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Problems that may be demonstrated in class :

Q1. Compute the following definite integrals:
a) fog(x (@ +2)dz (b) f03 xlzldx (c) f(;r/Q sinz cos* zdz  (d) [} h;rd

e) f24 V16 — 22 dz

Here | x| is the greatest integer that is less than or equal to x.

Q2. (a) Let f be continuous on [0,1]. Prove that [ zf(sinz)de =5 [ f(sinz)dx

(b) Evaluate [ 1ﬁg;§‘m dx

Q3. Suppose a > 0 and that f is continous on R.
(a) If f is even, show that [* f(z)dz =2 [} f(x)dx
(b) If f is odd, showthatfaf 33—0
(c) Show that [ f(2?)dx =2 [ f(«*)dx

Q4. Suppose that f is continuous on [a,b], f(z) > 0 for all = € [a, b] and f;f(a:)d:c =0.
Prove that f(z) =0 for all = € [a, b].

Q5. Compute F'(z) if F(x) equals
(@) [Tedt (b) [Z e dt (c) [T tan()dt (d) [ arctant dt

Q6. Let f be a continuous function on R and F' be a primitive function of f. Let a,b € R
and a < b. Show that there exists ¢ € (a,b) such that

Solution

QL. (a) 2o~ V(o +2)dr = [Pa? 4z —2de = (5 4% —22) =19
(b) Note that
fo<z<1
z fl<z<?2
2z if2<x<3
9 ifx=3

Hence fo z]dr = fo 0dz + f1 zdx + fz 2rdr = 13

5 /2
(c fo sin z cos* zdx = — fo cos* x d(cosz) = (c%s"z>0/
d) f; thmdﬂC = [[Inzd(nz) = <ln;‘”)e =1

(e) Let © = 4sinf), we have dz = 4cosfdf. When z = 2,0 = §. When v = 4,0 = .
Hence
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Q2. (a) Let I = [ «f(sinz)dz and y = 7 — x, we have

0 T T
= / (m — ) f sin(r — y))(~dy) = /O (r — ) f siny)dy = /0 f(siny)dy — 1

Hence

2I—7r/ f(sinz)de and I= ;T/ f(sinz)dzx
0 0

(b) Note that 52 — = f(sinz), where f(r) = 5*5. By (a),

1+4-cos?
T rsinz d m [T sinzx d
————dr = — ———dx
o l+4cos?z 2 Jo 1+cos’z

—7m [T d(cosx)

2 Jy 1+cos?z

= _7# (arctan(cos x))g
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Q3. (a) By letting y = —z we obtain f?a f(@)de = [} f(y)dy, since f(x) = —f(x). This
completes our proof.
(b) Again, let y = —z, we have f?a f(@)de = — [ f(y)dy and thus [* f(x dx =0
(c) Let g(z) = f(x?). Since g is even, by (a) we have f f(z?)dz =2 fo Hdx

Q4. Suppose there exists ¢ € (a,b) such that f(¢) > 0. Then by continuity, there exists an
interval (p, q) containing ¢ such that f(z) > 0 for all z € (p,¢). Then we have

b q
[ t@dez [ f@ae>0 (1@ > 00 e ()
a P
Then we obtain a contradiction, and hence f must be identically zero.

Q5. (a) F'(z) =

132 4
(b) F'(a) = f(a2) 2 = gper
(c) F'(z) = tan(922 )df;) = 3tan(922)
(d)

F'(x) = 2z arctan(z? + 3) — (—1) arctan(—z)
= 2 arctan(z”® + 3) + arctan(—x)
= 2z arctan(z? + 3) — arctan(z)

Since arctan is an odd function.

Q6. Since F' is differentiable, by mean value theorem, there exists ¢ € (a,b) such that

F(b) — F(a)

Fi(e) = b—a

Hence




