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Techniques of Integration :

Integration by parts: If u(x) and v(x) are differentiable, then

/m/dm = uv — /u’vdm.

If u(x) is n-time differentiable and v(x) is differentiable, then

n—1
/uv’d:p = [Z(—l)rumvr

r=0

+(—1)”/u(”)vn_1d:ﬁ7

where v,41 is a primitive of v, for any non-negative integer r with vg = v.
Reduction formula: For I,, = [ f,(x)dx, express I,, in terms of I};’s with k < n.
Integration of products of two common functions:

1. I = [z"e"dx, where n € Z, n > 0 and a € R.

a Method I =
. . . n+1
=0 Direct integration Tt C

#0 | By parts: u=a", v/ =e™ | &= 3" pPr(-Lyrgn—r4C

2. I = [2%(Inz)"dx, where n € Z, n > 0 and a € R.

a Method 1=
=-1 Sub.: y =Inx (lnﬁgﬂ +C

# —1 | By parts: u = (Inz)", v/ = 2 % Yoo Pﬂ(—%ﬂ)r(lnx)””" +C

3. I = [a"f(az)dz, where f(z) = sinz or cosz, n € Z, n > 0, o € R, a # 0.

f(z) = Method I =

sinz | By parts: u=z", v = f(az) | =Y., Pﬂiﬁ—;: cos(ax + )+ C

cosz | By parts: u=2",v = f(az) | >, Pﬂﬁ;—: sin(ax + 5) + C

4. I = [sinax cos fadz, [ sinaxsin fzdr or [ cosax cos fzdx, where o, 8 € R.
Method: by trigonometric product-to-sum formulae:

(a) sinaz cos Bz = &(sin(a + B)z + sin(a — B)z).
(b) sinazsin Bz = —1(cos(a + B)z — cos(a — B)z).
(c) cosaxcos Bz = 3(cos(a + B)z + cos(a — B)z).



5. Imn(a) = [sin™ ax cos™ axdr, where m,n € Z, m,n >0, a € R, a # 0.

(m,n) Method Ipn(o) =

1 m 1)/2 (m 1)/2 (=1)" cos™ T2 +1
Z n+2r+1 c

1 n— 1/2 (n 1)/2 (=1)" sin™m 27+ g
Z m—+2r+1 + C
where ‘0’ means ‘odd’ while ‘¢’ means ‘even’. For both m and n are even, use
bl

sin? az = (1 — cos 2az) and cos® ax = 1 (1 + cos2ax) so that

(0, ) | Sub.: uw = cosax

(-, 0) | Sub.: u =sinax

m/2n/2

(@) =273 3" S (1) C 202 L 5 (20).
r=0 s=0

6. Iyn = [ tan™ axsec” axdzr, where m,n € Z, m,n >0, « € R, a # 0.

(m,n) Method Ijn =
(0,),n >0 | Sub.: u=secax 1Zm 1/20(m D2(= D;TZJF;QZ 1M+C
(,e),n>0| Sub.: u=tanax 1Zn2/2 n2)/2%+0

where ‘0’ means ‘odd’ while ‘€’ means ‘even’. For all other cases, use integration by
parts and tan® ax = sec? ax — 1 to obtain the following reduction formulae:

m—1 tan™ "1 ax sec” ax
I,y=———"—79o—1I,_ , form > 2,
i m—i—n—lmz’n+ am+n—1) -

n—2 tan™ ! ax sec” 2 ax
I,y=—-"—I , forn>2,
e m+n—1m’n2+ a(m+n-—1) -

1 1
Ipg = —Injsecar +tanaz| +C; [0 = —Inlsecaz| +C; Ipo=C.
a a

Problems that may be demonstrated in class :

Q1. Let m € N. Evaluate limy, 00 Y nmnjrl

2. Show that In2tL < L for any positive integer n. Hence use comparison test to
- = y P g p
prove that > o0 | L is divergent.

Q3. Compute the following indefinite/definite integrals:

a) [ x3e**du; b) [{ z7*(Inz)%dz; (c) fol z?sinradr; (d) [z sin 7z cos 2zda;

e) [sectzdz;  (f) [sin?xcos®zdr; (g) OW/Q

sin® zdz;  (h) fil sinh z sec® zdx;

i) [arcsinzdr; (j) [sinhazcoszdr; (k) [e”sin3zdz; (1) [tan?®zsecd zdx.

Q4. Vn € Z with n > 0, let I, = [(arcsinz)"dx and J,, = fol(arcsin x)"dz.

(a) Prove that I, 1o = z(arcsinz)" 24+ (n+2)v/1 — z2(arcsin 2)" ! — (n+2) (n+1)I,;
(b) Prove that

Z:}/%( 1)*—7” n! (g) if n is even;
In = (71)”;1n,+zn b/ (4)"%1*7'L(z)2r+1 if n is odd
r=0 2r+1)!1\2 ’ :



