
MMAT5390: Mathematical Image Processing

Assignment 4

1. (a) D is block-circulant, i.e.

D =


D0 DN−1 DN−2 · · · D1

D1 D0 DN−1 · · · D2

D2 D1 D0 · · · D2,N−1

...
...

...
. . .

...
DN−1 DN−2 DN−3 · · · D0

 ,

with each N ×N block D0, D1, · · · , DN−1 being circulant. Hence denoting the (k, l)-th block of a N ×N
matrix A of N ×N blocks by Ak,l, we have:

(W−1DW )k,l =

N−1∑
m=0

W−1
k,m(DW )m,l

=

N−1∑
m=0

W−1
k,m

N−1∑
n=0

Dm,nWn,l

=

N−1∑
m,n=0

WN (k,m)WN (n, l)WNDm,nWN

=
1

N

N−1∑
m,n=0

e2πj ln−km
N WNDm,nWN ,

and thus (W−1DW )k,l(q, r) =
1

N

N−1∑
m,n=0

e2πj ln−km
N

N−1∑
s=0

WN (q, s)(Dm,nWN )(s, r)

=
1

N
√
N

N−1∑
m,n,s=0

e2πj ln−km−qs
N

N−1∑
t=0

Dm,n(s, t)WN (t, r)

=
1

N2

N−1∑
m,n,s,t=0

e2πj ln+rt−km−qs
N Dm−n,0(s− t, 0)

=
1

N2

N−1∑
m,s=0

m∑
n′=m−N+1

s∑
t′=r−N+1

e2πj
l(m−n′)+r(s−t′)−km−qs

N Dn′,0(t′, 0)

=
1

N2

N−1∑
m,s=0

e2πj
(l−k)m+(r−q)s

N

N−1∑
n′,t′=0

e2πj ln′+rt′
N D(t′ + n′N, 0)

=
1

N2
·Nδ(l − k) ·Nδ(r − q) ·

N−1∑
n′,t′=0

e−2πj ln′+rt′
N h(t′, n′)

= N2DFT (h)(r, l)δ(l − k)δ(r − q).

Hence W−1DW is diagonal.
Thus the eigenvalues of D are the diagonal entries of W−1DW , i.e. {N2DFT (h)(u, v) : 0 ≤ u, v ≤ N − 1}.

(b) Since L is also block-circulant, it is also diagonalizable by W . Denote W−1DW by ΛD and W−1LW by
ΛL. Then

λDTD + LTL = λD∗D + L∗L

= λ(WΛDW
−1)∗(WΛDW

−1) + (WΛLW
−1)∗(WΛLW

−1)

= λWΛ∗DΛDW
−1 +WΛ∗LΛLW

−1
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and λDT = λD∗ = λ(WΛDW
−1)∗ = λWΛ∗DW

−1. Hence

(λWΛ∗DΛDW
−1 +WΛ∗LΛLW

−1)S(f) = λWΛ∗DW
−1S(g),

(λΛ∗DΛD + Λ∗LΛL)S(DFT (f)) = λΛ∗DS(DFT (g))

and thus

DFT (f)(u, v) =
λN2DFT (h)(u, v)

N4[λ|DFT (h)(u, v)|2 + |DFT (p)(u, v)|2]
DFT (g)(u, v)

=
1

N2

λDFT (h)(u, v)

λ|DFT (h)(u, v)|2 + |DFT (p)(u, v)|2
DFT (g)(u, v).

2. For any i, k ∈ Z ∩ [0, N − 1],

UCŪ(i, k) =

N−1∑
l=0

U(i, l)CŪ(l, k)

=

N−1∑
l,m=0

U(i, l)C(l,m)U(m, k)

=
1

N2

N−1∑
l,m=0

cl−me
2πj km−il

N

=
1

N2

N−1∑
l=0

l∑
m′=l+1−N

cm′e
2πj

k(l−m′)−il
N

=
1

N2

N−1∑
l,m′=0

cm′e
2πj

l(k−i)−km′
N

=
1

N2

N−1∑
m′=0

cm′e
−km′ ·Nδ(k − i)

=
1

N
δ(k − i)

N−1∑
m′=0

cm′e
−km′ .

Hence UCŪ is diagonal. Since
√
NU is unitary, the eigenvalues of C are the diagonal entries of (

√
NU)C(

√
NŪ),

i.e.

{
N−1∑
m=0

cme
−km : k = 0, 1, · · · , N − 1

}
.

3. E(f) =
∫

Ω
|f(x, y)− g(x, y)|2 + λ‖∇f(x, y)‖2 dx dy. Then for any ϕ : Ω→ R,

∂E(f + tϕ)

∂t

∣∣∣
t=0

=
∂

∂t

∣∣∣
t=0

∫
Ω

{
|f(x, y) + tϕ(x, y)− g(x, y)|2 + λ‖∇(f + tϕ)(x, y)‖2

}
dx dy

= 2

∫
Ω

ϕ(x, y)[f(x, y)− g(x, y)] + λ
∂

∂t

∣∣∣
t=0

∫
Ω

[‖∇f(x, y)‖2

+ 2t∇f(x, y) · ∇ϕ(x, y) + t2‖∇ϕ(x, y)‖2] dx dy

= 2

∫
Ω

{
ϕ(x, y)[f(x, y)− g(x, y)] + λ∇f(x, y) · ∇ϕ(x, y)

}
dx dy

= 2

∫
Ω

{ϕ(x, y)[f(x, y)− g(x, y)]} dx dy + 2λ

∫
∂Ω

ϕ(x, y)∇f(x, y) · ~n(x, y) ds

− 2λ

∫
Ω

{
ϕ(x, y)[∇ · ∇f(x, y)]

}
dx dy.

Hence a descent direction is:

ϕ(x, y) =

{
−[f(x, y)− g(x, y)] + λ∇ · ∇f(x, y) if (x, y) ∈ Ω

−∇f(x, y) · ~n(x, y) if (x, y) ∈ ∂Ω,
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and thus E(f) can be iteratively minimized by updating f :

fn+1(x, y) =

{
fn(x, y)−∆t

{
[fn(x, y)− g(x, y)] + λ∇ · ∇fn(x, y)

}
if (x, y) ∈ Ω

fn(x, y)−∆t∇fn(x, y) · ~n(x, y) if (x, y) ∈ ∂Ω.

4.

Esnake,2(γ) =

∫ 2π

0

1

2
‖γ′(s)‖2 ds+ α

∫ 2π

0

1

2
‖γ′′(s)‖2 ds+ β

∫ 2π

0

V (γ(s)) ds,

Given a contour γn(t) at the n-th iteration. We proceed to perturb γn+1(t) by γn+1 := γn + εϕ to minimize

Esnake,2. We need to find ϕ s.t.
d

dε

∣∣∣∣
ε=0

Esnake,2(γn+1) < 0.

d

dε

∣∣∣∣
ε=0

Esnake,2(γn+1)

=
d

dε

∣∣∣∣
ε=0

∫ 2π

0

1

2
‖(γn)′(s) + εϕ′(s)‖2 ds + α

d

dε

∣∣∣∣
ε=0

∫ 2π

0

1

2
‖(γn)′′(s) + εϕ′′(s)‖2 ds

+ β
d

dε

∣∣∣∣
ε=0

∫ 2π

0

V (γn(s) + εϕ(s)) ds

=

∫ 2π

0

(γn)′(s) · ϕ′(s) ds + α

∫ 2π

0

(γn)′′(s) · ϕ′′(s) ds + β

∫ 2π

0

∇V (γn(s)) · ϕ(s) ds

=−
∫ 2π

0

(γn)′′(s) · ϕ(s) ds + α

∫ 2π

0

(γn)(4)(s) · ϕ(s) ds + β

∫ 2π

0

∇V (γn(s)) · ϕ(s) ds

=

∫ 2π

0

[−(γn)′′(s) + α(γn)(4)(s) + β∇V (γn(s))] · ϕ(s) ds

In order that
d

dε

∣∣∣∣
ε=0

Esnake,2(γn+1) < 0 (decreasing), we must have:

ϕ(s) = (γn)′′(s)− α(γn)(4)(s)− β∇V (γn(s))

Thus, we must modify γn by:

γn+1 = γn + ε((γn)′′(s)− α(γn)(4)(s)− β∇V (γn(s))) for small ε > 0

or
γn+1 − γn

ε
= (γn)′′(s)− α(γn)(4)(s)− β∇V (γn(s))︸ ︷︷ ︸

−∇E(γn(s)) (definition)

In the continuous setting, we aim to obtain a time-dependent contour: γt(s) := γ(s; t) such that:
d

dt
γt(s) =

−∇E(γt(s)).
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