
Q . 1

If f- c- R[a.b) and (Dn) is any sequence of tagged
partitions of [ a.b) such that 11in 11→ 0 , prove that

fabf = dim Slfiin) .

n

Solution :
Let E>0 be fixed & Se be the corresponding constant

specified in the definition 7.1.1 lie . Riemann integrability)
Since 111%11 → 0 , 7-NS.t.llpnl/Cfeasn7N .

Then since f- c-RIA > b] , by def of Riemann integrability ,

I sit :P:) -title
as nzN

i. dim Slfipn) =/off by def . of limit .

n→oo



Q.2

Let glx) 0 if ✗ c- -10,17 is rational and g 1×1 ¥ if
✗ c- [on] is irrational . Explain why get REO ,D. However,

show that there exists a sequence Lpn) of tagged
partitions of Fa , b) such that 111%11 → o and

linm Slgiin) exists .
Solution :

Consider P'h={ It . In] . rid }i=,
'

Prf = { It ' . in] , sin} ;!,
where rint-i-1-n.INT no

-1hm 2.4.8 &
sin c- [ i-1-n.in ] na' f Cor 2.4.9

1which exist because of the density of ☒ & Q
'
in IR)

Then 111%11,111%11 → 0 as n→a .

Suppose in contrast that g ER-10117 . Then by Qi ,
lim 51g . Pin) = limslg.PL) .

n→ao n→oo

However , Stg .ph) = 910in) - In = 0 this also show the
2nd part)

slg.PH = ¥
, glsinl-h-1-n.EE; >tn-zin-i-E.tn

dimn→¥, it
= a trefer to example 3.7-b)



i. fi-yyslg.PE/--oo
i. Contradiction to

gc-RI-o.D.igc-R-o.it.



Q-3

If f- c-Rta , b) and c c- IR , we define g on fate , btc] by
gly) :

-

- fly- c) . Prove that gc-R-latc.br] and that

fab.fi g =/off . The function g is called the c-translate

of f.
Solution :

Let e> 0 be fixed & Se be the corresponding constant in the

def . of Riemann integrability off .
Now , consider a tagged partition P•={Exit .✗II. titi?

,
of

fate ,bti with 111511 < fe
.

Since length of an interval
is translation invariant , P' = { ( [✗ i- i - e , ✗ i - c] , ti - c)} , is

a tagged partition of Taib] with 117 'll < Se .

By def . of Riemann integrability off , we have
1 SH . P ) - /abt / <e.

Note that
n

Slf -15 ') = ¥
,

flti - c) lxi - c-Hi-i -d)
n

= ⇐glti) lxi - ✗i-D
= slg.PT



i. 151g . F) - fabflse .

in gc-REatc.br] & fabiiig =/abf by def . of

Riemann integrability .


