MMATS5390: Mathematical Image Processing
Assignment 4

(a) D is block-circulant, i.e.

DO DN—l DN—2 . D1
D, Dy Dy—1 - Dy

D=| D D, Dy -+ Dapn_1
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with each N x N block Dg, Dy, -+, Dy_1 being circulant. Hence denoting the (k,7)-th block of a N x N
matrix A of N x N blocks by Ay, we have:
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= N2DFT(h)(r,1)5(1 — k)&(r — q).

Hence W~'DW is diagonal.
Thus the eigenvalues of D are the diagonal entries of W=1DW, i.e. {N2DFT(h)(u,v):0<u,v < N —1}.

(b) Since L is also block-circulant, it is also diagonalizable by W. Denote W~1DW by Ap and W~1LW by
Ap. Then

ADTD+ LTL=AD*D + L*L
= AWApW Y (WApW 1) + (WAL WD) (WAL W)
= A\WARApW ™ + WA AL W



and ADT = AD* = A\(WApW~—1)* = AWALW L. Hence

AWALARW = + WALAL W HS(f) = AWALW1S(g),
(AMDAp +ALAL)S(DFT(f)) = MMpS(DFT(g))

and thus
AN2DFT(h)(u,v)
NAADFT (h)(u,v)[* + |DFT(p)(u,v) ]

1 ADFT(h)(u,v)
~ N2 X DFT(h)(u,v)[?> + |[DFT(p)(u,v)?

DFT(f)(u,v) = DFT(g)(u,v)

DFT(g)(u,v).

2. For any i,k € ZN[0, N — 1],
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Hence UCU is diagonal. Since v/NU is unitary, the eigenvalues of C' are the diagonal entries of (v NU)C(vVNU),
N-1
ie. { S eme ik =0,1,--- ,N—l}.
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3. E(f) = [, If(z.y) — g(x,9)|* + M|V f(2,y)||* dz dy. Then for any ¢ : Q — R,
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Hence a descent direction is:

oz, y) = {—[f(w,y) — gz, )] + AV - Vf(z,y) if (z,y) €Q
=Vf(@,y) -ii(z,y) if (z,y) € 09,



and thus E(f) can be iteratively minimized by updating f:

fn+1($,y) — fn(x’y) — At {[fn(xvy) - g(x,y)] + AV - Vf”(m,y)} if (m?y) €
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Given a contour 4" (t) at the n-th iteration. We proceed to perturb v"*1(¢) by 4! := 4™ + ¢ to minimize

d
Egnake2- We need to find ¢ s.t. = Esnake2(y" ™) < 0.
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In order that i
de

Esnake2(7™ 1) < 0 (decreasing), we must have:
e=0

p(s) = (7")"(s) —a(y™) P (s) = BYV(1"(5))
Thus, we must modify v™ by:
Y =" (1) () — a(y") P (s) = BVV(Y"(s)))  for small e >0

or
n+l _ n

T = (7)(s) = a(7") D (s) — BYV("(s))

—VE(y™(s)) (definition)
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In the continuous setting, we aim to obtain a time-dependent contour: 7:(s) := ~y(s;t) such that: prRL (s) =
—VE(:(s))-



