
Lecture 5:

Computation of discrete harmonic map

Let M be a triangulated surface .

A piecewise linear function

or map
is a function / map on M such that  it  is linear

on each triangular face .

Theorem
: Given a piecewise linear function f : M → IR

,
then

the harmonic energy of f is given by :

Ecf ) = I -2 wijlfcvi I - fcuj ) )
'

where

Uh
Evi ,vjJEM -

Wij  
= cot Oijh t cot Oji

Qj

Vi

l Vj
( Cotangent formula ) Oji

Ve



Definition : ( Bary
- centric coordinates )

Given a Euclidean triangle with vi. Vj , Uh
,

the bary . centric

coordinates of a planar point p EIR
'

with respect to the

triangle are C Xi
, Xj ,

Ah )
, p = Xi Vi  t Aj Nj t 7kWh

,

where
y ;

 
=

( Uj - p ) x ( Uk -

Vj
) - T

( Vj - Vi ) x ( Vk - Vi ) . I

Xj ,
th are defined similarly .

Remark :
 . Xi + Xj  + 1h =L ( Check )

. If p is the interior point of the triangle ,

then all components of the bary - centric

coordinates are positive .



EVE
Lemma : Suppose f .

.
D → IR is a linear function ,

Fcp ) = Xifcvi ) t Xjfcvj ) t Xkfcvk ) ,

then the gradient of f is ? ( A  = area of A )

Jfcp ) = IA C Sifcvi ) t Sj fcuj ) t Sh fever ) .

Thus
, the harmonic energy on a triangle A is given by :

Jas of ,
of > DA  = Cotai Ifj - fee ) 't Cots c fee . fi ,

'

+ cotzok ( fi - fj )
' '



Proof : Note that :

Si  + Sj  t Sh = n x { C Vh - Vj ) t C Vi - Vh ) -1 I Vj - Vil } = J

c

'

. Csi
,

s ; > =
s Si

,

- Sj - Sk > = - ( Si
, Sj > - Csi

,
Si , >

.

Pick a point p = Xi Vi  t Aj Vj  t 7kWh
.

The bary - centric

coordinates are given by :

Xi  = IAH- Vjxfp- Uj) ,
ri ) = IA six C uh - Vj I

, p
- Vj >

Wh - Vil Ip - rjlsino
Wh - y

- I Ip - vjl cos
o -OH

' : Xi  = Ia s p - Vj ,
Si >

, Aj  = Ia s P - Ver
, Sj >

ph
4h = Iacp - Vi

, Sh ?

¥• - o

where A is the triangle area
.

u ; vj



I fcp ) = A ,

- fi  t Xjfj  t A Kfk

= IA C P - Vj ,
fi si > + IA L p

- Vh ,
f

,
- Sj > t Iacp - Vi

,
flesh>

= Lp , IA ( fi Sit fjsjtfksk ) ) - Iakvj ,
fi si ) tcvk

, fjsj >

+ Lui
, fksk 7)

Hence , of  = If Cf ; Sit fjsj t f Ksk )

.

'

- Ja L Tf ,
Of > DA  = ¥ L fi Si  t fj Sj  + flesh

,

fi Si  tfjsjtfksk )

Using the fact that < si
,

si > =
- < si

, Sj  t Sh > etc
,(

we can obtain : )

= - FA ( s si , Sj > I fi - fj I 't L Sj ,
Sk > Lfj - fait ask

,
Si > Hk - fit )



'

.

'

csizs = - at on ,

'Sissy = -
cot Oi

,

'

Shafi = - eotoj

c- . Jas tf ,
Of > DA  = Gti c fj - fed 't CHI Cfa - fi ) 't cotzklfifj)

'

Remark: • Let f. M → E-
"Tie a discrete map between triangular

meshes . Then ,
each triangle Ac M can be flatten in IR

'

.

The harmonic energy or each triangle = harmonic energy from

flatten triangle to r
.

• Adding the harmonic energies on all faces together ,

and merge items associated with the same edge ,
they

each edge contributes tzwij ( fj - fi )
'

where

Wij
 

= cot Oijht cot Oji



Definition : ( Laplace operator ) The discrete Laplacian Apl on a

piecewise linear function f is

A phf wit = I wij ( fcvj ) - fail )
[ vi. VJIEM

Hence
,

if f minimizes the discrete harmonic energy ,
then :

APL f  I 0

Remark : he motivation of this definition is by taking

the derivative of the discrete harmonic energy :

Elf ) =L-2 wij ( fcvj ) - few is )
"

[ Vi ,vjIEM

Recall : The Euler-Lagrange eft  of Jmltff
'

isgiven by

Af = o
.







Harmonic map v - s . genus - O Surface conformal map

Theorem : ( Rado ) Let f = M -7 N be a harmonic homeomorphism

between genus
- o closed Surfaces M and N .

Then : f is

a conformal map .

( Genus - O : Harmonic ⇒ conformal )

Remark : Allow us to compute spherical conformal parameterization

by energy minimization ( computable !)



Computation of genus
- O spherical conformal parameterization

Let M = ( V
,

E
,

F) be a triangulation mesh
,

which is of

genus - O
.

The harmonic energy of a discrete map f : M → §?
Unit

is given by -

-

sphere

Ecf ) =

II
wig ( flu ; I - twi ) )

'

[ vi. Vj ) EM

( Note that Ilfov ; , 42=1 for t Vi EV )

We proceed to minimize Elf ) according to a nonlinear

heat diffusion Pro
'

"÷ =of CI .

"

t.IE:9:! )



Definition : The normal component of the Laplacian is :

( Afaik
= LAfcuil,nitwit

) >

ripfcvi
' )
unit

normal direction

Afcvl = I WijL fcuj ) - fcvii ) EIR
'

at few ,

[ vi. VIEM
The tangential component of the Laplacian is :

( Afc Vii )
"

= Afar ;)- ( Afcvi ) ) !

According to gradient descent algorithm ,

the non - linear

diffusion eqt  is given by :

dfcv.tl
at

= - Cafu , )
"



Remark :  . ELI ) is minimized over I
'

: V → 15 or

£ E MNXS
,

where N = # of vertices .

I -

The descent direction

dis
in 1123

.

.  -
-

I
-

-

it
If we descend ELF ) along the descentFormalized

direction without normalization ,
It

atd
may

go outside §
.

c

'

, Normalize d- to the tangential direction on 15

• It Atd
may not lie perfectly on 82

,
we need to

normalize again : I + Atd

HITEtd "



←

normal
of the

sphere

at 4 Lui )









Computation of disk conformalparameterization

Goal : Given a simply - connected surface S
,

find 4=5 → ID

Challenge : Cannot get it by computing harmonic map .

( Given a boundary homeomorphism h : IS → DID
,

there exist a

unique harmonic map H :S -2 ID 7 Hlzs = h .
Amongst them ,

only few of them are conformal w/ suitable boundary conditions)

Idea : ( Double covering )

• Let M -
- ( V

,
E

,
F ) ,

construct NT -
- CV

,
E. F ) which is a

" reflected
"

copy of MCF has opposite orientation as F)
.

•

Glue
them along the boundary '

Glue
. Mutt = Ty becomes a genus - O

closed surface



• Tu can be parameterized onto £ using the previous algorithm .

Problem : Ty

f→
← f I

2141Olof
I

2M
)

f 12Mtmay not be on the equator %
.

.

. Ty is a symmetric surface
,

I a

confine
map

him → I

such that hi

2M
) = 2117

.

Solution : Picking No
,

Ui
,

Oz on 2M
.

Re parameterize Olof by

a Mobius Transformation I such that h = Cool of maps

No
,

Vc
,

Us to 0
,

I
,

i respectively ,

e- S . YEYI'tagto 0
. 1,0 can be done by . e ,

=¥bkZi
( E - Zz ) ( Zi - to )

etc
. . .




