
 

In variants of Mobius Geometry

Angle measurement

Mobiustransformations are conformal

Euclidean angle measure is an invariant

of Mobius Geometry

Cross Ratio

Ref The cross ratio is the following function

of 4 extended complex variables
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2 If ZiZzzs are held
constants then as

a function of Z Tz ft 71,754

is the unique Mobiustransformation sending

2 to 1 72 to 0 And Zz to Cs

Thm Let Z Z Zzz be 4 distinct points on

then f S E M
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PI By the remark above

TZ 2,21,7373 is the unique Mf
bias

transformation such that
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Consider the composition To 5 EM



Note that
To51 Sza TEI 1

To 5 CS Zz TZ 2 0

To 5 SB f Zz A

To5Cz 7 Sza
Sza 523 ft

Therefore
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t
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Thin The cross ratio CFGZyZs is real

if andonly if the 4 points lie
on a

Euclidean circle a straight line
including cs
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Let TEIM be the Mobius transformation
such that Tz y TEO TZE l

Then
IR 2 37172,33 TZ l O t

TEO He
T I o

2TZHTZ

If 7,21,7323 2 then Tz

If 7 Zify B f 2 then Tze AFIF
373
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In any case Tz Tz Tz5fzs lie on the x axis

Therefore Z ZyzzZs lie on a Euclidean circle

or a straight line since Mobius transforms

maps luiesfirdes to lines circles



Clines

Def Asubset C of the complexplane is adime

if C is a Euclidean circle a Euclidean

straight line

Tim If C is a dine then TCC is a

cline f TE M

Pf Ex

Remade All circles and straightlines are

congruent to each other in Mobius

geometry Li circle determined by 3 parts

s straight line isjust a circle passing

through b

Ext



Symmetry

Def let C be a clone passing through 3

distinct points Zi Zz Z 3 Two points

Z and H are called symmetric with

respect to C if apx

5373 z z z z
conjugate

eg If Zi Zz Es ane 3 distinct points on X axis

then EEE

which is the usual mirror symmetry of t across

the x axis Z

Zoe f F P
k
I

HWI Q 5 a



Rinard i is In this case we see that one can take

any 3 points on the x axis to give the

symmetry Wrt X axis Sanitary this is

true for any dine C

di z symmetric w't C Ext

Tz Tz symmetric artTCC

ie
Tf Tz

wrt C WrtTCC

ef formulae for symmetric points
Wrt a Euclidean circle

If C I E Iz a F R2 and 7533 E C

Then z symmetric Wrt C
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cross rations
invariant under

7 9,7 9,3 9,7 a
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Ch6 Steiner Circles

Families of chines

let p q C E the family of all lines passing

through p and g is
called the Steiner circles

ofthe first kind with respect to points p
and f

w

S w plane

Consider the transformation

W Sz ZI
z q

Then p t o ie Sp o

g t co lie SE n



Recall that Mobius transformations takes lines to clines

the image of the circles clines in the Steiner

circles of the 1st kind Wrt p g fam the

Steiner circles of the 1st kind wrt o o

In theW plane it is easy to see that there is

another family of Inies orthogonal to the

Steiner circles ofthe 1st kind namely

thefamily of circles centered at
W 0

Thepull back of these circles I l
w f k's inthe

w plane by S I form a family of Ivies on

Z plane which is called the Steiner circles

of the second kind Wrt p g

also called circles of Apollonius



1stkind

n

By definition the Steinercircles of 2nd kind

wrt p f have the equation i

E

Remarked The families of Steiner circles of Iste
2nd kinds can be regarded as a generalization

of polar coordinates to Mobius geometry



Normal Form of a Mobius Transformation

Let T Miob transformation with 2 fixed points peg

Since T fixes p g and

H T maps clones to lines

T maps clines passing thro p
e g to another

claies passing thro p f

Steiner circles of 1st kind our are

inrariant under T

One can show that Steiner
circles of 2ndkind

are also invariant under T Ext

To see the action of T we consider again

W Sz ZI
z g
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Let Rcw 515kW bethe lift of T to the

extended w plane via 5

Then Rco ST 540 ST p Sfp O

RCA ST540 STCq Scg

Onethe other hand R is of the fam

Rw
a wt b
Twtd

forsome qb c d G Q

with ad bot 0

Then Rios o b 0

R Costco
o

Rw F w
a d to suice

OF ad bead



Write it f to we have

IRw a

Substituting into w 515 w

aw ST 5 w

a z 515 Sz s f

dEI FET Ho

is called the normal fan of T

We seethat T can be understood as composition

of 3 operation
withtwodistinctfixedpoints

i sending the fixed points
to o and O

ai's multiplication by a nonzero
complexconstant HO

Lili's sending 0 and a back to the fixed points


