MMATS5390: Mathematical Image Processing
Practice Final solutions

1. Please refer to the Chapter Solutions.

. 3 =hxI(1,1) = L[I(0,0) + I(1,0) + 1(0,1) + I(1,1)] =a+b+c
I4 :Il(1,12):2](1,2)—](0,2)—](1,1):0—0—(2a+c):—2(a—|—c)
2 (g
Hence 2 2
(7)) =1= J=lorb=0,

2 . .
where % = 1 implies:

a’=4 = a=2 = 22+c)=-4 = c=0 = b=1,

a—+c =3
—2a—2 =-4’

whereas b = 0 implies:

which has no solution.
Hence a =2, b=1 and ¢ = 0.
P.S. The condition that DFT(I)(2,0) # 0 imposes the constraint 3b # ¢, which is satisfied
by (a,b,¢) = (2,1,0).
3. (a) Note that
Go(f)(@,y) = he * f(z,y) and Gy (f)(2,y) = by * f(2, ),

where

1 if () = (0,0)
he(z,y) = 4 1 if (z,y) = (=1,0) or (1,0)
0 otherwise
and
% if (z,y) = (0,0)
hy(z,y) = % if (z,y) = (0,—1) or (0,1)
0 otherwise.

Hence G (Gy(f)) = hy * (hy * f) = (hg * hy) * f = hx f, where
h(x,y) = hy * hy(z,y)

if (z,y) = (0,0)

if (z,y) = (0, =1) or (=1,0) or (1,0) or (0,1)

0) o
i if (x,y)=(-1,—-1) or (1,—1) or (—=1,1) or (1,1)
0  otherwise.

1
1
1
_ )38
L1

(b) Recall that DET(h * f)(u,v) = N2DFT(h)(u,v)DFT(f)(u,v).
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Hence to perform unsharp masking on f € M4,

On the other hand,
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DFT(g)(u,7) = 117 g, y)e 2w
z=0 y=0
| NoiNo1 T o
=<3 ZI —ck,y —ck)e TN
=0 y=0 k=0
1 N—lN—liI x ok » ck) 727”“(, Ck)+1)(y ck) 727rj0k(7\,+v)
N2

=0 y=0 k=0
—ck—1 N—ck—1

L
22 Z Z I(2',y)e 2w T 2 G
N

k=0 x'=—ck y'=—ck
T -(,k(u+u) Nl Cuz +'L/y
(L) | S S e
k=0 z/=01y'=0
- 2rs TR .
_ o 2mg D) DFT(I)(u,v) if c(u+v) & NZ,
(T+1)DFT(I)(u,v) otherwise,
- c(T+1137(u+v) (e"j c(T+1]3](u+v) g c(T+1]3j(u+u))
B ) ( = MH)) DFT(I)(u,v) ifc(u+v)¢ NZ,
- e N e N —e N
(T+1)DFT(I)(u,v) otherwise,
T (utv) sin ST (wtv) ’
e R R DPT(1) () i e+ v) ¢ N
(T+1)DFT(I)(u,v) otherwise.
_ ]cT(u+v) sm% . + N7
Hence H(u,v) = € sin X(utv) if e(u+v) ¢ ’
T+1 otherwise.

(a) Recall that the definition of Kronecker product is

allB algB e alNB
Ao B a1 B axpB -+ asnDB
® B = .
aNlB aNgB aNNB
We have
1 2mj00 1 2mjol 1 2 e=D)
—F=€ N WN —F=€ N WN —F=€ N WN
VN VN VN
1 QQWJT W 1 egﬁjT 1574 1 e27rj 1.(NN—1) W
W=WyeWy=| ¥ Yoo N VN N
1 (N—1)-0 1 (N—1)-1 1 opi(N=D(N-1)
—e Wy  —=e -Wh ——e”™J N
N VN VN
And rewrite it as W = (ieQW N . WN)
N 0<n,k<N—1
. —_ 1 nk
Since Wy = (esz , we know that
VN 0<nk<N—1
1 ,—2mj%0 T 1 —2mi%L T 1 —2m 257D e
—=€ N Wy —=€ N Wy — = W
VN VN UN€
1 —27jL0 W 1 —2mjid W 1 —2#]1(1\771 W
Wx@W. ~¢ TN W NG TN o WN N e TN
NOWN =
1 727‘_‘] (N—-1)-0 . —_— 1 7271_.] (N 1) 1 . —_— . 1 727‘_.] (N— 1) (N—-1) . _—
~N¢ N UN€ N Vo N



And rewrite it as Wy @ Wy = (Leﬂ‘m‘ at ~7WN)
VN 0<n,k<N-1
Using block-matrix multiplication, we can calculate

W (Wy @ Wy)

1 5 ink
), (e )
(\/N 0<n,k<N—1 VN 0<n,k<N-1

= ]f 71 627T-j% . WN . 71 6727rj% . W7N
— VN VN
p=0 0<n,k<N—1

N-—1 (nek)p k)
2TITN W W
NVV N
- (T & Ve
0<n,k<N-—1

p=0

_orjnk 5
e J°N -Wh

= Iye

Therefore, W= = Wy ® Wy.
(b) Note that f = (fi’j)ogi’jSNfl S MNXN((C) then

S(f)z(fo,o fio - fy-io 0 fon-1 fino1o oo fN—l,N—l)TEMN2><1((C)

1_ _ (1 —2mjmk 7)
From (a) we know that W1 = Wy@Wy = (\/ﬁe N Wy e kN1 € Mpy2«n2(C)
Then, W=1S(f) € Mpyz241(C), and its I-th entry is

(WIS(), =W (1,2 - S(f)

T
L_,—2mj L%NJO L o—2mj B0
VN VN
e mody (1) 1
LNe*Q’” NN .\/%e—2fr]0+ fO,O
. fi0
‘L%J.o cmod N (D)-(N—1) :
1,2 Le—2mi=x——
e TN Fme i N In-10
. %J;\(]N—l) %6*2’”‘%@.0 }”O,Nﬂ
L N 1L,N-1
Lt Lovn oty 01 |
\/Lﬁe—%j# . \/%6_27”#
fN-1,N-1
1 -2nj LH}SN_U I
\/ﬁe \/ﬁe
R _mwf
Ne p,q
p=0 ¢=0
Jo.0
f1,0
fn-10
R _27ijcx+73 £ .
From f,q = yz Zaﬁ o0fap-e ~, we have S(f) = : € My2a(C)
Jon—
fin—1
fN—1,N-1

L J gq+modpn (1) -p
N X

and (N - (S(/))), = Nf(mody (1), | 4]) = N SN SN H g2
Therefore, W=1S(f) = NS(f) for any f € My (C), where f = DFT(f).



Dy Dn-1 -+ Dy
6. (a) Since D is a real block-circulant matrix, let D = Dl 1?0 D2 , Where
Dy-1 Dy—2 -+ Dy
D,, is a real circulant matrix.
Denote by D,, ,,, the value of the entries on the diagonal of D,, with indices {(z,y) :
r—yem+ NZ}.

i. First, we prove that W D, Wy is a diagonalization of D,,.
For any =,y € {0,1,--- ,N — 1},

2]
i
[}
I
i
=
+
[S

| N1 oy N1 ,
_ .s(x—y _ Sty
== e TN E Dy e 2N
N
s=0 /=0

N-1 -

3 Dyme 2N ifz=y,
e

0

otherwise.

ii. Then we prove the following part.
For any k,l € ZN [0, N — 1],

(W 'DWli, = [(Wyn @ WN)D(Wn @ W)k,

N—-1
= (Wn @ WN)km[D(WN @ W)
m=0
N-1 L N—-1
= (WN ® WN)k,m Z D'm—n(WN & WN)n,l
m=0 n=0
N—-1N-1

WN k m WN(TL l)WNDm nWN

M

m=0 n=0
N—-1N-1
1 72,”]1“71 In ——
= — E E e WNDm nWN
N
m=0 n=0
N—-1N-1
1 o km— L(rn n)
= — € J WND WN
N
m=0n’=0
N—-1 -1
1 o mk=D) Copjlel =
= —= e N E e NWnD, Wy
N
m=0
N-—-1
_ jin ———
=0(k—1))_ e ™ ¥ WyD,Wy.
n=0



Hence for any k,l € {0,1,--- ,N —1} and z,y € {0,1,--- , N — 1},

Wxn @ WN)D(Wy @ Wa)|(z + kN,y +IN)
Wy @ WN)D(Wx @ WN)lka(x,y)

N-1 .
_ X e R WD WA (@) ik =1,
- n=0
0 otherwise,
N1 sln N-1 s ma
e IR N Dppe N ifk=1and z =y,
= § n=0 m=0
0 otherwise,
N-1N-1 S mx In
D(m +nN,0)e 2" +R) if k=1 and z =y,
= § m=0 n=0
0 otherwise,
N-Z1N-1 Smx kn
h(m,n)e 2™ CF+R) ifk=1and z =y,
= § m=0 n=0
0 otherwise,

B {N2 DFT(h)(z,k) ifk=1and z =y,

0 otherwise.
(b) Let f=S8(f) and §=S(g).

(ADTD + LTL)f = AD"§.

Since D and L are block-circulant, the result from (a). asserts that

[(Wy @WN)D(Wx @WN)|(z+EN,y+IN) =

)

N2DFT(h)(z,k) ifk=1landz=y,
otherwise

equivalently, denoting the N? x N? diagonal matrix by Ap,
D =Wy @Wn)Ap(Wy @ Wy).

Similarly, S
L= (WN & WN)AL(WN & WN)

Hence

—

(ADTD+ LTL)f = (AD*D + L*L)f
= {A[(Wy @ WN)Ap(Wx @ Wa)]* (W @ Wa)Ap(Wy @ Wy)
+ [(Wy @ Wa)AL (W @ Wy)[*(Wy @ Wy)AL(Wy @ W)}
AWy @ Wa)* AoAp(Wy @ W) + (Wy @ Wa)*Ap AL (Wy @ Wa)lf
Wy ® Wa)(AAHAD + A AL)(Wx @ W) f
Wy @ Wy)(AMpAp + AL AL)NS(DFT(f));

= (
= (
on the other hand,
ADTg=\D*g
=AWy @ Wx)* A(Wy @ WN)*§
= AW @ Wy )AL (Wy @ Wx)g
= )\(WN X WN) *DNS(DFT(Q))

Hence (AMHAp + A5 AL)S(DFT(f)) = AM}S(DFT(g)). By comparing each pair of
entries,

(AN DFT(h)(u,v)*+N*|DFT (p)(u,v))DFT(f)(u,v) = AN*DFT (h)(u,v) DFT(g)(u, ),



which yields

ADFT(h)(u,v)DFT(g)(u,v)

DET(N(:%) = 53 DFT () (u, )2 + [DFT(p) (. 0)[0)

27 2 27
1 1
Buaiea() = [ 30 GIPds+a [ Sl )P ds+5 [ V) s
0 0 0
Given a contour 4" (t) at the n-th iteration. We proceed to perturb v"*1(t) by 4"+t :=

d
Y™ + ep to minimize Fgpqare,2. We need to find ¢ s.t. e Esnakeg('y”“) < 0.
e=0

d

% Esnake,Q(’YnJrl)
e=0
d 27 1 . ) , d o .
= 7 5 " d _ - ny\/ " 2 4
e 5_0/0 SV (s) + e/ (9)I” ds + a—r 8_0/0 I () + e (5)]* ds
d 2T
w5 [TV et ds
de e=0+/0

=/“wwww¢@ds+¢/?ww@w¢%ww+ﬁ V(™ (s)) - ols) ds
0 0 0

2

=—Awwwwwﬂ$w+a47wwwwmﬁw+w VV(1"(s)) - ols) ds

0

2
:/0 [=(7")"(s) + a(y") D (s) + BYV ("(5))] - p(s) ds

In order that di

FEsnake2(y" ') < 0 (decreasing), we must have:
e

e=0

p(s) = (7")"(s) — aly") W (s) = VYV ("(s))

Thus, we must modify ™ by:
T =" (7)) (5) — a(v") P (s) = BVV(Y"(s)))  for small € >0

or

=(4")"(s) = a(y") P (s) = BVV(y"(s))
—VE(v"(s)) (definition)

In the continuous setting, we aim to obtain a time-dependent contour: 7;(s) := (s;t)
such that: %%(S) = —VE(v(s)).

(b) Let N = number of discrete points in [0, 27],

%T = step length and s; =i0c (i =1,2,---,N)

g =
uf = ~(si;t*) = y(io; kT) = i-th node of the contour, where 7 is time step.
Define u* = (uf,uf, - uk)T € Myy2(R) = discrete closed curve / contour, where

uf € R? for all i.

The discrete derivative can be approximated by finite difference scheme:

k k
uf | — ub ,

it * and v, (i0) = 5
o o

k ko ok
Uiy — 2u; + Uiy

Vi (io) =

Here, we assume v&_ | = 745 vk o = 75 7% = &5 7% _1 = +*, (since the contour is
closed).



Thus, the discrete snake energy can be written as:

Y1 | U 2u + u; al
1 1= 1
snakeZ Zi Z+O_ +OCZ (as : - a'—i—ﬁZV(U,L)U
i=1 i=1
where v = (u1, ug,--- ,un)T is a discrete closed curve (u; € R? for all ). We can throw
away o
N 2 N 2 N
1 | w1 — 1 || w1 — 2u; + uj—q
snake 2 Z 5 AR S = +a Z 5 ax 0_22 ‘ + B Z V(uz)
i=1 i=1 i=1

(¢) To minimize Fgpqke,2, we compute VE and find u such that VE(u) = 0. now,

OF _ (uip1 —w 4 (i i
Au; o2 o2

P + uj—g — 2u;_1 4ol +ui — 2uip Mt +ui—1 — 2u;
2 ot ot ot
—0? —da 202 + 6a —0? — 4o

o
= qUit2t Uit Uit Ui+ Uz 2+ BVV (u;)

OE (0B 9E\T
(Recall that: u; = (u4,,u;,)T € R2. We define: = < )

Ou; Ou;,  Ou,

oV v v \"
Thus _— = VV (u;
> Ou; <8ui1 ’ 8u12) (ui))
Define:
202 + 6 —0? — 4a o 0 0 a —0? — 4o
204 o 204 p pa
—0° —4a 20°4+6a —0° —4da « a
ot 204 2; 0 0 ot
D=_ o —0° —4a 20" +6a —0” —4a
ot ot ot ot 0 0 0
—0? — 4a lo' « —0?—4a  20%+ 6a
ot ot 0 0 R ot o

Define F(u) = (Fy(u), Fy(u), -, Fy(u))T € Myx2(R)
where F;(u) = =VV(u;), i=1,2,--- N.

OF
Then: S —(Du); — B(F(u));
U;
Using the gradient descent method, we can minimize Fg, ke by Explicit Euler scheme:
wk Tl b
%t — (DuF); + B(F(u)); T = time step
-

a-Esnake 1 0
8111‘7]‘ 2 81,1177

Up+1 — Up
o

N
+ 5 Z V(up)

Wi t2u—wi; B
- 202 +5 Z

>

p=1

8uw

Hence the explicit Euler scheme is the steepest descent scheme for F, and thus given 7
is sufficiently small, Espare(0*1) < Egpane(u¥) for k =0,1,2,....




(b) Suppose uf, = ri(cos(f) + Z52), sin(0y + 22 )T ~ el @25 for some k € NU {0}

and 7,0, € R. Then

. 27 (m+1) . 27 (m—1)
ub g uf o~ red Ot =) el Ot TR

= 2 d O 2F) g m
~ 2cos %Tmufn,
and thus
=+ g(cos %Tm —1) — 287,

and thus u**1 is also a discrete curve on a circle centred at the origin with equally-spaced

nodes.
k

2mm 2mm

Since u?, = (cos = sin T)T satisfies the induction hypothesis, u

representing a circle for kK =0,1,2,....

is a discrete curve

wFtl — gk uF+l zulﬁnﬂ + uftl

m m __ m m—1 va k
= — u
- o ()
k+1 _ Tk 27 k T ok
and thus u; ™ = ~2lmi1 +(1- 2 267)u,, + 2 lmo1-
In matrix form,
1—20 28 T T
k41 k+1 o T o k
U U T uy; Ujp
. . o? .
k41 k+1 R k k
Uni1  Unp ) ) Uni1 Unp2
il . .
0-2

Since the matrix (hereafter denoted by A) is circulant, its eigenvalues are known to be

2 2 27l
N = 1f%72ﬁ7—+%62’”’1ﬁ+%e’2“71% = 1——72—(1fcosl)7257' <1-2pT,
o o o o N

which has [\ <1 given 0 < 7 < %

k

Hence given 0 < 7 < %, u® converges to the origin for any initial u°.



