MATH3360: Mathematical Imaging
Final practice solutions

17 December 2021

Please give detailed steps and reasons in your solutions.

1. (Q3)
(a) Assuming central spectrum, the Butterworth high-pass filter is

1

Hlwv) = T D2 /D))

Similar to HW3 Q1, H(2,1) = 2> and H(—1,3) = 139 gives
Do=1and n=2

(b) Assuming central spectrum, the Gaussian low-pass filter is

D(u,v))

Ho(u,0) = exp( - Dl

So,

o1 () <

202 MN

Then we have,

o2 = 74
log 57y
2. (Q4)
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3. (Q5)
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4. (Q7)
(a) For any f € Myxn(R) and z,y € {0,1,--- ,N — 1},
N—-1N-1
hi* f(z,y) = ZZhl flea—k,y—1)
k=0 1=0

= f(z+1,y) — f(=,y).

Then for any f € Myxn(R) and 2,y € {0,1,--- , N — 1},

—1N-1

ZZhl*hl (k1) f(z—k,y—1)

k=0 [=0
= (h1xh1) * f(z,y)
= hy* (h1 % f)(z,y)
=hyx f(x+1,y) — hy x f(z,y)
= flz+2,y) = fz+Ly) = [f(z+ Ly) — f(z,y)]
= flz+2,y) —2f(z+Ly) + f(z,y).



1 if (xuy) = (070) or (_270)7
Hence hy * hi(z,y) =< =2 if (z,y) = (—1,0),

0 otherwise.

(b) For any f € Myxny(R) and z,y € {0,1--- ,N — 1},

2

-1

ho x f(x,y) = ho(k, ) f(x — k,y —1)
0 I=

Z Z fle=ky-1).
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7
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Then for any f € Myxn(R) and 2,y € {0,1--- /N — 1},

11
= > Y hw e ky )
k=—11=—1
1 1
= Z fla—k—k,y—1-10)
ke LU =—
Note that for k, k" € {—1,0,1},
k+ kK = —2if and only if (k, k') = (-1,-1),
k+ k' = —1if and only if (k, k') = (—1,0) or (0, —1),
k+ k' =0 if and only if (k, k") = (—1,1) or (0,0) or (1,—1)
k+ kK =1if and only if (k, k") = (0,1) or (1,0),
k+ kK =2if and only if (k, k') = (1,1).

The same goes for | +I’. Hence

otherwise.

1(q_ _ : 5
ho * hQ(xay) = {(8)1 (3 ‘x|)(3 |y|) if T,y € { 2, 1u07172}7

(c) For any f € Myxn(R) and z,y € {0,1,--- | N — 1},

7
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hS*f(fE;y) =
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Then for any f € Myxn(R) and z,y € {0,1,--- , N — 1},

—1N-1

Z Zh3*h3kl (x—k,y—1)

k=0 =0

= Shs fwy) + glhs* F@+ Ly) +hy s [ —Ly) + by« @y -+ 1)+ b« fa,y— 1)

= 257 y) + {f @+ Ly)+ @ —1y) + fwy+ 1) + flaoy - D]}

1
4
)

F 15 @t L)+ @20 4 @)+ et Ly + 1) + fa+ 1y - 1))

+ 15 @=L+ ) + Fa—29) 4 [ Ly + 1)+ fa— 1y - 1))

+ 3G @y )+ @+ Ly )+ o= Lyt 1)+ Sy +2)+ o)
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+-[fle+lLy+ D)+ flza—Ly+ D)+ flza+Ly— 1)+ f(x — 1,y —1)]
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bl @+ 2,9)+ J@ = 2y) + [y +2) + oy - 2)
Hence
% if D(z,y) =0,
b i D(y) =1,
hs * hs(z,y) = % if D(z,y) =2,
1—16 if D(z,y) =4,
0  otherwise.

(d) One crucial point in this course is
Convolution in the spatial domain <= Direct product in the frequency domain
Also,
Direct product in the spatial domain <= Convolution in the frequency domain

Since we have two equivalent ways to compute the same result, in practice we can always
choose the one that make computation more efficient, with the help of FFT or etc.
In this question, we can simply take

H; = N°DFT(h;)
/|fmy g(z,y)|* + IV f(z,y)||* dz dy. Then for any ¢ : Q@ — R,
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So, the minimizer of the energy must satisfy the following PDEs

{f(m,y) —gla,y) =2V - (K|[VFIPV)(z,y) =0 if (z,y) € Q
IV £z, 9)||* V f(x,y) - iz, y) = 0 if (z,y) € 992

Ignoring the boundary condition, we then have the following iterative scheme in the contin-
uous case

P ) = )+ o - 5 g+ 29 KOV ) @)
for small ¢ > 0. In the discrete case, we can adopt the following finite difference approximation

9] 0
v ISPV ~ (KI5 ) 10 = (K195 5L J(wro)

n <K||Vf2 ggj)@,w 1) - (KVfII2 gg)w,u)
o (w,0) % flut 10) — flwv)
Z{(w ~ fluo+ 1) — f(u,0)

N
(b) E(f) = . ;(f(x,y) = 9i(z,9))* + AV f(z,y)||” dv dy. Then for any ¢ : @ — R,
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Q Q
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So, the minimizer of the energy must satisfy the following PDEs

S (Fy) — gi(ery)) — A (ey) =0 if (a.) € ©

K2

=1
Vf(z,y) - ii(z,y) = 0 if (2,) € 00

Ignoring the boundary condition, we then have the following iterative scheme in the contin-
uous case

N

P o) = )+ o 3 (= fa) + o) + 287 ())

i=1
In the discrete case, we can adopt the following finite difference approximation

Af(u,v) = flut1,0) + flu—=1,0) + flu,0+1) + flu,0 = 1) = 4f(u, v)



(c) (Class notes 19 and lecture notes of chapter 4 are good references for this question.)

E(f) :/Q(h*f(x,y) —g(x,y))2+K(x,y)HVf(x,y)H dx dy. Then for any ¢ : Q — R,
OE(f+te)| 0 / 2
ot o = Bt liso Q(h*f—i—th*go 9)°+K|Vf+tVe| dedy
:/2(h*f—g)h*<p+K71 Vf -Veodxdy
Q VAl

- 1 1
= [ 2H(hxf—g gp—(pV-(KVf)dxdy—i—/ K==V f- -nfido
f, 2t =g i o0 PRIV
where H is an operator defined by

H(g)(z,y) = /Q h(a, )pla+ 2, + y) dadp

So, the minimizer of the energy must satisfy the following PDEs

Qﬁ(h*f—g)(x,y)—v- <K|v1f|Vf>(x,y) =0 if (z,y) € Q

K(z,y) m?f(%?ﬂ 72, y) =0 if (z,y) € 0Q

Ignoring the boundary condition, we then have the following iterative scheme in the continuous

case 1
Wn”w") (ey) — 20 (h + " — g)(x, y>)

The numerical approximations can be done exactly the same as the two examples above.

- (Q9)

(a) Let v € C3.([0,27],9Q) with v(s) = (71(s),72(s))T be a minimizer of E. Then for any
g € C3.([0,27],9),

@ y) = (@) + t(V : (K

0= gl Bt =5 [ 16+ Y O 4 Ao+ 0GP + v+ t)(s)] ds
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t=0
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27
- / (22D (s) — 29"(s) + HV (1(5)). g(s)) ds
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which implies that - satisfies:
0 =2X7W(s) = 2¢"(s) + pVV (1(5))
_ {2Ag<4><s> —27/(s) + 2u3/(s) if y(s)] 2 1,

2294(s) = 29"(s) = it o) el <1

(b) Hence (* * x) gives a descent direction:
o(5) = =MW (s) +9"(s) = p(s) if y(s)ll > 1
2D (s) + 7" () + plEihe Tek?)” i)l <1,

which gives rise to the following gradient descent scheme:

2 . .
o(sit) ) -AZa(s ,t>+8g—§5”—w<s;t> if |y (s;t)] > 1

— 6
ot MG (s0) + G (550) + e Gt i (s ol <1

with the following (explicit Euler) discretization for a closed contour of N points:

7" H(s) — 7" (s)

At
AL D) A" (sH ) 469" (5) 47" (5= 1)+ " (s=2)
+ AN BT 9y (s) it [y (s)] > 1,

2\ s+2)— 4'Y”(S+1)+6’Y”(S) A" (s—D+7"(s—2)

4+ 2 "(s41)— 2’Y (e)+’7 (s 1) +u(([71'(ys)§2)+5)2, (o (5)3315)2 T if H'Yn(S)H <1
6 —4 1 0 0 1 —4
-4 6 -4 1 0 0 1
1 -4 6 -4 0 0 0
Letting D’ = 0 I -4 6 0 0 01¢e Myxn(R) and D as in the previous
1 0 0 -4 6 —4
—4 1 0 0 1 —4 6
example,
S = (1= 2uA0)T = 234D" + 22 D]y" if [|[v"(s)]| = 1Vs,
[I— %D/ + %D]’Y + ,MAt( )]2L€)27 (hﬂﬁ)ﬁilg)z )T if [y (s)] < 1Vs.

Since D’ is also circulant, its eigenvalues are known to be:

N—-1 .
ki 271 4m
E dkexp QWJN)—G 8COSW+2 N
k=0
i
= 4(cos =X —1)2 € [0, 16).

N

2 2
Hence given initial contour 7° enclosing the unit circle, if we choose 0 < At < miaﬁ)lw\’ then
the contour will be attracted towards the unit circle.

Remark: You may try to find the range of (A, u, At) such that the portion of the contour that lies
inside the unit circle would be attracted to expand to the unit circle. They are also encouraged
to discretize the functional E in the latter example, and investigate whether the correspondingly
derived gradient descent scheme coincides with the above.



