
Lecture 4:

Recall : Analytic Spectral method to solve

Luc x ) = g ex )
.

Find basis functions { olnlx , }n7
,

such that :

N n

Ldn Ix ) = I Xj Oj ex )

j -

- i

N

gcxs a I bjojcx ?

Let next ajojcxs .

'

Then : Lux , =gcx , ⇒

jajigxiiokcx
, bj of HI

Comparing coefficients ⇒ Diff
.

eqt becomes algebraic eqts .



Example " Consider : Utt = Uxx where XECO ,
T )

,

t > o Such that

Uco ,
t ) = O

,
ULF ,

-4=0

{ ucx ,
o ) = Glx )

, Utcx ,
o ) -

- Xcx )

Solution :
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Nov , an and bn can be determined by initial condition :
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Recall :

Many times we need to approximate fax , by .
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Definition : I Real Fourier Series )

Consider fox ) E V = { real - valued 21T - periodic smooth functions )
.

Then
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the real Fourier Series of fcx ) is given by :
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Definition : ( Complex Fourier Series )

Consider fix ) E W -

- { complex - valued 21T - periodic smooth functions }

Then
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The integration is computed separately for the real

part and imaginary part .



Question : How well does it approximate
fix ) ?
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Remark : Ilf - FH is called the least square error between

£ and F .



Theorem : E ( Ao
,

oh
,

.
.

.

,
am ,

bi
,

be
,

. . .

,
bxi ) =  min E ( Ao ,  

- .  -

,
AN ,

Bi
,  - - - , Bix )

HAK
,

BKEIR

where

do =

fix , d× ; age '⇒!" fix , cos kxdx ; bk -
- ¥ ) sinkxdx

Proof " Assume Ao
,

.
. .

,
Am ,

Bi
, . . .

,

Bn are the minimizer  of E .

Then : 3¥.

-

.
o ; 3¥ .

-

- o
.

IITs =

ftp.J?ffcxi-/EoAjcossjxtBjsinjx)Jdx
j

= -2J!
"

fix) - Ej AjcosjxtBjsinjx) cos kx

j

=

-2£"

fcxlcoskxdx
+

21T Ak -
- o ⇒ Ak=¥[

"

fcxicoskxdx



Similarly , Ao -

- Iq ) !fe×, dx etc . . .

Is this the critical point of the minimizer ? HW .


