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Note Weonly have 1 complex co Therefore

it is different from real number situation

Notation Qutub is usually denoted by CT

Ca et and called the

extended complex plane



Note
tab

lsca.ba tatIbI
but a b c C

a2 b7E I

a4b to

F if

i lscqb.at i F

which utoplies Gbc 7190,1

if and only if Iscab to
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Det Lifts of transformations

4 Let s D R be surjective continuousmap

We say that S is a covering transformation

from B to R or that D covers R via S

Let f R R be a transformation A

transformation g D D is a lift off

if the D we have S gczD ffSE

isstereographicprojection S 533N's e
is a covering transformation

Is Extending Stereographic projectionby
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Remade 2 in the Definition can be presented as

the following figure commutative diagram
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Note S maynotexist since it is assumed to
be surjective

continuous notnecessary injective

eg a a 5 a covering transformation

which is not invertible

covering transformation may not be a geometric
transformations
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axis
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Hence Tesla b c S gCais
s g is left of T



ChI The Erlanger Program Klein

congruence and transformation

L

In history 2 figures are congruent
when one

can bemoved so as to coincide with the

other
more transformation

Klein's idea congruence
determines geometry

I
need transformation to define

classicalcongruencerelation of Euclidean geometry

satisfy a reflexivity AEA foranyfigureA
b symmetry If AEB then BEA

c transitivity If AE B e B E C

I congruent
then AEC



Renard A relation with properties db is

called an equivalence relation

Definition of Geometry in thesense of Klein

The properties of the classical congruence relation

can be expressed in terms of properties of

congruence transformations

set oftransformations If such that

A EB A 5 B fibs bEB forsome f

Then feet identity transformation is a

congruence transformation

b If fez is a congruencetransformation

then f is invertible and f ft
is

also a congruence transformation

E If fees and gas are congruence transformations

then so is the composition fog ffgHD



Def Let be a non empty set A transformation

group is a collection G of transformations

f S S such that

a G contains the identity Ids Idg C G
b the transformations in G are invertible

and their inverses are in G

tf C G f exists and f e G

G is closed under composition

t f g EG fog C G

Ref A geometry is a pair CS G
consisting of a nonempty sets and a
transformation group G Con S
The set S is the underlyingspace ofthe
geometry

The set G is the transformationgroup of
the geometry



Def A figure is any subset A of the underlying

space S of the geometry S G
2 figures A B are congruent if there
is a transformation T E G suchthat

TCA B where TCA L Tz ZEA's

egg d Euclidean Geometry without reflections

plane

Underlying space S complex plane a 0

Transformation group G

set F oftransformations ofthe fam

Tz eOz b lOEIR bC Q

if wewant to include reflections then we also need
to include transformations ofthe fam et Et b

T is called a rigid motion
composition of rotation translation



The pair Q E motels Euclidean geometry

without reflections

cheats i E is a transformation group
a Idc Z H Z E E with 0 0 e b o

b If Tt et Etb then

I z e 0ft b

eitOz f EiOb C E

E If T Z eiQz bi
Tz Z et02 z t b

then
CT ot z etQ Tz 7 t b l

etQ eiGz t bD t b

etHtt0 etOT bi bi EE



EGG Translational Geometry

Underlying space a

Transformation group 7 1 Tz Hb BEG

Then GP is a geometry Ext check

Note in translational geometry
I L

arenot congruent
its Q P

The Trivial Geometry

S IIdg's ie G consistsof identity elementarily

Noted 2 different figures are head congruent in
this geometry



Invariant

Def let CS G be a geometry

let D be a set of figures fromCSG
ie elements of D are subsets of S

The set D is invariant in the geometry

S G if t BED TEG thenITB ED
invariant I

A function f defined on D is called invariant

in thegeometry IS G if
f TCB f B F BED T E G

egg
d Triangles

D ftriangles in a is invariant in theEuclidean

Geometry

Area Perimeter of triangles are
invariant functions

in Euclidean geometry f Area D 7 R
and f perimeter D7K

are invariant functions



3 D triangles in a

d sum of distance ofvertexes to the aigris

d is not invariant in theEuclidean geometry

d O f d translation of 0

translation of 0

Erlanger Program Klein

Thesubjectmatter of a geometry is
its invariant

sets and the invariant functions on
those sets

ef we studytriangles and its
area perimeter etc

in the Euclidean geometry



Geometric Proof

let S G a geometry

If Q F is a figure in 8 suckthat
statement W is true

I s all measurements and other quantities
mentioned in the statement W are

invariant

Then H T E G W is alsotrue for TCA

Application To prove W istrue for F arefaid
a TEG suchthat W is easy to

prove for Tff


