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Ttpc ID and p't E Id D bethe fixed points
of T ftp.o then p w

let S HH be a transformation inthe hyperbolic

group such that s p o

and hence Spk
Since SEIH S HEB left

Sptta
r

j
T

i

s

i.pt
Then SoTo S C IH and has fixed points at
O and W and fixing the unit circle



Hence goTo S t
is a rotation and T is a

elliptic transformation Moreover we have the

following conclusions

c the unit circle is a Steiner circleof the
2ndkind w rt p and p't

c Other Sterner circles of2nd kind Apollonius

are hyperboliccircles

The transformation T rotates points around

these circles of Apollonius creating a

circulating motion about the fixed point p

T is called a hyperbolicrotation



4 TheSteiner circles of 1st kind art p and p
are hyperbolic straight buries passing thro p

Remaek i

suppose that C is a hyperbolic circle Then

the family of all circles f r to d

and perpendicular to the unit circle HHS

is a family of Steiner circles of the 1st

kind w rt someporuts p and p IPKl Iftp.D

Ex

The point p is called thecenter of
C

and the Steiner circles of the 1st kind are
called the di of d



c

CaselBI

Let p and f bethe
2 fixed points of T m

Hz f I T is hyperbolic

C elliptic with fixed p and q will
move HzFB

Thenthe unitcircle is a Sterner circle of 1St
kind w rt p and f
Other Steiner circles of 1st kind consist of

a hyperbolic straight lines determinedby

p and q
hypercycles



Sterner circlesof 2nd kind are mutually
hyperparallel hyperbolic straight lines

i

Remade Conversely ifwe have a hypercycle C
Then d intersects the unit circle in 2 points

say p of C is a Steiner circle of the

1st kind wrt p f
unit circle the hyperbolic straight line
determined by peg are alsoSterner

circles of the 1st kind



hyperbolicstraightbuie axisof
determined by the intersection translation

am.ee

The hyperbolic distance see nextsection of

the perpendicular fraud to the hyperbolicstraight

line is constant lie independent of the starting

point on C since these perpendiculars are

congruent CEx

Therefore hypercydese are called equidistant

curves

Ex compare with
Euclidean geometry

Note that T moves points alongthe equidistant

curves from to p to f Ca f to p and hence

called a hyperbolictranslation the uniquehyperbolic
straight line determinedby p g is called theaxisoftranslation



Case

I must be a far
transformation

hyperbolicstraightlines

ao.rogas

thehyperbolic straighthiaes passing thro p are

degeneratedSteiner circles perpendicular to
1244

Thefamily of degeneratesteinercir perpendicular

to thehyperbolicstraight bines fromp are

horocycley

Thehyperbolic straight buries thro p are the

diameters of the Gotocycles



4 Thetransformation T is called aparallet
displacement

Sweeney

A hypub rule is a curve traced out by

a point subjected to elliptic transformation

Steiner circle of d w rt the

fixed points of an elliptic
transformation

fixing 1 HHS

B hyperoyde is a curve tracedout by a point

subjected to hyp
transformation

Sterner circle of d wrt the

fixed points of a hypub transformation

fixingtheH's

horocycle is a curve tracedout by
a point

subjected to parabolic transformation



degenerate Steiner circle of a parabolic

transformation fixingHzHD perpendicular

to hyperbolic straight lines thro the

fixed ideal point e



Ch9 Hyperbolic length

Def A parametric carve

F Z Ct Xlt tight t C abJ

You.qq.d.ggothifxctsaudyasare

2 a andHb are calledendpoints of the
court

Def Tulhe hyperbolic plane thelength of a
smoothcurve 8 with parametrization ZHENGYI

aetE
b

LG z Sab IZ'M dt

where Ztt x'ft eight



Def Lt Z andZz betwo points in the

1
hyperbolic plane The distance fromZito72

is defined by

deyzz L hyperbolic straight linesegment
1

between z zz

Remarky i l 8 20 t 8

Ciis IzEtsIdt Kct tdt
is justthe usual Euclidean integrand for
arc length

T

Thm let T be a transformation of hyperbolic

group and 8 be a smooth
cave Then

ICTCoD LCD

i.ee sw

distance is invariant
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Destancefamulacased
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straight line segment withes

case Hence allof LCD



where r 2 ft t Z O Ets l

do 2S ftz dt z dt
2 2 letting r THI

buttleHH XX

casecgenaal
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If I Let Tz e
0
FEEL any a

Then TZ 0

Byinvariance of l we have

DEAD d TZ1,172
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Fundamental Properties of Distance

Thin Let zyzzzz.bepoints in the hyperbolic plane

Then 4 day E ZO
2 dCZ ZD dCZzF

If zuzana's are coluieae
in the order Ffsthen 2 I

dtzyZD dlzyZD
dttzZD.CC

ZZmmsmeH5ie



PI 4 e are clean

Pfof Lef T be a transformation of hyperbolic

geometry taking Z too and the hyperbolic straight

bise passing thro Zi Zz Zs to the positive

X axis Then TZ FO TZE R2 and TZ 5 Rz K

ish 5

Then

dats d O B
2 OB fi
zsokffetzfr.fr
do rest 2 ftp.f

Note DEAD dcrzrj lnHIEF.hr
Breirar I
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Thin let Zietz be points in the hyperbolic plane

Then the shortest curve in hyperbolic length

connecting z ez y gae hyperbolic straight

line segment joining Zi Zz


