MATH 1010E Notes
Week 11

Topics covered
® Riemann Sum
® Fundamental theorem of calculus

® Applications

Until now, when we talked about integral, we mean “indefinite integral” or the

solutions to the differential equation F'(x) = f(x).
We have denoted such integrals by the symbol [ f(x)dx.

We also noticed that | f(x)dx and [ f(x)dx + C are both solutions to the
differential equation F'(x) = f(x).

But “integration” has another meaning. It is the “computation” of “area” under the

curve y = f(x),a <x < b.

Q: How to define this kind of integral? What is its name?

A: It is called definite integral and is defined as follows:

Suppose we have a continuous function f:[a,b] - R and we want to compute the
“area” under the curve y = f(x), for x € [a, b]. The we can do this by the

following method:

(Step 1) Partition the interval [a, b] into n subintervals defined by the points
Aa=xyg <X < < x_1<x5<<x,=b

This way, we have n subintervals, i.e. [xg, x1], [x1, %21, -, [Xi—1, xi], -+, [X—1, X0 ]

(Step 2) Define the symbol 1PI (you can call it “length” of P) by letting
1Pl = maximum among x; — X, Xy — X1,***, X; — Xi—1,"**»Xn — Xn—1
Therefore, if 1P1 = 0, then all the numbers x; — xo, x5 — X1, ", X; — Xj_1, ", X —

Xn—1 Will go to zero.



(Step 3) Construct n rectangles “under” the curve y = f(x), by choosing as
heights the numbers f(¢;), where &; is any number between x;_; and x;.

Choose widths to be the numbers x; — x;_;.

Such rectangles have then areas equal to f(&;) - (x; — x;_1)

The sum of these areas is then equal to
n
Zf(fi) (X — Xi-1)
i=1
or equal to
n
> s
i=1
if welet Ax; = x; — x;_4.

(Step 4) Now one can show (with more mathematics) that for continuous function

f, as 1Pl - 0, the following limit is always a finite number:

n
lim Z f(&) - b,
i=

(Step 5) Finally, we give a symbol to this limit and call it f:f(x)dx.

In conclusion, we have (for continuous function f:[a, b] = R) the following:

1P1-0

lim if(fa Ay, = f e

Remark: This kind of sum are called Riemann sumes.

This limit, f:f(x)dx is called the “definite integral” of f for a < x < b.

Example
Consider the function f(x) =x, for 0 <x < 1.

Partition [0,1] into n subinterval of the form:

[O 1] [1 2] [i—l i] [n—l n]
)nlnlnl ) n Inl ) n ln




Each of these subintervals has length % therefore 1Pl = % which means as 1Pl =

%—> 0, itfollows that n — oo,

Next, consider the following sum of areas of rectangles, where we choose ¢, = x; =

% , then we have the sum
n
n
Z (x) - Ax, = (l) 1_ i 1_ i
,_fxi = f n) n non n2
=1 =1 =1 1

J— 1 =—"-
n? ¢ n2 2 2n
=1

2

1 n_ 1 (1+n)n=n+1=(1)<1+1)

n
Hence, as 1Pl - 0, it follows that n — o and also u}aiumoz f(x;)  Ax; =
- i=1
1\ ,. 1\ 1
(3) Jim (1+3) =3

Remark: The choice of the points ¢; is arbitrary. One can choose (i) the left
endpoint, (ii) the right endpoint, (iii) the mid-points, (iv) the absolute maximum
points, (v) the absolute minimum points etc.

No matter what one chooses for ¢;, the limit remains the same.

Properties of Definite Integrals

The following properties of definite integrals are consequences of the area of a

rectangle.

L [ (f00) + g())dx = [ f(x)dx £ f] g(x)dx
2. [Tkf(x)dx =k [} f(x)dx
3. f:f(x)dx = facf(x)dx + fcbf(x)dx

4. f:f(x)dx = — fbaf(x)dx



One also has the following simple inequality (which hasn’t been mentioned in the

lectures),

5. If f(x) <g(x), a<x<b, then fabf(x)dx < f:g(x)dx.

Remark: Using the above-mentioned Riemann Sum method to find area under a
curve y = f(x),a < x < b isvery tedious. There is a more effective method, which
computes area by (i) first compute an indefinite integral F(x) = ff(x)dx +C,
then (ii) compute the number F(b) — F(a). This number is the the area wanted.

This method is called the Fundamental Theorem of Calculus.

Remark: This method doesn’t always work. For some functions, such as f(x) = e*’,
one cannot find a “closed form” function F(x) = [ e**dx + C. For such functions
f(x), the areas have to computed using other methods, such as the Riemann sum.

Fundamental Theorem of Calculus
There are two parts in the Fundamental Theorem of Calculus (in the future, we just
write “FTC” for it).

(Part 1)
Let f(x) be a continuous function defined on the closed interval [a, b]. Then the

following holds

df; fde

= f(®

foreach x € (a,b).

(Terminology: We call this function f;f(t)dt the “area-finding function”. This

function computes the area “under” the curve y = f(t) for those t from a to x.)

(Part )
For any solution F(x) which satisfies the “differential” equation
F'(x) = f(x) for x € (a,b),

we can compute the area under the curve y = f(x) for a < x < b, by

[2 f(®)dt = F(b) — F(a)



Note that one can use any symbol, e.g. x,u instead of t here. l.e.
t=b

x=b u=b
| = paode=| rwde=Fe)-F@

t=a

Some ideas of the Proof of Part | and Part Il
(Part 1)

(Step 1) We prove that A(x) = f;f(t)dt is differentiable for any x € (a, b).

To do this, we (as always) first consider the difference quotient, i.e.

AG+ ) =A@ _ J3 T f©dt — [T f(©)dt

h h
But we know (from properties of Definite integrals) that:
h h
[ f@de - 1 fwde [ fode
h B h

(Step 2)

Next, using the Mean Value Theorem for Integrals, we obtain

x+h
[ rwa=r@-n

where ¢ is between x and x + h.

(Step 3)
Conclusion: Dividing through by h (h # 0), we obtain
[ f@de - [T fwde [T fwde f@)-h
- === ()
(Step 4)

Finally, let h — 0, and we obtain

[ fwde— [T fode
lim - = limf () = £(x)

The last equality, i.e. = f(x), is true because “as h — 0, by Sandwich Theorem,
E _) h."

Final Conclusion:



We have proved
A(x + h) — A(x)
m

lim N =f(x)

lLe. A'(x) = f(x).
(Part )
We want to prove “For any indefinite integral, i.e. solution F(x), of the differential
equation F'(x) = f(x) — — — —(*)”, one has

b

[ r@de=rw) - Fe@

a
Proof:
(Step 1)

We need to use the following theorem, which we mentioned before:

Theorem

Let F;(x),F,(x) be any two solutions of the differential equation (*), i.e.
F{(x) = f(x)

and
F;(x) = f(x)

forall x € (a,b). Then F,(x) — F,(x) = C forall x € (a,b).

(In short, it says “any two indefinite integrals of f(x) differ only by a constant”.)

Q: How to use the Theorem in the box above?
A: We let F;(x) = A(x) and F,(x) = F(x), where F(x) is any solution of
F'(x) = f(x), a <x < b.Then by the theorem in the box, we have

A(x)—F(x) =C, a<x<b
But then we have two cases.

(Step 2)

The case x = a.

In this case, A(a) = 0, so we get from the above formula that A(a) — F(a) = C,
which leads to the conclusion that F(a) = —C.

(Step 3)

The case x = b.

In this case, A(b) = f;f(x)dx, so A(b) — F(b) = fff(x)dx —F() =C.



But remembering that in Step 2, we have obtained C = F(a). Putting this into the
formula A(b) — F(b) = —F(a), gives A(b) = F(b) — F(a).

Further F.T.C.
One can greatly extend the FTC to compute things like the following:

t=b(x)

d
Ef f(x,t)dt

=a(x)

Goal: We want to show that (in the following, for simplicity, we omit write t =
a(x),t = b(x)).

d b(x)
—f fx,t)dt = f(x,b(x))b’(x) — f(x,a(x))a’(x)

dx )
bX) gf (x,t
N f f(x 1)
a(x) 0x

dt

Proof:

(Main Idea): Instead of f;((;))f(x, t)dt, we consider the, more general, expression

fff(C, t)dt and think of it as a “function of 3 variables 4, B and ().

(Step 1) For a function of several variables, say 3 variables, we have the following
Chain Rule (if A =a(x),B = b(x),C = c(x)):

ar(AB,.Cc af(a(x),b(x),c(x)) da(x) db(x)
220 = TEDIDED _ (a0, (), () - =2 + £, (a(), b(), c() - 22+

fo(al), b)) - 22

where 2L  Jim [UTBOTUBE) OF _ jyy) [ABHLOUB) O _ yi, [hECH)- ()

h—0 h " 9B k50 k " ac -0 l
(i.e. differentiating ONLY with respect to the 1% variable, respectively the 2" or the 3™ variable.

Shorter notation: 2L = fA(a(x),b(x),c(x)). Similar for fB(a(x),b(x),c(x)),
04l (a(x),b(x),c(x))

fe(a(), b(x),c(x)) )




An Example

If f isa function of 3 variables, A, B,C and each of these variables depends on x.Then f

is a function of x. The Chain Rule then says

of _ dA_ _ dB  dC
a_fA'E fB'E fc'a

Example:
f(A,B,C) =A+B?+BC

Suppose A =cosx,B =sinx,C = x Then

df 0f dcosx af dsinx df dx

dx 94 “dx 9B dx Toc ax

a
But now a_,]; =1, (because now B,C are constants)

af _ af _
E_ZB-"C'ac_

Putting these back into the formula 4 _ 97  dcosx + or dsinx | Of dx
dx 0A dx 0B dx ac dx
we get % = —sinx + (2B + C)cosx + B = —sinx + (2sinx + x) cos x + sinx

We can check that the computation is correct by the following direct computation:
f = cosx + sin? x + (sinx)x

d
é = —sinx + 2sinx cosx + (cosx)x + sinx

(Step 2)
Apply the Chain Rule to the following function, F, of 3 variables:

F(4,B,0) = [, f(C,t)dt and get

dr @ [7f(c, bt da() 9 [, f(C,O)dt db(x) N a [, f(C,t)dt de(x)

dx 9/ dx o5 dx 3 Ix
90—, f(C,0dt da(x) c?f f(C,t)dt RLION d [, f(C,t)dt de(x)
B 9/ T dx a5 dx ac T
——rc)- 20 4 ey LD, [UED, d;(;‘)
( ) da(x) af(c t)
= f(C.B)- == f(C,A) jA TED e

Because A = a(x),B = b(x),c(x) = x, finally, we obtain

fbmf( ,t)dt db(x) a(x) b 9f (x, t)
o = Fb@) T flnaG) S [T

a(x)



