tJ:f3 <t j:{-)-r j: §*

/89 <t ) F

O I [P =0,

b I b
2| )y [ <% (¢’
.‘ l b -
Note that {:Q—:\m .tLg 0.

E\/ S(mdwc\,\ Thetremw , J:fj =0,
W) Frnv e first Yneq)v\n%‘h}.]f suffites +o show That
5049 < St

Note thak |f4)£fg 0. By the Cloim in (@),
b
o

\fgl 2f9) >0

(
(249 < [t
SB

p
b
> [\ fgl < Llfﬁl



For the Second 7Y\Q£&\AaQi‘h],wQ con s der
f:(tf—j)’zo
Br)enaiye [y o

The LHS Con be ﬂjardad as a guadwmtic Punctim of T
(ondition 0F) implies that this guadvatic {unckion has o wost ome

real Torl - Therefore, by CmS'.de/va\g the diScrimimant ;, we et~

2[4y -4l )] 9) <o
([ 49) < L4 6)
By ’l€|>|0n(,‘ww) 16'3 b\/ lf‘l;lﬂl VU?ec'tively,we obtoan e Setomd 7"&5“”‘&{3'
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let W L0117 — 1R b he Thomae's funchm ond S sqn be the Signum
functim. Show that the Gmiposite Sgnob is ot Riemann wiegrable ov
Lo,1].

Solwtim

Retall e defmition of Thomae's funckimm and  He Signum function.

-35 f xe®al,7  ond 1=~% .P,%e’ﬂ.. St 3““?'7)"

W) =9 1 if x=0

0 otheywse
Sav‘[)q = { l }‘F X >0
0  x=o0
Thm we have )
| xe@aro]
(Sgn o) (x) =
0 othervase.

Cltﬂvlyv SﬂV\Ol'\ is bounded . WC woant o Show Thal sanoln is nit
Continuous bvem'whcr{. on  [0,1] . This Shows el Sﬂml,\ 1S not Riemonn

wteqralle by fhe LeLesaue's Thﬂjmblbij Criterim.



Lot T =3sgmeh

(ase |: ned

Then fl)=1. Let €=%.

By dw\s.'TJ of B m R,Y {50, Ixe(a-§,atl0,10R". 2F0 =0

> |fo -fw] =1 >5

s nd continwons ok a.
(pse2: ae®

Then fl@)=0. Let €=3.

By dunsity of & o R,V § >0, Ixe(a-§,arlo, 0@ . > F0)=|.

> {0 -fw] =] >4
O is nit continnens ok a.



