Math4230 Exercise 8 Solution

1. Suppose z* is a minimizer of f, then f(y) > f(z*) = f(z*) + (0,y — =*)
for all y. Hence 0 € 9f(z*).
Conversely, suppose 0 € df(x*). Then f(y) > f(z*) + (0,y — x*) for all
y. Hence, z* is a minimizer of f.

2. Suppose g € df(x). Let y be such that y < x. Then f(y) > f(z)+g(y—x)
Since f(y) < f(z), we have g(z —y) > 0

3. (a) Since f'(z;0) = 0, the equality holds when X\ = 0.
So assume A > 0,
Flang) — i TEEON) ZT@) Tt ady) @)
a>0 « a>0 a\
Hence f'(z; \y) = \f'(x;y) by considering 8 = a).
(b) Let y1,y2 be two points.
Let A € (07 1)1 Yx = )\yl + (1 - )‘)y2
By convexity of f, f(z + ayy) < Af(z+ay1) + (1 = A)f(z + ay).
Hence,
[z +ayy) = f(@) < atay) - fl@) (1- /\)f(w + ayz) — f(z)
Q Q Q
Since the difference quotient is increasing as « increases, we can
replace a by some «q, s > « on the right hand side. So
fl@+oayy) — fz) < Z @ to) = f@) | (1- )\)f($+a2y2) — f(z)
(6] Q1 a9

Taking infimum over «, and then ai, as we have
F'(@u0) <A (@501) + (1= 2 f'(2392)
(©) f'(a; 5y + 3(=y)) = f'(x;0) = 0.
But f/(z;.) is convex, so
0% 3@ y) + 5 (@)
Hence —f'(z;—y) < f'(z;1y).



