
 

NormalformofaMobiusTransfamation

Let T Miobtransformation with 2 fixed points peg

Since T fixes p f and

H T maps chires to lines

T maps clines passing thro p e go to another

claies passing thro p f

Steiner circles of 1st kind w rt p g are
inrariant under T

One can show that Steiner circles of
2ndkind

are also invariant under T Ex

To see the action of T we consider again
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Let Rcw 515kW bethe lift of 1 to the

extended w plane via 5

Then Rco ST 540 ST p Sfp O

RCA ST step Scg

Onethe other hand R is of the fam

RW
aw tb
Twtd forsome a b C dGIC

with ad bot O

Then Rios o b 0
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Rw F w
a d to suice
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Write it f to we have

IRw d

Substituting into Rw 515 w

aw ST 5 w

a z STS Sz s f z

dEI fIT Ho

is called t famfT
We seethat T can be understood as composition

of 3 operations

i sending the fixed points
to o and o

L

ai's multiplication by a nonzero complex
constant MO

Lili's sending 0 and a back to the fixed points



Cased Elliptictransfamation Nfl

Keio Rw eO'he is a rotation about
the origin

the action of T is to more points alongthe

Steiner circles of 2nd kind around thefixed

points

Moreover T sends Steiner circlesof 1st kind to

another Steurercircles of 1st kind

in



Case tfamatim d o

R w AW d o is a homothetictransformation

the action of T is to move points alongs

the Steiner circleof the 1stkind
Moreover T sends Steinercircles ofthe 2ndkind
to another Steiner circles of the 2nd

kind

A

i

Case3 LoxodromicTransfamation

a keto k 1 k 0 and 0 to mod21T

action of T a combination of the motions of
an elliptic and a hyperbolictransformation



Conclusions

is 2 kinds of Sterner circles
generalised polar coordinates for

Mobius Geometry

Mobius transformations with 2 fixed points transform

each Steiner circle wrt thefixed pants to Itselfaanother

Steiner Circle of the same kind w rt the same

fixed point

Suiplestlypers of transformations with 2 fixedpoints

Elliptic rotation more points along Steiner

circles of 2nd kind

Hyperbolic scaling move points along

Steiner circles of 1st kind

Loxodromic combination ofelliptic hyperbolic

5 Normalfamy expression of the relationship

between the transformation and
the Steiner

circle coordinate system determined byits fixed points



Parabolic ransfamation Transformation withtfixedpoint

Let T be a transformation with one fixed pointp
Consider w St p

Then Septa weird
And RESTS 5 f Is
satisfies

RCA ST5 m
Zed I

Tcp Sp

Using the fam Rw WwIby a b gdEQ with
ad bcFO

we have

Rasta
o dto.at

Hence Rw F wtf
Since R has no otherfixedpoint

otherwiseTwill have
2 fixed points

w wtf has no solution in G



f 1

Rw w t p for some PEG
which is a translation

Hence
s 15 w Rw wtf
ST Z Sftp

Gto
p p

is the namalfane of a parabolictransformation

Note Rw Wtf moves paint along straight
lines

parallel to the vector P
w plane

z plane a



Adding thefamily of lines orthogonal to late

paralleltop we have a coordinate system

on W plane whichgives a
coordinate system

on the Z plane called a generalized Cartesian
coadunate system



Chf HyperbolicGeomet

This is the non Euclidean geometry discovered by

Gauss Bolyai and Lobatohersky

There are 2 models of hyperbolic geometry to be

discussed in this course

diskmodele and

upperhalf planemodet

Remade Unit disk D I Z E CI i IZ k l

Upperhalf plane D ft EG z xtiy y so

Diskmodel

The groupof transformations
consists of all Mobius

transformations that mapD sdf

It is clear that these transformations form a

transformation group with underlying space
D Ext

To find this group explicitly we let T CMob

mapping ID onto itself



Then Izu 11714
And I 70GB suchthat

TZo 0
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Therefore T mapping Daito itself

THE o
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Hence wehave
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Suppose now 121 1 Hou ITH I

i KITH MEETI
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011I Fo't I
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izz
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A et0 for some of IR

Henley
12 Let D be the unit diskinthe

complexplane

Let It be thesetof transformations of
D of

thefam Tz et9707 where fo k l OER

Thepair µ mo omty

The set ID will be called the hyperbolicplaney

The group 1H is the hyperbolicgroupe



Note It is a subgroup of the Mobius group1M
and D C I

hyperbolic geometry is a subgeometI

of Mobius geometry

Hence Every statement true in Mob geometry

is also true in hyperbolic geometry

Atyperboliolstraightlinese

is thepart inside

1

Def A hyperbolic straight line

the unit disk a Euclidean circle or Euclidean

straight line in the complexplane that interacts

the unit circle at a rightangle




