
1. Show that f-1×1 = ✗ "3 ,
✗ c- 112 , is not differentiable at

✗ =D .

Solution :

f- 1×7 - f- 107
X - O

=

✗
"3 - o

X - o
= ✗

-4s

Claim : dim ✗
-% does not exist

.

✗→ 0

Proof : Suppose that him x
-% exists and equal to MEIR .

✗→ 0

Then dim ✗
-4s

= M .

✗→a-

By def . ite >0,7-8>0 sit . when 0 < ✗ < 8 , 1×-4 - M / < E. 1*1

FL>0 , ✗-43 > L when Ocx < [
%

.

If ↳ M -12 ,
X
-%

> L > M -12 .

i. 1×-43 - M / = ×
-"S
- M > 2 when 0 < ✗ < [

%
.

⇒ tf > 0 , 1×-43 - MI > 2 for some 0 <✗ < 8

1By choosing O<✗<min { f. [" } .)
⇒ contradiction to 1*1 .



2. Let new and let f- iR→1R be defined by fix :=xn for
✗ 30 and 1-1×7 :=o for ✗< 0 . For which values of n is f

'

continuous at 0 ? For which values of n is f-
'

differentiable

at 0 ?

Solution :

At each ✗ = a > 0 , f- Ix)=xn tx c- la- § , a-1£)
i. f-

'

1×1 = nxh
- l t ✗ so

similarly , f- ' 1×7=0 7×20 .

When n=1 , f-
'

1×7=1 . Fx > 0

Since him f-
'

1×1=1-+0 = dim fix) , f- Tx) is not continuous
.

✗→ it ✗→ o

When n=2 , f-
'

1×1=4 Vx >0 .

dim fix) = dim
✗→ 0+211

= 0
✗→0-1

dim fix = limp =p } ⇒ him fix =p✗→ o

✗→ o
-

✗→

olimf- 1×7 - f- 10) dim XZ - O

x→o+ x-0
=

x→o+ ✗
- o
=¥7o+× = 0

dim f- 1×1-1-10)
= him O_0

✗→o
- ox-0 ✗→ o

- X- o
= 0

i. f
'

lo) = 0 = dim f-
'

1×7=0
✗→ o

i. f-
'

is cont. at 7=0 .



dim f-
'

1×7 - f-
'

10) = dim 2×-0

✗→ o
-1 X-o

= dim 2=2
✗→ 0-1 X - O ✗→ ot

dim f' 1×1
- f-

'

lo)
=
dim O_0

✗→ O
- X- O ✗→ o ✗- o

= 0=12

if
'

is not differentiable at 0.

When n 73 ,

dim fix) = him nxn-1=0
✗→ ot x→o+

him fix) = dim 0=0
✗→ o

-

✗→ ot

him f- 1×7 - f- 10) = dim
✗
"
-0

= him ✗ n-1=0

✗→ 0-1 X-O ✗→ ot X
- o x→ot

dim f- 1×1-1-10)
= him O_0

✗→o
- ox-0 ✗→ o

- X- o
= 0

i. f-
'
lo) = dim f-

'

1×1 .

✗→ 0

i. f
'

is continuous at 0 .

dim f-
'

1×7 - f-
'

10) = film
nx
"-10

✗→ o
-1 X-o

= dim nxn-2=0
✗→ 0-1 X - O ✗→ ot

him f' 1×1
- f-

'

lo)
=
dim O_0

✗→ O
- X- O ✗→ o X

- o

= 0

i. f
'

is diff . at 0 .



3. Determine where g-.IR→ IR , 91×1=2×+1×1 is differentiable and find

the derivative .

Solution :

Rewrite
gµ, =/

2×+11=3×1×70

2x - ✗ = ✗ , ✗
< O

g is differentiable on × > 0 Since glx)=3x tx>0 .

⇒ g'1×7=3 tx>o ,

g is differentiable on ✗< 0 since glx)=x t ✗ <0

⇒ g'1×7=1 b- ✗<0

It is left to check whether g is differentiable at 0 .

I;m 91×1
-gig

✗→ ot ✗- o
= dim 3×-0

✗→ot X- o
=3

him 91×1-9101 = t.mx -0
✗→0 X- o ✗→ o

- x- o
= 1=13

i. g is not differentiable at 0 .



4. If f : IR→ IR is diff . at CEIR , show that

f-
'

(c) = dim nlflcttn) - f-14)
n→oo

Give an counter - example for a function whose limit above exists
,

but f- is not differentiable at C .

Solution :

f-
'

(c) = him f- 14h) - f-(c) exists since f- is diff . at c.
h→o h

Consider the sequence (4) .

Note that lni-nz.tn =o & Into the .

By the sequential criterion ,

f-
'

(c) = dim
flcttn ) - f-(c)

n→oo Yn

= Itm n { flcttn) - f-(c) }
n→oo

Counter - example :

f- 1×7=1×1

f is not diff . at 4=0 . ( Exercise)

dim n{ fkn) -1-101 } = dim n{ Intl - o}
n→oo too

= him n.tn
n→a

= I



If f : IR→ 112 is diff . at c. c- IR , show that

f-
'

(c) = dim In {fkttn) - feel } )
n→ox

Counter - example for existence of limit * diff .

f- 1×7=1×1
nlltnl - o)


