
 

Abstract Geometries and their Models

Def Two geometries Si G Csr Gz are

motels of the same abstractgeometry if
there is an invertible covering transformation
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Note In this case G and SGD are

called isomorphic and µ is called an

iso m
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Get rotations aroundthe origin
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Get rotations around 7 5

Then Si G and S3GD are geometries
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Consider µ S Sz
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It iseasy to see µ
I El exists
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Let TaeGi ie I rotation around 0
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which is a rotation of O degree around 7 5
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Similarly fu the other direction

G G Sa Ga are isomorphic



Ch5 Mobius Geometry stereographic

Def let E or at Gut as I 5
bethe extended complex plane including 8
and let 1M be the set of transformations

of the fam
W Tz Atb

CZ t d l

were a a ee and

the determinant of T a d b c t O

Such a transformation is called a Mobiastransfamation

a linear fractional transformation

The pair E 1M models Mobius Geometry

Remand Mobius transformations include all rotations
translations homothetictransformation and

inversion e

rotation W e Oz a etO b GO D 1

then a d b c et0 to



translation CEx

homothetictransformation

inversion W Lz a d o b G1

teen ad be t o

conversely

q adf.by zifctOwTz fEtb ly
checky

HH F sifeo

o T compositionof a rotation homothetic
transformation and a translation

Cuigeneral

Cfo F composition of a translation followed

by an inversion followed by a
homothetic transformation and a rotation

and followed by another translation
in general
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list Mobius transformation T I E

The f E
if Cto
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Tf E if Cto
i Tis welldefined and
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is a Mobiustransformation
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Note Caetbg Cftdh CaftbhXcetdg

Cad b eh gf to

Tos is a Mobius transformation

Civ FromCiii's we see that one can
associate a

2 2 complex matrix Gba to the Mobius

transformation w Tz AZtbcztd

Then far T Ebd

s GE
wehave Tos aetbg aftbh

cetdg Cftda
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