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7.2 Q1

It follows directly from Cauchy Criterion 7.2.1. (Let η = 1
n for n ∈ N.)

7.2 Q3

Define the set A = { 1
k : k ∈ N} and let n ∈ N. Suppose Ṗn = {([0, 1

n+1 ],
1

n+1 )}∪
{([ i

n+1 ,
i+1
n+1 ], ti)}

n
i=1 with ti /∈ A. Suppose Q̇n = {([ i

n+1 ,
i+1
n+1 ], ti)}

n
i=0 with

ti /∈ A. Note that ||Ṗn|| = ||Q̇n|| = 1
n+1 < 1

n . Also, we have

S(H; Ṗn) = H(
1

n+ 1
)(

1

n+ 1
− 0) +

n∑
i=1

H(ti)(
i+ 1

n+ 1
− i

n+ 1
) =

n+ 1

n+ 1
+ 0 = 1.

S(H; Q̇n) =

n∑
i=0

H(ti)(
i+ 1

n+ 1
− i

n+ 1
) = 0.

Let ϵ0 = 1
2 . Then we have |S(H; Ṗn) − S(H; Q̇n)| = 1 > ϵ0. By Q1, H is

not integrable.

7.2 Q6

Define f : [0, 1] → R by

f(x) =

{
1 x ∈ Q
0 x /∈ Q

For any internal I, there exist x1 ∈ I ∩ Q and x2 ∈ I \ Q. Hence f is not
constant in I and thus f cannot be a step function.
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7.2 Q7

Let f : [a, b] → R and S(f ; Ṗ) be a Riemann sum of f with the tagged partition
Ṗ = {[xi−1, xi], ti}ni=1. Then we can define the function ϕ : [a, b] → R by

ϕ(x) =

{
f(ti) x ∈ [xi−1, xi), i < n

f(tn) x ∈ [xn−1, xn]

Then ϕ is a step function with∫ b

a

ϕ =

n∑
i=1

f(ti)(xi − xi−1) = S(f ; Ṗ).

7.2 Q13

Define f : [0, 1] → R by

f(x) =

{
0 x = 0
1
x x > 0

For any c ∈ (0, 1), since f is continuous on [c, 1], we have f ∈ R[c, 1].
However, since f is not bounded on [0, 1], it follows that f /∈ R[0, 1].

7.2 Q16

Denote the maximum of f on [a, b] by M and the minimum of f on [a, b] by m.
Then we have

m(b− a) =

∫ b

a

m ≤
∫ b

a

f ≤
∫ b

a

M = M(b− a).

Since f is continuous on [a, b], and m ≤
∫ b
a
f

b−a ≤ M , by Intermediate Value

Theorem, there exists some c ∈ [a, b] such that f(c) =
∫ b
a
f

b−a .
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