Limits of sequences

Definition 1 (Bounded sequence). We say that a sequence a, is bounded
if there exists real number M such that |a,| < M for any natural number
n € N.

Definition 2 (Convergent sequence). We say that a sequence a, is conver-
gent if there exists real number L such that for any € > 0, there exists natural
number N € N such that if n > N, then

la, — L| < e.
In this case we say that the limit of a, is L and write

lim a, = L.
n—oo

Theorem 3. If a, is convergent, then a, is bounded.

Proof. Suppose hm a, = L. Then there exists N € N such that if n > N,
then |a, — L| < 1 Wthh implies |a,| < |L| + 1. Take

M = max{|ao|, |ai|, |as], -, |an|, | L| + 1}.
Then we have |a,| < M for any n € N. O

Theorem 4. Suppose hm a, = a and lim b, =b. Then lim a,b, = ab.
n—o0 n—oo

Proof. Since a, and b, are convergent, they are bounded and there exists
real numbers M;, My > 0 such that |a,| < M; and |b,| < M, for any n € N.
Note that we have |a| < M; and |b] < M,. Now for any £ > 0, there exists
Ni € N such that if n > N7, we have

la, —al <

2M,

and there exists Ny € N such that if n > N,, we have

|b, — b| <

2M1



Now take N = max{N;, No}. Then if n > N, we have

lanb, —abl = |anb, — ab, + ab, — ab|
< |(an — a)bn| + |a(b, — b)|
< |an — albn] + [al[bn — |

€ €
My + M
< (2M2> 200 <2M1)
= e.
Therefore we conclude that lim a,b,, = ab. O
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Theorem 5. If lim a, =0, then lim |a,| = 0.
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Proof. Suppose lim a, = 0. For any ¢ > 0, there exists N € N such that
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if n > N, then |a, — 0] < e. Now if n > N, we have ||a,| — 0| = |a,| =

la, — 0| < €. Therefore we conclude that lim |a,| = 0. O
n—oo

Theorem 6. If a,, > 0 for any n and lim a, = a, then lim \/a, = /a.
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Proof. Suppose a = 0. Then for any € > 0, there exists n € N such that if
n > N, then |a,| < 2. Now if n > N, we have |\/a,| = \/a,, < e. Therefore
we conclude that lim ./a,, = 0.
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Suppose a > 0. For any ¢ > 0, there exists N € N such that if n > N,
then |a, — a| < ey/a. Tt follows that if n > N, then

|Van — Vally/an + Val
|[V/an + v/l
|an—a|
Van +Va
M
\/a

= &.

Van — Val =

We conclude that lim \/a, = v/a. O
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