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Problems that may be demonstrated in class :

Q1. Suppose a,b are real constants. Let I, = [ = a‘)iz ) for any positive integer n.

Prove the following recursive relation: I; = 117 arctan (‘T a) + C and

In = sz?n_—gnln‘l NPTl 1)((9;_—621)2 v
Q2. Compute the following indefinite/definite integrals:
a) [ S de; (b) [ Va? — 4dda; (0) [ Gz
(@) [ s (©) [ ) ooty ) J e,
) Jy? e e () [T, Temenssebns (i) [ e dr.

Q3. As a variant of t-substitution, for an integral | R(sin 22, cos? x)dz, where R is a
rational function, we can make substitution ¢ = tanz. Use this method to evaluate:

J‘W/4 sin? z— 2d:1} (b) ]‘7"/4 dx (C) f:"/4 dx

cos2 z+1 /4 1—sin® z’ /4 tan? x+sec? x”

Q4. Let a,b be non-zero real constants. Prove that for any positive integer n,

dx x 1 5 1
————— = —— —Injlae® +b C
/ (ae® +b)" b b nlae” + ] + mZ:1 mb—m(ae* 4 b)™ o
where empty sum equals zero.

Solutions :

Q1. Let x = a + btanf. Then dx = bsec? 0d6.
bsec? 0do bsec? 0db dg 6 1 T —a
I = = = | —=-4C=—arct C.
! /(btan0)2+b2 / b2 sec? / b b barcan< b >+
Suppose n € N and n > 1. By integration by parts,

ber = ear | o ()

B x z(x —a)
-G 0 | G

_ x [(x —a)? + V%] +a(z —a) — b2
= @oap oy AT 1)/ ((z —a)2 +b2)n d
e a)2x+ gyt T2~ DIt £ / i?;”_‘a)lgf b_z)cfl) dx — 2(n — 10?1,

X a
= 2n — 1)1, — —20%(n — 1)1,
it (n M ((x —a)?2 +p2)n1 (n )

(x —a)®+b?)"~
~ o A= s =2 L,




Rearranging terms, we get

1 rT—a
I, = 2(n — ) I,—1 — I, —
2b2(n—1)<((x—a)2+b2)"—1+(n M 1)
2n — 3 T —a

R R o Ty (e e S

Q2. (a) Let z =3sinf, —7/2 < 0 < 7/2. Then dx = 3 cos Hd6.

2 1 .2 . 1
e+ + dxz/Qsm 0+ 3sinf + 3 cos 0d0

V9 — 2 3cosb
= / <z(1 —c0s20) + 3sinf + 1> do

= / <—gc0329+38m0+ 121> do

116
= —%sin20—30039+ 7—%0

= —gSiHGCOSH—BCOSQ-F%—FC

1 11 T
— _ 2 2 - 3 =
= 2x\/9 x \/9 x¢ + 5 ar081n(3) +C.

(b) Let z = 2secf, 0 <0 < w/2. Then dx = 2tan 6 sec 0db.

/tanQHSec 0do = /tan Od(secf) = tanfsec — /sec Odtan 6
= tanfsecl — /sec3 6do

= tanfsecl — /tan29s,ec 0do — /sec 0do

_ tan 6 sec 6 —1/seced0
2 2

tanfsecf 1
= % - 51n\tan9+sec€| +C.

Then

/\/xQ—4dm:/2tan0-2tané?sec€d0:4/tan495e09d9

= 2tanfsect — 21In|tan § + sec | + C
Va?—14
= %—ﬂn\x%— Va2 -4+ C.

Alternative method:

dx 2 tan 6 sec 8d0
= = :1 !
/ N / 5 tom 0 /sec 0df = In|tan 6 + sec | + C

N
—In %M +C =In|z+ V22— 4| —In2+C'
= In|x + V2?2 — 4] + C.



Now we perform integration by parts:
r2d
/ Va2 —4dr =z 2% — / <
:x\/:z:2—4—/\/:z2—4d:n—4

_a:\/az2—4_2/ dx
N 2 V2 —4

N
:u—21n|m+\/m2—4|+0.

2

o=

(c) Let z = tanf, —7/2 < 6 < 7/2. Then dx = sec? 6df.

dx sec? 0df x
—= = 0df = —sinf + C = ————=+C.
/ (22 4 1)3/2 / sec3 /COS SIG 22+ 1 +

(d) Note that [ 4+812+16 = (ZQH)Q By integration by parts,
/ dr T / z2dx
22+4 2244 (22 +4)2
_x +2/(x2+4)d$_8/ dx
2+ 4 (22 +4)2 (22 +4)2
x dx dx
= 9 [ 2 g "
ZL‘2+4+ /ac2+4 /(:1024—4)27
/ dx B / dx 1 T +/ dx
ri4822+16 ) (22+4)2 8 \22+4 x2 44
1 T 1
:8(x2+4 arctan2>+C’

(e) Note that (x —2)(2? +2x —3) =23 —Tx +6 = (z — 1)(z — 2)(x + 3). Perform

long division:

a3 +7r —6

3 —Tr+ 6) il
— 20 + 72* — 623
T2t — 622
— Tt + 4922 — 422
— 623 + 4922 — 422
63 — 422 + 36

4922 — 84z + 36
By partial fraction decomposition,

4922 — 84x + 36
(x —1)(x—2)(x+3)
_49(1)% —84(1) +36  49(2)* —84(2) +36  49(—3)* — 84(—3) + 36
T(x-1)(1-2)14+3)  2-D(x-2)2+3)  (-3-1)(-3-2)(z+3)
1 64 729
Me—1) 3@—2)  20@+3)




Therefore,

/0 28dx
“1y2 (= 2)(2% + 22 = 3)

0 1 64 729
/1/2<x T Me—1 5@—2) " 20@+3)

x
2[334—1-793—637—ln]w—1—|—61n]x—2\+wln\x+3|]0
4 2 —-1/2
(51 2+72%)1 3) (614+;+3—41 7+f1 g+72i§1 >
:—% %1 2—}-%1 3—%15

(f) Let w =2 — 5. Then du = dx.

/(m3—7x)daj :/(u+5)3—7(u+5)du

ud

_ / ud 4+ 3(5)u? + 3(5)%u + 53 — Tu — 35 .

ud

= / (u™ + 1502 4 68u~> + 90u™*)du

15 34 30
zln]u\————Q———i-C
uu
1 4
g - 3 30

-5 (x—5)2 (z—5)
Alternative method: let a,b, ¢, d be real constants such that

3 —Tx a b c d

5 +C.

=50 2-5  @=52 " @=5p T @w_p)"

Let f(z) = 23 — 7. Then

f(z) =23 — Tz = a(x — 5)° + b(z — 5)* + c¢(z — 5) + d,
f'(z) = 32% — 7= 3a(x — 5)* + 2b(x — 5) +c,
f"(z) =6z = (3)(2)a(x — 5) + 2!b,
f"(z)=6=3la
Putting = 5 into (1), (2), (3), (4) respectively, we get
f"(5) /"(5) /() /)
=3 =1; =5 = 15; = = 68; dfT:QO.
Hence

)



(g) Let m,n,k be the real constants such that

—sinx +4cosx + 2 —3sinx k
=m-+n- + .
3cosx + 5 3cosx+95 3cosx+5

Then

—sinz +4cosz+2  —3nsinx +3mcosxz +5m + k
3cosx+5 N 3cosz+5 '

By comparing coefficients, m = 4/3, n = 1/3 and k = —14/3. Let t = tan §.

Then dx = %, sinx = % and cosz = 1;—’; When z = 0, ¢ = 0; when
x=m/2,t=1. Hence,
/”/Q—Sinx+4cosx+2
dx
0 3cosz + 5
4 [/ 1 [™? —3sinz 14 (™% dg
=— dx + - ——dr — — D ——
3 Jo 3Jp 3dcosx+5H 3 Jp 3cosx+5H
2dt
or 1 oo 14t T
==+ = [In|3cosz + 5|]; —/ —_
3 3 3o 355 45
2r 1.5 14 (' dat 2r 1. 5 [7 1!
=——-ln- - — ——— = —+ -Iln- — |5 arctan -
3 3 8 3 ), t?+4 3 3 8 3 2],
2r 1. 5 1
=— + —In—- — — arctan —.
3 3 8 3 2

Alternative method:

_ 42
/“/Q—Sinx+4cosx+2 /1—142:,52+4'h§2+2 2dt
0 0

dr =
3cosT +5 v 3. L—rg +5 1+¢2

/1 —2t2—2t+6dt
o BEHE+1) T

Let A, B,C, D be real constants such that

—22 2t +6 At+ B Ct+D

(24+4)(t2+1) 241 244

Then
—2t* 2t + 6= (At + B)(t* +4) + (Ct + D)(t* + 1)
=(A+C)W + (B+D)t* +(4A+C)t +4B + D.
We have
A+C =0,
B+D =-2
1A+C = -2,
4B+D =6.



Onsolving, A=-2, B=8 C=2 D=-4.

/”/2 —sinx +4cosx + 2
3cosx +5

1/1 2t+8 2t — 14 o

3Jo | 241 t2+4

1 ) ) 7 ]!

== n(t“+ 1) + 8arctant + In(t* + 4) — - arctan -

3 3 2],

1 7 1 2 1
3<—ln2—|—27r—|—1n5—3arctan2—ln4> ?ﬂ—l—glng grctani

When z = 0, t = 0; when

h) Let ¢t = tan%. Then dx = 2% and cosz =
2" T+t

r=7% t=tanZ =2 -1 (Why?).

1+t2

/”/4 7sinxz —6cosz + Stanx
dx

/4 Jcosz + 2

/4 _12cosx 7sinx + Stanx . cos T .
= ——dx is odd and —— is even
o 9Scosx+ 2 3cosx + 2 3cosz + 2

4 _12cosz — 8 /4 dz
= —dzr+8 —
0 3coszx + 2 o 3dcosx+2
2dt

/4 V2-1 V2-1 dt
:—4/ d:n+8/ fjfj:—w+16/ T
0 0 3.1+t2 2 0 —

ve-1 dt
——7T+16/0 (\f—t)(\/g—{—t)

- \f/m<1 \mt)dt

V2-1
=14+ — ln@ ot Vit V2l
V5| |Vt Vi |VE-V2+1
8
™+ \5[1 (V5 = 2)(3 + V10)).
Remark: Why tan § = V2 — 1?7 Using the following double-angle formula,
T s 2tan %
L=t T g (2. 7) = 2RE
My TR T TS tan? T
tangz —i—2tanE —1=0,

8 8
P 2
tan < 1) — 9
(an8+
tang:\/i—lor — V2 — 1 (rejected).



(i) Let t =tan 2. Then dz = 24 sina = and tanz = 2

142> 1-|-t2 1—¢2°
/ sin zdx _/ 1_2;52 : fffz B / 4t(1 — t2) dt
sinz + tan 1?;;2 + 25 2t(1 — 12) + 2t(1 +t2) 1+ ¢2

11— —(t2+1) +2, 2dt
= dt = dt + 2
/1+t2 / 2 +1 / - /1+t2
:—/dt+/dac:—t+x+C::r—tan2+C’

sin x
1+cosx

Alternative method:
/ sin xdx :/ dx :/ cos xdx :/cosaH—l—ldx
sinx + tanx 14 secx cosx + 1 cosx + 1
/daz — / =x— / _dz
1+ cosx 2cos? §
sinx

0 T T
= — —d(—)— —tan—-+C=0x— ———+C
-t /sec 2 2 . an2—|— v 1—|—cosw+

Q3. Note that dt = sec? zdr = (1 + tan? r)dz = (1 + t?)dz. Then dz =

1+t2
2. 1 _ 1 _ 2. _1_ 1 _
Also, cos®z = 5o = e and sin®z =1—cos?2z =1 e = 1+t2

t=0; when z =7/4, t = 1.

(a)
2
/”/4 sin?x — 2, /1 T2 dt /1 2 —2(141%) dt
—_—adr = . — .
o coslz+1 0 o+l 1+ Jo 1+(1+¢) 1+¢

/1 242 /1 dt
= dt=— | ——
o (B2+2)(t2+1) o t2+1

1 s
= - tant|, = ——.
[arctant] 1

(b) Note that ;
/”/4 da
/sl — sin® z

/4 dx m/4 1 1
o (1 —sin“x)(1+ sin”z) 0 1—sin“x 14sin“zx

L - is an even function in .

/4 1 _dt_ 1 M @
:/ sec2xdx+/ Ht;:[tanx]g/ll—i-/ 5T
0 0 1+1+7 2 ot +§
2 2 arct 2
=1+ - [\[arctan\[t} = +\fa2rc an\f'

(c) Note that is an even function in z.

tan? x+se02 T

1 dt

/”/4 dx _2/”/4 cos? xdx _2/11+t2‘1+tz
,,r/4tan2:z+seczx_ o sinfz+1 " Jg 1+t2_|_1

! 2dt
_/0 (t2+1)(2t2+1)




Q4.

Let A, B,C, D be real constants such that
2 At+B Ct+ D

CER S S e

Then
2= (At + B)(2t* + 1) + (Ct + D)(t* + 1)
=(2A+C)+ 2B+ D)t* + (A+C)t+ B+ D.
We have
2A+C =0,
29B+D =0,
A+C =0,
B+D =2.

On solving, A=0, B=—-2,C =0, D = 4. Hence,
/4 dx Loat Lodt
2 7, =2 2, 1 2
—n/4 tan®x 4 sec* x 0o t*+3 o t°+1
1
=2 <[\/§ arctan \@t}o — [arctan t]é)

=2 (ﬁarctanf— %) .

Remark. The reason why this is a variant of t-substitution is that both sin? z and

cos? z can be expressed as a polynomial in cosy:

1
sin?z = 5(1 —cosy) and cos’z = 5(1 + cosy),

where y = 22. Then R(sin?x,cos?x) is a rational function in cosy and we use
t-substitution: ¢ = tan § = tan .

Let I, = [ (ae;‘lﬁ)" for any positive integer n. First of all,
1 [ae®+b—ae” ae®dx z 1
I = = =—-—-1 T+ +C.
! b/ ae® +b </ /aex—i-b) b bn\ae ol +

k—1
T 1
I, = l b
e n|ae” + |+Z N AT +C

for some positive integer k. Then

I _I/aem—l-b—aexdx_l I—/ ae®dx
R B O A (ae® + b)k+1
I 1

-3 " kb(ae’” + bk

z ket 1 1

bk+1 B bk+1 ln|ae + b’ + Z mbk+1— m(aex +b) + k‘b(aex + b)k +C

T 1 - 1
= T~ et In|ae® + b| + ﬂ; T (et £ ) +C.




By mathematical induction, for any positive integer n,

n—1
T 1 1
I,=———1 T4+b C.
pn hn n|ae + | + mzzjl mbn—m(aex + b)m +




