Week 8
Limits, Continuity
Partial Derivatives

Limits and Continuity

Definition.

Let f be a real-valued function in n variables with domain D. For Py € R",
L € R, we say that the limit of f at Py is L, written:

Jim f(P) =L,

if for all € > 0, there exists § > 0 such that |f(P) — L| < € whenever
0< ‘POP‘ < 6, P € D. (Here, ‘POP‘ is the distance between Py and P.)

>
Put differently, the limit of f at P, is L if: for all ¢ > 0, there exists an open ball
B;(Py) with radius é > 0, centred at P,, such that the values of fatall P # P, in

Bs(Py) N D are within € of L. Note that Py does not have to be in D for the limit

Plolglp f(P) to exist.

Example.
Find:
. 2 +y
° 1m
(z,y)—(0,1) 4y —
. ©’ —xy
° llm _—.
(@)~00) \/z — /g
Theorem.

Sandwich Theorem If we have:
9(z,y) < f(z,y) < h(z,y)
for all (z,y) # (a,b) in an open disk centered at (a,b), and:

lim z,y) = lim h(z,y) =1L,
(z,y)—(a,b) 9(zy) (z,y)—(a,b) (9)

then:

lim T =1L
o f(z,y)




Example.
Find:

1
lim xsin (—) .
(z,9)—(0,0) z? + y?

Theorem.

Let v,9: R — R" be the parameterization of two paths in R", with
v(0) = ¥(0) = Pp. If %m(} f(~(¢)) or %m& f(x(t)) does not exist, or the two limits
— —

are not equal to each other, then the limit l;in}? f(P) does not exist.
— 10

Example.
Consider lim z,y), Where:
(2,y)—(0,0) f@y)
ry
f(x7y) = $2+y2 °
>
Let:
'Y(t) = (t7t)a teR,
P(t) = (¢, 1), teR.
Then,
7(0) = (0) = (0,0),
and:
. . t-t .t 1
%gl(}f(V(t)) = }g% Pre %E%@ =3
. ot (—t) .t 1
Since %I_I)I(} fly(t)) # 15% f(¥(t)), we conclude that the limit (w,yl)gIzO,O) P

does not exist.




Remark.

Let Py = (zo,y0). If lim,_,,, f(2,y0) = lim,_,,, f(zo,y) = L, it is not necessarily

truethat lim  f(z,y) = L, or that the limit even exists.
(@)= (wo,0)

Definition.
We say that a function f in n variables is continuous at P) € Domain(f) if:

lim f(P) = F(Py).

P—Py

Every elementary function (a function constructed from constants, power
functions, trigonometric, inverse trigonometric, exponential and logarithmic
functions, via addition, subtraction, multiplication, division and composition) is
continuous at all points in its domain.

Example.
 Every polynomial in n variables (e.g. f(x,y,2) = z?yz + 5yz? + 16y — 8) is
continuous everywhere.
e Every rational function in n variables is continuous at all points where
the function is defined.
o f(z,y) = e« ) is continuous at all (z,y) € R2.

1 . .
e f(x,y) = ——— is continuous at all (z,y) € R? such that 2> + y > 0.

VI Y

Partial Derivatives




Definition.

Let f be a function in n variables, P = (aj,as,...,a,) € Domain(f). For
1=1,2,...,n, we define the partial derivative with respect to z; of f at P to
be:
0 d
8:2 (P) = iz, flay,az,... a1, Zi, s Qig 1y e 0p)
i-th coordinate ri=a;
. f(a17a2a'--aai71yai+h,ai+17"'7an)_f(P)
= lim
h—0 h
. of . . . . .
As P varies, is itself a function in n variables, with:
T
of X f(:vl,xz,...,xi_l,mi—|—h,xi+1,...,mn)—f(xl,.rg,...,xn)
(z1,22,...,2n) = lim
6Ii h—0 h

>
Notation. Another notation for IS fu,-
Z;
Example.
; of of .
Find 5~ and 2 for:
. f(z,y) = 2y’ + ¢’ sin(z%y)
. f@y,2) = ey +yz* + =
Yy

Example.

Find oF for
92 | (2,9)=(0,0)

0, y=-—x
flz,y) = { (2% + y?) sin(ﬁlTy), y#£ —x.

Differentiability

Definition. A real-valued function f in two variables is differentiable at
(a,b) € Domain(f) if:
* fi(a,b) and f,(a,b) exist;
e There exists an open ball B C Domain(f), centered at (a,b), such that for all
(z,y) € B, we have:




f(z,y) — f(a,b) = fz(a, b)(é/w) + fy(a, b)\Ag + e, Az + g, Ay
z—a (y—b)

for some ¢,, ¢, which approach 0 as Az, Ay approach 0.

>
In general, a function f(zy,zs,...,2,) In n variables is differentiable at
Py = (a1,a2,...,a,) € Domain(f) if f,(FP) exists for ¢=1,2,...,n, and for
P = (zy,xs,...,z,) inside an open ball centered at Py, we have

F(P) = £(B) + 3" FulPo)(a: — ) + <(P) [RLP)

for some real-valued ¢(P) such that Igin}j e(P) = 0. Here, |PyP| denotes the
—Io

distance between P, and P.

If a function f(z,y) in two variables is differentiable at (a,b), then geometrically
it means that there exists a tangent plane to the graph z = f(z,y) of f at the
point (a,b, f(a,b)) on the graph. An equation which describes this tangent plane
is:

z= f(aab) + fz(aab)(m - a) + fy(aab)(y - b)7
or equivalently:
—fa(a,b)(z — a) — fy(a,b)(y —b) + (z — f(a,b)) = 0.

Hence, this is the plane in R® which contains the point (a,b, f(a,b)), and has
n = (—fz(a,b),—f,(a,b),1) as a normal vector.



