
 

I Quaterion CHI E EK ch17 ofthereference

Def A quaternion is a number ofthefarm

at bi t c j t d k

where a b C d E R

ni j k are square roots of
1

ie

in addition Iijk

With usual addition and multiplication laws

except the following
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Tim Quaternionmultiplication has the following

properties

Las Associativity first Gbs
b Distributivity guts gags

Inverses fguaterion Gto
Odetotoieojtok

aquaterion tst qr 1
denoted F 8 1



Cartesian Form

q ttXetyjtzk

analogies to atbi of a complex
number

Scalarpart of q ttXityjtzk

is defied by Sq t
1Vector part by µq x jtZk

Note Sq f B is a realmember but

Vg b a quaternion

of f ttXityjtzk b definedas

conjugate
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If Ioff 1 q is called a unit quaternion

If Sq o then f 5 called a pure quaternion

EmmaEvery pure unit quaternion is a square root

of 1

Pf Fet f be a pure
unit quaternion

then of xity j t 7k with

1812 xKy 472 1

Hence
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Note infact we'reproud that
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Pure Quaternions as vectors in
1133

If f X city j t Z k

t Xz it yay Zak

then qN X j ly j t z k Xuityzj
172k
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g r the dotproduct of q r

as 3 vectors

and

TffD y22 Zaydi Kitz Zi Dj 1kHz y
K k

q x r the crossproduct of ga r
as 3 vectors

This showsthat f a purequaternions fer

fotfw
VCqrj qxrflfllrlsc.no

where to angle between the vectors ga r

n is a pure unit quaternion representing

a unit vecta as 1133 perpendicular

to go and r such that Cg Eu

fams a right handed system
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Note We've used the fact that

modulus of gas pure quaternion
Modulus of gas a 3 vector

Ex

All together we have

fapurequatevnionsgaqre
cq.rytqxrf.TT

t
quaternion dot cross
multiplication product product



Polarformethne

Every quaternion can be represented
in the

foam

8 181 Cosatu suit

where OER U is a pureunit quaternion

UE l

quaternion
Renick Complexe

F HI Gso tisaio 8 181Cosatu
set

G dies't

if to doin'll

If let f ttxityj 17k

Set u XitYjtZk_ where r f tE

Then U is a pure
unit quaternion

and of At ru

181 Fat Tzu



Note 7 THEY
1812

IO ERS.t.fq osoegT
sinO.iq

q1ccao tUsiu0 XX



Unit Quaternions and Rotations in 1133

The d let r be a unit quaternion let R

be a transformation of 1123 defusedby

Rq r g r't
R

1133 1133 yu

of t rgr

where q is
a pure quaternion

Then R is a rotation of a 3 drink space

of pure quaternions about
an ax is passing thro

the origin
Cis specifically if the polar form of

r is

r cosa Usui O

where u is a pure unit quaternion

Then Rf is the pure quaternion
obtained by

rotating q about
u by theangle 20

Every rotation of 3 doin'l space
about anaxis

passingthro the origin can beexpressed in this way



Pfofcii

Coset f U formoregenerally f du
de IR

Then Ru ru r't

foot Usui f U test Using

ucesotu.su f Cao Usui 0

Asf sin f Caso Usui G

uceff suifosf ucesosiuf usiuZQ

UCAOtsir.tt singles0 tooOsso

U

Ru is pure quaternion

and u is fixed point of R

And immediately we have RHU AU DEIR

the axis in the direction of u is

fixed by R ru

Case 2 q is perpendicular
to u l

In the case
Gta

Rq rqr



Cosotusino queso Usui f

cost tuqsino Caso Usui
0

fees tuqsiuooso gucatsuit

ugusino

Since U f are pure quaternions Gtu

Uf U g t U x of

U x g since Ut of u f o

Ug is also a pure quaternion

and also

qu Uf

Hence u que U qu UC Uf

leg
of

Therefore
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pure quaternion

Also Ngl lull81 181 Ex and

Cuff f gu q by uq gu

queso

uqtq and

ahead ul gu Caq u

u tug

Hence
ffg Yqf is an orthonormal basis

for the plane perpendicular to U



Rq 20 got sin20 Ug

is the rotation of q thro an angle of
20 about the axis in the direction of U

U
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Cased General pure quaternions

Note that R is a linear transformation

R fit82 Rg t R 82 t purequaternions

Rhq aRg 8g L
8 HR

Similarly a rotation in IRS is also linear



Denote the rotation thro an angle of 20
about the axis of u

Then any purequaternion p can be written as

p Aut f
where a C IR and ft U

Rp R Hut f
A Rut Rf
n O u tog
duty Op

I 12 0

Pfoff are easy fromdis Ex

Remarks

T.IS qtr rqr
r unitquaternion

Hence I r t the same rotation wi R

Translation if gtb where p e'spure quaternion



Final exam up
to here

Corresponding chapters in the
textbook are

Ch 2 3 4,5 6 7,8 9 10 It

this part
Mainly thispart



Ch18 19 3 Dimensional Euclidean and

Hyperbolic Geometry SolidGeometry

Euclidean Solid Geometry

Def let TV I v xityjtzkix.y.EE
IR's ft

betheset of pure quaternions and

ITR F TV TV Tv r v r't b

yfix some unit quaternion
t and

pure quaternion
b

be a set of transformations
Euclideantransformations

ofTV

The pair CTVHR models Euclidean Solid Geometry

Check that this is well defined ie elements

in HR are really invertible transformations
on VI

and HR satisfies the 3 requirements



Screw motions

If r oso t Usui f U pureunitquaternion

b parallel to u f
U

then TV rvr tb Id
is called a to
screw motion 1

Thai Every Euclidean transformation is a screw

motion but centered at different point

temmat Every Euclidean transformation with

a fixedpoint is a rotation

PI Ci If 0 is afixedpoint Then

O To to Mtb b

b o Tv rvr is a rotation

I If g is a fixed point let S be
a

Euclidean transformation suck that Sq o



fanistance SV V f ie F t

Then 5151 has 0 as fixed paint

STS 6 STof Sq
0

bye
STS is a rotation

Tis a rotation about an axis

passing thro f

Tv ru g Ft f

lemme2 let Tv r v r tb E HR

f asf Usui O OC IR
u unit pure
quaternion

If u and b are perpendicular Tan T is

a rotation about an axis parallel to
u

PI Stept i ro
z

r ub is pure quaternion

Pfofstept Saia u b pure Utb

we have Ub U b tux g Uxof



Ubis pure quaternion

Then f ub CosotusinoStub
O Usui Ub

Dub Uab serio

osubtbsciotisparequatemin

Hence vo Hub is also pure quaternion

Steps Li bu ub proud before

Ci's ur rU note rnotpure

Cii's brt

rbpfofstep.ci UCaotusino UGO seisO

6so tuseioyu uceso uau O

uce.cl SEO

Cii's brt bccsotusiso5 bcosf usid
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steps Vo is a fixed point of 1

and hence f is a rotation by louamat

pfofstep3i vo rvortb

rzta.no tub r tb

z
rr ubr tb

GrErr l
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by ofsteps ourbtb
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Fuialstep e Rotation axis parallel to
u

PI Need to show that

Votta
a

faxed of a

are fixed paints of T
ft EGA

To see these

1 Votta t Votta tb

rvor trur tb

Vor b trunk

Vo t turn 4

stop3
g f Votta

rift

Proof of the 1hm

let TV fVr tb tr oso tusui.cl

b pure quaternion

Decompose b b 1 be such that

bit U bz 114

Then Tv rvr tb

rvr tb be



T T
rotationwith axb.bz translation

parallel to a parallel U

by lemma
2

Hence T is a screw motion by definition



Hyperbolic Solid Geometry

The Half space Model

Def i let It l of t t Xi t y j
i t X y E R y

o t

be the upper half space

let 1M be the full Mobius group

Tg ft b Cft d
1

where a b gd are complex numbers sit

ad b C 1

complex Utri complex i quaternion i

The pair TU 1M models 3dwilhyperbolic

geometry

Note i One needs to
show that fu ofC If

then Tq CTU
Pf Omitted infact if f

Z ty j te 6 y o

their ta CiaraE t b I tb I c taz d ty j E TU



Cowparision

hyperbolic hyperbolic

plane geometry solid geometry

points Xtyi y o Cttxistyj y o

upperhalf plane
Z tyj.cz txiEe

upperhalf space

Mobiustransformation Mobiustransformation

group
ftp.ad bctksfqbdj.ad

bt t

with a b c DEIR with a b 4dE

Ideals Elements

z ttxi EE idealpoints pointsatuifaiity

ETC



Plauesand Lines

Hyperbolic straight lines

half circle a Euclidean straight
luie in 70

perpendicular to the plane at aifouity Ctx
planes

x

Hyperbolio plane

Euclidean hemisphere a half plane

perpendicular to the plane at infinity

T

i l

horizon



The intersection of a hyperbolic plane with tee

plane at infinity is called the horizon of the

plane

Parallelism

hyperbolic planes intersect

intersection hyperbolic line

hyperbolic planes donot intersect

is parallel horizons are
tangent

Cii hgpapa
otherwise

Cydesandspherese

Cycle Euclidean circle a straight line

in TV that is not perpendicular
to

the plane at infantry



hyperbolic circles horo cycles and

hypercycles as in 2 din

Similarly sphere horosphere hyperspheres

Euclidean spheres and planes that

are not perpendicular to the plane
at infinity

Arclaygth T fist test Xcssieyes j
s parameter
a e SE b

bftfxTy dt
µ

TVolume of a solid R dtydx.de


