
 

Abstract Geometries and their Models

Def Two geometries S1 GD Csr Gz are

models of the sa.me abstract geometry if

there is an invertible covering transformation

µ S Sz such that

IT CG MOTOti E Gz
TzEGz µ

toTzoµ C G

T CGl Nilo EG l
S s s S s

ut a tu uf a tu
sa Sz Sz Sa
Mo 110Mileq KEG

Note In this case Gi and Sz Gz are

called isomorphic and µ is called an

isomorphism



egg S EEG HK I

Gel rotations aroundthe origin

SE f EEE IZ 5153

GEL rotations around 7 5

Then Si G and Sz Gz are geometries
check

Consider µ S Sz

3 5
check ART 5 53

It iseasy to see yet El exists
cheat

2 1 7 753

Let Tae Gi ie I rotation around 0

T z etGZ forsome GER

Then t's CSz

mo Ti out 5 µoT Giles
µoTi SII
µ eia 353



3 eiQ 5 15

etOT S 5 5

which is a rotation of 0 degree around 7 5

µ o T oµ
I C Gz

Similarly fu the other direction

G G Sz Gz are isomorphic



0h5 Mobius Geometry stereographic

Def let E Ca et Gut as I 5
bethe extended complex plane including 8

and let 1M be the set of transformations

of the fam
W Tz

Atb
CZ 1 d

where a b e e d E Q and

the determinant of T ad bot 0

Such a transformation is called a Mobius transformation

a linear fractional transformation

The pair CT 1M models Mobius Geometry

Remark Mobius transformations include all rotations

translations homothetictransformation and

inversion

rotation W eOz a et0 b GO D 1

then ad b c et0 to



translation CEx

homothetictransformation

inversion W Lz a d o b C 1

teen ad bc I o

conversely

adf.be gifctOwTz fEtff
y

checky

FH F sifeo

o T compositionof a rotation homothetic

transformation and a translation

Cuigeneral

Cto F composition of a translation followed

by an inversion followedby a
homothetic transformation and a rotation

and followed by another translation

in general



Proof of 1M is a geometry

d t Mobius transformation T I E

THI f
E if Cto

is if f 0

Tf E if Cto

i Tis welldefined on

I Ide Z Z ie w z a f d b o

ad b c T to J

is a Mobiustransformation

CZtd
SZ eEtfCii Let Tz a I

gzth

with ad bcto and eh gf to

the Tos T Sz
aGz tb
Sz td

alfE a
tb

455 td



aceztf tb gz th

ez tf tdCgZth

Caetbg t 1 af tbh

cetdgktccftdh

Note Caetbg Cftdh Caftbh ketdg

Cad b eh gf to

Tos is a Mobius transformation

iis From Ciii's we see that one can
associate a

2 2 complex matrix Elba
to the Mobius

transformation w Tz AZtbcztd

Then far T Elba

se GE

wehave Tos
aetbg aftbh

cetdg Cftda

tablets



and determinant of T det Ebd

e det det detts

Hence It should correspond to

ah.IE bat tacks

i E Tt w
dw b

Fa
b a Mobiustransformation

All together M is a geometry

Renard kfacbdfka.LI heEko's

Tz
ka Z 1 kb

ko t t Kd

FEET Ebd

Two different matricesassociated
to the same

transformation Infact infinitely many



To overcome this we can normalize so that

all Mobius transformation w Tz Atb

satisfying TRY
Gtd

But still we have

Ibd Tz Atb
CZ d

Sina detE Ebd det tfbae 1

Then the group of Mobias transformations corresponds

to the matrix group cafe deltabath
a b c d E G

up to It
a multiplication of log

The group calf det cafe L a bi do 6

is called the special linear group with
complex

entries SLG Ct



IN SLG
Ig

a quotientgroup

PSL za projectivized special

linear group

FixedPoints of Mobius Transformations

Et A fixedpoint of a
transformation T is a

point z such that
Mobius

AI Tz Z

G i Let Tz Etb ad beto

then Tz z Etta t

CFI d a z b o

If CFO has 1 a 2 roots

T has 1 a 2 fixedparts vi G CQ

note co is not fixed as TEs L

If o has 1 solution z a
provided aid



Note that in tus case Too

T has 2 fixed parts a
is in CT

provided atd

If o a d then ad bCFO a D O

and
Tz 92

d
2 by

has unique fixed point is if b to

infinitely many fixed pants if b 0
infact f ZEE F Idea

We've proved that

hemaea If T is notthe identitytransformation
then T has only 1 a 2 fixedpoints

A Mobius tranfamation with 3 or more

fixed points mustbe the identity



1hm The Fundamental Theoremof Mobius Geometry

ThereIs a unique Mobius transformation taking any

3 distinct extended complex members ZyZzZs

to any other 3 distinct extended complex

numbers Wb w3W3

ie I l T E M Sit TZEWI TZEWz TZ 5 Ws

The requiredMobius transformation
is given by

W Wz Ws W3

w ws w we EET EE

PI oftheFundamentalTheorem ofMobius Geometry

The formula

withwhite E i
provided canbe seen from the following steps



Steph Vzyzz.ES distinct extended cpx
numbers

7 Mobius transformation T such that

TZ L TZE O 123 0 A

Pfof Steph Teo I

Tests EEE
Temust be thefam

z Zz
TZ p forsome complex

memberp
Then TEFL I p

3
2 I 73

p Zits
2c Z L

Hence Tz FEET

is the required Mobius transformation



T U
Steps Z I e Wi

Zz O Wz

73 co Wz

jot
f distinct Zyzyts distinct Wbwa Ws

By step ITS't Tze I
TZE O

173 0

and set VWF 1
VW 2 0

VW 5 A

IV are Mobius transformations

Then 5 2561 is a Mobius Transformation

such that Sze VITE V'CTF
W

Similarly Ste Wa S 2 5 Ws



Hence we've proved that forany distinct GIFs
and distinct Wi Wa Wz 7 a Mobius transformation

S such that S Zi wi E 1,33

Ex Why this givesthe formula

Find Uniqueness

If Vi V2 are Mobiustransformations at

Uh Zi W i i 12,3 he1,2

Then U Vi

Pf of final step

consider Vito U then it is a Mobius transformation

suchthat VI ow Cz VI Wi Zi i133

Vi ov has at least 3 fixed points

as Zi Zi Z are distinct



By lemma rightbeforetheTheorem

VI o_0 Id

Vi V2

Corollarye All figures consisting of 3 distinct
points are congruent in Mobius geometry

Remark This corollary Mobius geometry is not

isomorphic to Euclidean geometry and

Euclidean distance is not an invariant


