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Problems that may be demonstrated in class :

Ql.

Q2.

Q3.

Q4.

Q5.

Q6.

Find the limit of the following expressions.
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Determine where the function f(z) = emy B® 7 is continuous.
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e = sin <cos > ifx>0
T

Given that the function f(z) = if  — o 18 continuous on R

a
be®
where a,b € R. Find the value of a and b.

Let f : R — R be a continuous function such that f(x) = f(x/2) for all real number
x. Show that f(z) = f(0) for all real number x.

Show that every (univariate) polynomial of odd degree (with real coefficients) has
a root in real numbers.
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(a) Show that f is a continuous function on R.

(b) Prove that f has a fixed point in the interval [0,1]. (That is, there exists
x € [0,1] such that f(x) = x)

Solutions: Q1. (a) Notice that lim, o 2* + 22 +3 =3 > 0 and lim, ,o 2% +62*+9 =9 > 0.

So we can use the continuity of In to get lim, ,oIn(z* + 22 + 3) = In3 and
lim, 0 In(2% + 62% + 9) = In9 # 0. Therefore we have

In(z*+2?+3) I3 1

250 (28 + 62 +9) 9 2

(b) Since we are looking for limit when z tends to infinity, we may just consider
x > 1 and sufficiently large. So

In(z? + 22 +3) =In(a*) + In(1 + 272 + 327 %) =4lnz +In(1 + 272 + 327 %)



and
In(z® 4 62% +9) = In(2%) + In(1 4 6272 + 927 %) = 61Inz + In(1 + 6272 4 927°).

Now we have
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Now use the fact that limg, oo 27! = 0, limy—yeo s~ 0 and In is continuous,
nx
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we have lim, .o % =1Inl-0 =0 and lim;_,s

In1-0 = 0. Therefore we have

In(14+62=2+92=6)
Inz -

. In(@*+2243) 4 2
lim =—-=_.
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(c) Knowing that |tanhz| <1 for all real number x and lim,_,, e”* = 0, the limit
is 0.

(d) This is a simple application of continuity. All functions that appear are continu-
ous in some range. We have lim,_,gsec(z) = 1, lim, 1 Inz = 0, lim, g tanz =
0, lim,_.,psinz = 0, and lim;_,gcosx = 1. So the limit is 0.

sinx

(e) Using the fact that e — 1 is continuous at z = 0 and lim,_,0

sin(e2*” — 1)
e2e® — 1

=1, we

have lim,_,q 2’ —1=¢"—1=0and lim,_,q =1.

(f) Since for  # 0 | cos(2)| < 1 and lim, oz = 0, we have

1
lim x cos <> =0.
z—0 x
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Q2. For a #0, z — —, z + sinz and x — x are continuous at x = a. Therefore the
x

function f(x) is continuous on R/{0}. At z = 0, we have lim, gz sin 2 =0 = f(0).
Therefore f is continuous at 0 too. So f is continuous on the whole R.

Q3. Forz >0,2>e = >0and |sincos(L)| < 1. Therefore

. 1, 1
lim e =zsin(cos— | =0.
z—0t €

1
Since we are given that f is continuous, a = f(0) = lim,_,o+ e~ sin (cos ) =0.
x

1
. sin -+ . . .
Now lim,_,g- e “ does not exist. So if f need to be continuous, we must have

b=0.

Q4. Let x € R. Define a sequence {a,} by a, = 2% Then we have lim,,_yoc @, = 0.

Since f(an) = f(an+1) for all positive integer n and f is continuous on R, we have
f@) = f@/2) = lim f(an) = FO).

Since z is arbitrary, we conclude that f(x) = f(0) for all z € R.



Q5.

Q6.

Let P(x) = ana"™ + a,_12" ' + --- + ag be a univariate polynomial of odd degree
with real coefficients and a,, # 0. If iP(x) has a root ¢ in real numbers, then
P(c) = anéP(c) = 0. So we may assume a, = 1. Now let M = n(|ap—1|+ |an—2|+
-+« 4+ |ag| + 1) > 0. We have

(—(lan—1[+ - +laol+1))" < lag|(lan-1[++laol+1)* < (Jan-1]+|an—2|+ - +laol+1)"

for k=0,1,...n—1. So P(M) > 0 and P(—M) < 0 and by applying Intermediate
Value Theorem on [—M, M], there is a root between —M and M.

(a) Since lim,_,o+ **%/z = 0 and | sin (26%) | <1, we have lim,_,p+ 2°%/xsin (261/”“)4—
1 =1 and lim,_,p- f(x) = 1. Therefore f is continuous at 0. At other points,
the continuity of f follows from composting continuous functions.

(b) Since f is continuous on R, the function g(x) := f(x) — z is also continuous on
R. In particular, g is continuous on [0,1]. Furthermore, g(0) = f(0) — 0 =1,
g(1) = f(1) =1 =sin (261/1) = sin(2e). Since m < 4 < 2e < 6 < 27, we have
g(1) < 0. By Intermediate Value Theorem, there exists ¢ € [0, 1] such that
g(c) =0, that is, f(c) = c.



