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4 Let S D R be surjective continuousmap
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from D to R or that D covers R via S 1I
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CHI TheErlangerPrograin Klein

congruence and transformation

In history 2 figures are congruent
when one

can bemoved so as to coincide with the

other
more transformation

Klein's idea congruence
determines geometry

I
need transformation to define

classicalcongruencerelation of Euclidean geometry

satisfy a reflexivity AEA foranyfigureA

b symmetry If AEB then BEA

c transitivity If AEB B E C

E congruent
then AEC



Renard A relation with properties Hs is

called an equivalence relation

Definition of Geometry in thesense of Klein

Theproperties of the classical congruence relation

can be expressed in terms of properties of

congruence transformations

set oftransformations If such that

A EB A 5 B fibs bEB forsome f

Then as I identity transformation is a

congruence transformation

b If fez is a congruencetransformation

then f is invertible and f ke
is

also a congruence transformation

G If fees and gas are congruence transformations

then so is the compete fog ffgHD



Def Let be a non empty set A transformation

groupe is a collection G of transformations

f S S such that

a G contains the identity Ids Idg C G
1 g we transtamations ace are matine

and their inverses are in G

tf C G f exists and f EG

G is closed under composition

t f g C G fog C G

Det Ageometry is a pair SSG
consisting of a nonempty sets and a
transformation group G Con S

the sets is the undereguigspace ofthe
geometry

The set G is the transfamatimgroupy of

thegeometryf
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space S of the geometry S G
2 figures A B are congruent if there
is a transformation T E G suchthat

TCA B where TCA I Tz ZEA's

egg d Euclidean Geometry without reflections

plane

Underlying space's complex plane a 0

Transformation group G

set E oftransformations of the fam

Tz eOz b loEIR bC Q

if wewant to include reflections then we also need
to include transformations ofthe fam et Et b

T is called a rigidmotion
composition of rotation translation



The pair Q E motels Euclidean geometry

without reflections

cheats E is a transformation group
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efe TranslationalGeometry

Underlying space a

Transformation group 7 1 Tz Etb bed

Then GT is a geometry Ext check

Note a translational geometry

arenot congruent

L in cars

ThetrivialGeometry

S LIdg ie G consistsof identity elementonly

Noted 2 different figures are heat congruent in

this geometry



Invariant

Det let CS G be a geometry

let D be a set of figures from SG

ie elements of D are subsets of S

The set D is invariant in the geometry

es if area an

A function f defined m D is called invariant
in thegeometry S G if
f TCB f B F BED TE G

egg
d Triangles

D ftriangles in a is invariant in theEuclidean

Geometry

Area Perimeter of triangles are
invariant functions

in Euclidean geometry f Area D 7 R
and f perimeter D7K

are invariant functions



3 D triangles in a

d sum of distance ofvertexes to the aigris

d is not invariant in theEuclidean geometry

d O f d translation of 0

translation of O

ErlaugerProgray Klein

Thesubjectmatter of a geometry is
its invariant

setsandtheuirouiautfunotimsmthoseseb.es
we studytriangles and its area perimeter etc

in the Euclidean geometry



Geometriprooff
let S G a geometry

If i's F is a figure in 8 suckthat
statement W is true Il di all measurements and other quantities
mentioned in the statement W are

invariant

Then H T E G W is alsotrue for
TCFJ.tt

timToprmW5trufaFmfud
a TEG suchthat W is easy to

prove for Tff


