
 

Oh8 Conformal Mappings

I Conformal Equivalence and Examples

Def A bijective holomorphic function f U V l U V openincl
is called a conformalmap or biholomaphism

Inthiscase V and V are saidtobe conformally equivalent
or simply biholomorphic

Prop l l If f U V is holomorphic and injective then

ft t o f Et V

In particular f FIU U is holomorphic

inverse of conformalmap is also holomorphic
and hence conformal

Remarks Prop1 I

U U are conformallyequivalent

I holo f U V and g i V U s.t

gG z Z f z EU

f glue W V W GV

Someauthors call a holomorphicmap f U V confrmal
if t't to t z t U notnecessary bijective globally

Inthis course we'll follow Textbook's convention



Pfof Prophl
Suppose onthe contrary that fGoto forsane toC U
Then fl 2S flZo aCZ Zo 3kt GCZ near Zo

where Ato he 2 and

be ravishing to order htt at Zo

ie 734 e c near zo

f wtfGo
7 o

Zo f Zo

Consider Wto with Iwl sufficiently small

Then

f Z Heo tw att zoyk w t GH

FEE 1 GH
where FED ACE tosk w

Then IFE I IGtest on a sufficiently small circle

centered at Zo

k Zz FES has at least 2 zeros inside

that circle
Roache's Thue

ft fizostw has at least 2 zeros there two

Swee f is holo hence Zo is an isolated zero
We may assume by choosing a smaller circle that



f E to t Z inside the circle except 2 70

the zeros of ff Hao 1W are distinct

f is not injective near Zo

This
proves the 1st statement

For the 2ndstatement let g ft flu U

Openmappingtheorem them4.4 ch3 Sis continuous

suppose that woe flu and W closeto Wo but Wtwo

W g
ee z

eWo to
g f 1

Then I 2 Zo C U sit W flZ Wo flZo

Hence Gcw Gino
W No ft feo

z zo

Since ftzotto wehave

lui GCW 91Wh I L
W No W Wo lui fiz fee gyzo

exists

77 z zo

g is halo and gtw I
f4gcwoD

Remark If f U Cl Zoe U and ftzato
Then f preservesangles at Zo



The precise formulation is

Let r a g ke two smooth oriented curves intersecting

at 2o then the angle from the cave for
to the curve fog at fizo equals the angle
from the curve r to the curve 4 at Zo

for

fog

Problem 2 on page 255 of theTextbook

Hence

conformal maps preserve angles

1 1 The disc and upperhalf plane

Notations unit Disc D L ZEE His I's

upperhalfplane IH I 2 Ea Ime so



Thin 1.2 Themap F IH ID

z't if is a conformalmap

with inverse G E D HI
u w

w I
HW

Pf Clearly 2CIH itz to F is holo

WED Hw to G is holo

i Ii ZI

Then If f I 14 a

Ii 121FAH CD i

And faw utir ED

Im us Im i LIE
l U2 v2
Itu uz

0

i G D CHI

Finally FCGcwD
i i T w
ititeHW

GIFTED j t z

It



Remark Flat IR 2112 5 is continuous and

Fact iExt
which

maps 112 to S t
i x

ptarix
I 7 O
X 1

Oneshouldthink of FC t And GH D

Def Mappingsoftheform
zts Atb Gulab Guto's

CZ 1 d

with a b c d E E and ad beto

are called fractional linear transformations

Remarks igad beto Cztdtklaztb and CattbHkkted
for some k E Q

ztsEE d isnot a constantmap

Is some other authors call them linear fractional
transformations or Mobiustransformations



1.2 Furtherexamples

Eg l Translations are conformal

2 1 7 Eth G hee

Inverse w t W h

Remarks If HER then ZH 7th IH IH is conformal

Dilations are conformal

2 IT CZ Q E C C Ello

Inverse WH C w

Remarks If 14 1 then e'T and

z Cz eat E G is a rotation

whenrestricted 2HEHE D ID is alsoconformal

Cii c o zts Cz is a real dilation
whenrestricted 2H CZ 1H IH is conformal

Ciii c so zh CZ is a real dilationby14followedby
142 a rotationof angle T

Note that translations and dilutions are special cases

of fractional linear transformations
translations

2 t Eth E th ie A I d b h c o

OZ 11
ad be I 0



dilations 2 Cz Cto

CZ 10 C I O.O CFO
O Z 11

Egl notintextbooks
Complex Inversion Eyo's Gyo

Z t ly O s F A

2 D

is conformal

Note that Inversion is also a fractional linear transformation

z Lz 02 1
O O l I I f O

Z t 0


