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Problems that may be demonstrated in class :
Q1. Show that for all real number z not equal to %+ for any integer n, we have
(sinz + cosz)(tanx + cot ) = (secx + cscx).

Q2. Show that for all real number z not equal to 5 for any integer n, we have

cos T 1Fsinz

l+sinz  cosz
Q3. Show that for all real number z not equal to ¢ for any integer n, we have

sinx — cscx = —cot x cos .

Q4. Show that for all real number «, 8, v with a + 8 + v = 7w, we have
B v

11 111 my = — by -.
sin @ S s 7y COS 9 COS 9 COS 9

Q5. Prove that for all positive integer n, we have

ik2:1+22+32+”.+n2:n(n+1)(2n—|—1).
k=1

6

Q6. Prove that for all positive integer n, we have

n s n+l
sin 1=
Zsink = — % sing.
1 Sin 5
Q7. Prove that for all positive integer n and real number x not equal to a multiple of 7,
we have
n—1 .
_ sin(2"x)
ok ) — 2 4z - - on—lpy = 2=
kl:[) cos(2%x) = cosx cos(2x) cos(4x) - - - cos( x) s

Q8. Prove that for all positive integer n, we have
53" — 46" — 31" + 24" is divisible by 77.
Solution Q1.
L.H.S. =(sinz + cos z)(tan x 4 cot x)

. sinx  cosx
=(sinx + cos x) ( )

cosx sinx
. sin? z + cos? x
=(sinx 4+ cosx) | ——
sin x cos x
sinx + cosx
sinz cosx
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=secz + cscx = R.H.S.




Q2.

LHS. =S8
1 +sinz

cosr 1Fsinx
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_cosz(lFsinx

1 -—sin?x
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- cos?x
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Q3.

L.H.S. =sinx —cscx

sin2z —1
sinzx
—cos’x

sin x
= —cotxcosxz = R.H.S.

Q4.

R.H.S. =4 cos % cos g cos %

deos P eosPeos ([F_ath
= COS2 6082COS B 5

:4cosgcosésin ngg
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=4 cos % sin % cos? 3 + 4 cos g sin 5 Cos 5

=sino (2 cos? g) + sin 3 <2 cos? %)

=sina(cos 8 + 1) + sin B(cos a + 1)
=sina + sin 5 + (sin a.cos 5 + sin f cos )
=sina + sin 8 + sin(a + f)

=sina + sin 8 + sin(m — =)

=sina 4 sin § + siny = R.H.S.

g D(2n+1
Q5. Let P(n) be the proposition Z k2 — n(n + )6( n+ )

k=1
11+1)(2-1+1)
6

Forn=1,R.H.S. =

=1=L.H.S.. So P(1) is true.

J4
L+1)(20+1
Assume P(¢) is true for some positive integer ¢, that is, Z k? = e+ )6( i )

k=1



For n =/ + 1, we have

441

L.H.S.:Zk2
_Zk2 + (0 41)?
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= R.H.S.

So P(¢ + 1) is true if P(¢) is true.
By mathematical induction, P(n) is true for all positive integer n, that is,

ikg _n(n+1)(2n+1)
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Q6. Let P(n) be the proposition Z sink = % sin —.
=1 sin 5
14l
S == . 4 . .
For n =1, R.H.S. = ——F—sin5 =sin1 = L.H.S.. So P(1) is true.
sin 5
2
¢ sin &1L 4
Assume P(¢) is true for some positive integer ¢, that is, Z sink = — % sin —.
sin =
k=1 2



For n =/ + 1, we have

[cos(¢ +1— 3) —cos({+ 1+ 3)]

/+1
LHS. =) sink
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= [sinG(G+L+3)sin(3(53 - (€ +3))]
= 1
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sin = 3 2

So P(¢ + 1) is true if P(¢) is true.

By mathematical induction, P(n) is true for all positive integer n, that is,

sin ”'H n
Z sin k sin —.
sin 1
e sin(2"x)
. Let P(n) be th iti gy = 2
et P(n) be the proposition kl:[)cos( x) S sin g
Forn=1, R.H.S. = S;;Ei? = 2SMLCOST — 57, So P(1) is true.
f sin(2/7)
Assume P(¢) is true for some positive integer ¢, that is, H cos(2Fz) = Yt
0 2%sinx

For n = ¢+ 1, we have

(e+1)—1

LHS. =
k=0

-1

H cos(2Fz)
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Q8.

So P(¢+1) is true if P(¢) is true.
By mathematical induction, P(n) is true for all positive integer n, that is,

n—1 .
QTL
H cos(2%x) = M
2" sinx
k=0

Let P(n) be the proposition 53" — 46™ — 31™ 4 24" is divisible by 77.

For n =1, 53" — 46! —31' + 24! =0 =0-77. So P(1) is true.

For n = 2, 53% — 462 — 312 + 242 = 308 = 4 - 77. So P(2) is true.

Assume P(n) and P(n+ 1) is true for some positive integer n, that is, there exists
integer ki, k41 such that 53" —46™ — 31" 424" = 77k, and 5371 —467 1 —31n+1 4
24" =TTk, 4.

Notice that 53 - 24 — 46 - 31 = —154 = —2 - 77 For the case n + 2, we have

5372 4672 — 3172 4 24712 = (53 + 24) (53" — 467! — 317 4 oqn )
— 31-46(53" — 46" — 31" + 24™)
+ 46" (46 — 53 — 24 + 31) + 31"T1(31 — 53 — 24 + 46)
— 537(53 - 24 — 31 - 46) — 24™(53 - 24 — 31 - 46)
=T7(TTknt1) — 1426 - T7k,, + 46" 71(0) + 31"7(0)
— 53"(=2-77) — 24™(—2 - 77)
=T7(TTknt1 — 1426k, +2 - 53" + 2 - 24™)

So 53™+2 — 467 +2 — 317+2 4 247+2 5 divisible by 77 if P(n) and P(n + 1) is true.
By mathematical induction, P(n) is true for all positive integer n, that is,

53" — 46™ — 31" + 24" is divisible by 77.



