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Problems that may be demonstrated in class :

Q1. Show that for all real number x not equal to nπ
2 for any integer n, we have

(sinx+ cosx)(tanx+ cotx) = (secx+ cscx).

Q2. Show that for all real number x not equal to nπ
2 for any integer n, we have

cosx

1± sinx
=

1∓ sinx

cosx
.

Q3. Show that for all real number x not equal to nπ
2 for any integer n, we have

sinx− cscx = − cotx cosx.

Q4. Show that for all real number α, β, γ with α+ β + γ = π, we have

sinα+ sinβ + sin γ = 4 cos
α

2
cos

β

2
cos

γ

2
.

Q5. Prove that for all positive integer n, we have

n∑
k=1

k2 = 1 + 22 + 32 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6
.

Q6. Prove that for all positive integer n, we have

n∑
k=1

sin k =
sin n+1

2

sin 1
2

sin
n

2
.

Q7. Prove that for all positive integer n and real number x not equal to a multiple of π,
we have

n−1∏
k=0

cos(2kx) = cosx cos(2x) cos(4x) · · · cos(2n−1x) =
sin(2nx)

2n sinx
.

Q8. Prove that for all positive integer n, we have

53n − 46n − 31n + 24n is divisible by 77.

Solution Q1.

L.H.S. =(sinx+ cosx)(tanx+ cotx)

=(sinx+ cosx)

(
sinx

cosx
+

cosx

sinx

)
=(sinx+ cosx)

(
sin2 x+ cos2 x

sinx cosx

)
=
sinx+ cosx

sinx cosx

=
1

sinx
+

1

cosx
=secx+ cscx = R.H.S.
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Q2.

L.H.S. =
cosx

1± sinx

=
cosx

1± sinx

1∓ sinx

1∓ sinx

=
cosx(1∓ sinx

1− sin2 x

=
cosx(1∓ sinx

cos2 x

=
1∓ sinx

cosx
= R.H.S.

Q3.

L.H.S. = sinx− cscx

=
sin2 x− 1

sinx

=
− cos2 x

sinx
=− cotx cosx = R.H.S.

Q4.

R.H.S. =4 cos
α

2
cos

β

2
cos

γ

2

=4 cos
α

2
cos

β

2
cos

(
π

2
− α+ β

2

)
=4 cos

α

2
cos

β

2
sin

(
α

2
+
β

2

)
=4 cos

α

2
cos

β

2

(
sin

α

2
cos

β

2
+ sin

β

2
cos

α

2

)
=4 cos

α

2
sin

α

2
cos2

β

2
+ 4 cos

β

2
sin

β

2
cos2

α

2

= sinα

(
2 cos2

β

2

)
+ sinβ

(
2 cos2

α

2

)
=sinα(cosβ + 1) + sinβ(cosα+ 1)

= sinα+ sinβ + (sinα cosβ + sinβ cosα)

= sinα+ sinβ + sin(α+ β)

= sinα+ sinβ + sin(π − γ)

= sinα+ sinβ + sin γ = R.H.S.

Q5. Let P (n) be the proposition

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
.

For n = 1, R.H.S. =
1(1 + 1)(2 · 1 + 1)

6
= 1 = L.H.S.. So P (1) is true.

Assume P (`) is true for some positive integer `, that is,
∑̀
k=1

k2 =
`(`+ 1)(2`+ 1)

6
.
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For n = `+ 1, we have

L.H.S. =
`+1∑
k=1

k2

=
∑̀
k=1

k2 + (`+ 1)2

=
`(`+ 1)(2`+ 1)

6
+ (`+ 1)2

=
`(2`+ 1)(`+ 1) + 6(`+ 1)(`+ 1)

6

=
(2`2 + `+ 6`+ 6)(`+ 1)

6

=
(2`+ 3)(`+ 2)(`+ 1

6
= R.H.S.

So P (`+ 1) is true if P (`) is true.
By mathematical induction, P (n) is true for all positive integer n, that is,

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
.

Q6. Let P (n) be the proposition

n∑
k=1

sin k =
sin n+1

2

sin 1
2

sin
n

2
.

For n = 1, R.H.S. =
sin 1+1

2

sin 1
2

sin 1
2 = sin 1 = L.H.S.. So P (1) is true.

Assume P (`) is true for some positive integer `, that is,
∑̀
k=1

sin k =
sin `+1

2

sin 1
2

sin
`

2
.
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For n = `+ 1, we have

L.H.S. =

`+1∑
k=1

sin k

=
∑̀
k=1

sin k + sin(`+ 1)

=
sin `+1

2

sin 1
2

sin
`

2
+ sin(`+ 1)

=
sin `+1

2 sin `
2 + sin(`+ 1) sin 1

2

sin 1
2

=
1
2

[
cos( `+1

2 − `
2)− cos( `+1

2 + `
2)
]
+ 1

2

[
cos(`+ 1− 1

2)− cos(`+ 1 + 1
2)
]

sin 1
2

=
1
2

[
cos 1

2 − cos(`+ 3
2)
]

sin 1
2

=
−
[
sin(12(

1
2 + `+ 3

2)) sin(
1
2(

1
2 − (`+ 3

2)))
]

sin 1
2

=
sin `+2

2

sin 1
2

sin
`+ 1

2
= R.H.S.

So P (`+ 1) is true if P (`) is true.
By mathematical induction, P (n) is true for all positive integer n, that is,

n∑
k=1

sin k =
sin n+1

2

sin 1
2

sin
n

2
.

Q7. Let P (n) be the proposition
n−1∏
k=0

cos(2kx) =
sin(2nx)

2n sinx
.

For n = 1, R.H.S. = sin(2x)
2 sinx = 2 sinx cosx

2 sinx = cosx. So P (1) is true.

Assume P (`) is true for some positive integer `, that is,
`−1∏
k=0

cos(2kx) =
sin(2`x)

2` sinx
.

For n = `+ 1, we have

L.H.S. =

(`+1)−1∏
k=0

cos(2kx)

= cos(2`x)
`−1∏
k=0

cos(2kx)

= cos(2`x)
sin(2`x)

2` sinx

=
sin(2`x) cos(2`x)

2` sinx

=
sin(2(`+1)x)

2`+1 sinx
= R.H.S.
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So P (`+ 1) is true if P (`) is true.
By mathematical induction, P (n) is true for all positive integer n, that is,

n−1∏
k=0

cos(2kx) =
sin(2nx)

2n sinx
.

Q8. Let P (n) be the proposition 53n − 46n − 31n + 24n is divisible by 77.
For n = 1, 531 − 461 − 311 + 241 = 0 = 0 · 77. So P (1) is true.
For n = 2, 532 − 462 − 312 + 242 = 308 = 4 · 77. So P (2) is true.
Assume P (n) and P (n+ 1) is true for some positive integer n, that is, there exists
integer kn, kn+1 such that 53n−46n−31n+24n = 77kn and 53n+1−46n+1−31n+1+
24n+1 = 77kn+1.
Notice that 53 · 24− 46 · 31 = −154 = −2 · 77 For the case n+ 2, we have

53n+2 − 46n+2 − 31n+2 + 24n+2 =(53 + 24)(53n+1 − 46n+1 − 31n+1 + 24n+1)

− 31 · 46(53n − 46n − 31n + 24n)

+ 46n+1(46− 53− 24 + 31) + 31n+1(31− 53− 24 + 46)

− 53n(53 · 24− 31 · 46)− 24n(53 · 24− 31 · 46)
=77(77kn+1)− 1426 · 77kn + 46n+1(0) + 31n+1(0)

− 53n(−2 · 77)− 24n(−2 · 77)
=77(77kn+1 − 1426kn + 2 · 53n + 2 · 24n)

So 53n+2 − 46n+2 − 31n+2 + 24n+2 is divisible by 77 if P (n) and P (n+ 1) is true.
By mathematical induction, P (n) is true for all positive integer n, that is,

53n − 46n − 31n + 24n is divisible by 77.

5


