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FtpEID and p't E AD bethe fixed points

of T ftp.o then p w

let S EM be a transformation inthe hyperbolic

group such that

Sp o

and hence Spk
Since S E IH S HEB Htt

Spotts
r
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i.pt
Then SoTo C IH and has fixedpoints at

0 and b and fixing the unit circle



Hence goTo S
t
is a rotation and T is a

elliptic transformation Moreover we have the

following conclusions

c the unit circle is a Steiner circleof the

2ndkind wrt p and p't

G Other Stenier circles of2nd kind
Apollonia

are hyperboliccircles

i
hypedokay

The transformation T rotates points around

these circles of Apollonius creating a

circulating motion about the fixed point p

T is called a hyperbolic rotation



4 TheSteiner circles of 1st kind art p and p

are hyperbolic straight buies passing thro p

Remaek i

suppose that C is a hyperbolic circle Then

the family of all circles 4
r to d

and perpendicular to the unit circle theft's

is a family of Steiner circles of the
1st

kind Wrt somepoints p and p IP k l Iftp.D

Ext

The point p is called the
center of C

and the Steiner circles of the 1st kind are

called the diameters of d
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CasedB

Let p and f bethe
2 fixed points of Tar

Hzf I T is hyperbolic

C elliptic with fixed p and q
willmoveHzFB

C Thenthe unit circle is a Sterner circle of 1St

kind wit p and f
Other Steiner circles of 1st kind consist of

a hyperbolic straight lines determinedby

p and g
hypercycles



Sterner circlesof 2nd kind are mutually

hyperparallel hyperbolic straight lines

stainershirclesot

1stkind

stein
aimsina.at

circles

of2nd kind

Reneark Conversely ifwe have a hypercycle C
Then C intersects the unit circle in 2 points

say p e of C is a Steiner circle of the

1st kind wrt p f
unit circle the hyperbolic straight bae

determined by p e g are alsoSterner

circles of the 1st kind



hyperbolicstraightbuie axisof
determined bythe intersection translation

am.ee

The hyperbolic distance see nextsection of

the perpendicular fraud to the hyperbolic straight

line is constant ie independent of the starting

point on C since these perpendiculars are

congruent CEx

Therefore hypercydese are called equidistant

curves

Ex compare with
Euclidean geometry

Note that T moves points alongthe equidistant

curves from to p to f Ca f
to p and hence

called a hyperbolic translation the uniquehyperbolic

straight line determinedby p g is called theaxisoftranslation



Case

I must be a parabolic
transformation

hyperbolicstraightlines

a

thehyperbolic straighthies passing thro p are

degeneratedSteiner circles perpendicular to IHH's

Thefamily of degeneratesteinercir perpendicular

to thehyperbolicstraight lines fromp
are

horacycles

degenerate Steiner circles arethose
circles inthegeneralised

Cartesian coordination system corresponding
to a

parabolic Mobius transformation



Thehyperbolic straight luies thro p are the

diameters of the Gorocycles

4 Thetransformation T is called aparallet
displacement

Sweeney

A hyperIccircle is a curve traced out by

a point subjected to elliptic
transformation

Steiner circle of 2nd kind w
rt the

fixed points of an elliptic
transformation

fixing 1 HHS

B hyperoyde is a curve traced
out by a pout

subjected to hyp
transformation

Sterner circle of 1st braid Wrt the

fixed points of a hypertonic
transformation

fixingHz ft's



horocycle is a cave
tracedout by a point

subjected to parabolic transformation

degenerate Steiner circle of a parabolic

transformation fixingHzHD perpendicular

to hyperbolic straight lines thro the

fixed ideal paint e



Ch9 Hyperbolic length

Def A parametric carve

F Z Ct Xlt try It t C abJ

ifqq.dw.ggothifxctsaudya
are

2 a andZeb are calledendpoints of the
court

Def Tulhe hyperbolic plane thelengthof a
smoothcurve 8 with parametrization zits this

a et Eb is givenby

LG z Sab IzGol
l tats

2 dt

where Ztt x'ft eight



Def Lef Z andZz betwo points in the

hyperbolic plane The distance fromZito72

is defined by

dei Zz L hyperbolic straight linesegment
between z zz

Remarky i l 8 20 t 8

Cii IzEt Idt City dt

is justthe usual Euclidean integrand for
arc length

Thin let T be a transformation of hyperbolic

group and 8 be a smooth
cave Then

ICTCoD LCD

ie length is invariant

distance is invariant
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and T Ect

Then 1 8 wtf Tat

eif ZHI
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And wfts eioa.ITajzEtsLEx

Note TE ei0 I
I 170

2

Wtt l
twee It f

t

l Eoat

I 12012

H Ioffe ZIZHI zop
HAJI

I 17012

T IoZlt ZozTt Iza 421 12
17ft

Ht ft Eozfti zoz.TT
Izod



1 170

21Hof tats 14 Holtzer
Z Et I

1 17012

1 17012 l Hayy
HETH

17ft I
t

Hence AT D 25
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Distanceformula

cased ldcoizs en.IElgYIETTPf

eiaeThegEfhth'FattestFigeroa

straight line segment withes

case Hence dlo t LCD



where 8 2 ft t Z O Et El

do 2 ftz dt z dt
2 2 letting r TIZI

en HIHH XX

case generate

f
u E

If fet Tz e
0

FEEL any E

Then TZ 0

By invariance of l we have

DEAD d 121,172



d lo Tze

butted by case1

en HEEM

Fundamental Propertiesof Distance

Tha let zyzzzz.bepoints in the hyperbolicplane

Then 4 dHi E ZO

2 dCZ if a D Zz Zi

3 If Zi Zz and Zz are colltrear

in the order
Ffsthen 2 I

dZyZD dLzyZDt Atty ZD

older 7,423 on the samehyperbolicstraight line



PI l Ct are clean

Pfof Lef T be a transformation of hyperbolic

geometry taking Z too and the hyperbolic straight

bise passing thro Zi Zz Zs to the positive

X Axis Then TZF9TZErzaxdTZ5_r33tz

ithk.r zETO

yThen

DCFZz do B

zSOB ft

zsohffetzfr.fr
da ra t 2 ftp.f

Note DEAD dcrzrj luHIEF.tt
BreIrIr I
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Ctr Citra
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25 EF

dGifs dei t d Zs

Thin let Zietz be points in the hyperbolic plane

Then the shortest curve in hyperboliclength

connecting Zietz is the hyperbolic straight

line segment joining Zi e Zz



Pf ofthe 1hm

Wemay assume Zeo and ZER CCo 1

za iii is
calve joining 0 and

r

with parametrization

2Cts Xlt ti yet a Et Eb

with 0 z 3 a XCa ti y ca

f Zz 2 b X b tty b

Xca yca b o

xcbS r

Then I z fab dt
I Alt f

2 abV to't ly't'T dt
I Ctb CyHD2



Z 2 fab Et dt
I Xctf

z fab dt
1 Htt

721 at

XD
2 f 2

where f XA

Has
dexktidt

t a s xca

t b 5 Nb

25

Intr
tr

do D dCZbzz

LCD's day L
hyperbolic straight line
segment joining Zietz

Note If fact if lCD dco r

then YEO and 9 0



and XE 1 9 O

after transformation T X aid between

0 and t in the increasing direction

f hyperbolic straight line
segment joutaig Zi e Zz

Amarte The 1hm the Note is actually

true for piecewise smooth caves

Corollary Triangle Inequality

For any 3 points Zi Zz Zz in the

23
hyperbolic plane

Ita Zz E d Gif DtdH5ts zz

Pf Ex I


