ing

1 Imag

ica
Solutions to Chapter 3 Exercises

Mathemati

MATH3360

®
Lo
i

oo It 0l I

| | | |
O VW VL
o
N = =

17~_U1,5%7M1,5

o e =0

e <= S =R NN
- [
e ] Pl ) — =
S o —H O ~—
e T N T [ I
~ - =
co oo > — ~
N _ Uu R N
| | | |
I - VYV oV W
- — ~
Hl S ] fan I 1ﬁ2 5_,8 _I,A 5_§

VvV YW Y
—
— - O —Ieg|GneE|S
=0 I wloo It
| | | |
— O O O wﬁ4,5wﬁmz5 VOV Vv

— - O o I oo
=G~
— = o~ — N g [\8} 8] \B)
N~ N————
I :1 Il
o & o

i

-1

-1

1

o o O

o O O

S o O

1
16

DFT(f1)

—1g

i,ii,v.

=0.

Re(iDFT(0))

Re(iDFT(DFT(f1))) = fi.
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ii.

iii.

iv.

vi.

f2 = Re(iDFT((1 — e Y )DFT(f2))) = (1 —e ") fo.

ii.

fo = Re(iDFT(0)) = 0.
fo = Re(iDFT(DFT(f2))) = fa.
f2 = RGDFT(ZDFT(f2))) = 1 fo.

f2 = ReGDFT(ZDFT(f2))) = 3 fo.

f2 = Re(iDFT (e *DFT(f,))) = e fo.

1 1 1 1\ /0 0 0 0\ /1
1 —j -1 5 |flo 11 01
1 -1 1 -1fflo 11 0]|1
1 5 -1 —j/\o o o0 o/ \1
0o 2 2 0\ /1 1 1
0 —-1—j —-1—5 0|1 —j -1
0 0 0o oflr -1 1
0 —145 —145 0o/ \1 4 -1

4 22 0 —2+2j
—2-2j 25 0 2

0 0 0 0
—242j 2 0 —2j

fs =iDFT(DFT(fs)) = fs.

fzs =iDFT(0) = 0.



iii.

iv.
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2. (a) Since M > 6 and N > 8, D(1,2) =5, D(3,1) = 10 and D(2,4) = 20.
Since DFT(f)(1,2) # 0, DFT(f)(3,1) #0 and DFT(f)(2,4) # 0,
3DF" 4D} 6D}
"D +5n D4+ 10m DR+ 20m

3H,(1,2) = 4H,(3,1) = 6H,(2,4), i

Since Do > 0,

3(DE" +107) = 4(Dg" +5"),
A(D3" +20") = 6(D3" + 10),

which gives

D3t =3.10" —4-5" =5"(3-2" —4),
2D =4-20" —6-10" = D3 =2-20" —3-10" = 5"(2-22" —3.2").

Hence 3-2" —4 =2.22" —3.2" and thus (2" — 1)(2" — 2) = 0 and
n=0or 1.
If n =0, then 1 = D3*° =5%(3.2° — 4) = —1. Contradiction.
Hence n = 1. Since D3 =5(3-2 —4), Do = V/10.
(b) Since M > 2¢ > 2a and N > 4c, D(a,b) = a® +b* = % and
D(0,2¢) = 4c.
C2 C2
Given Hs(a,b) = 8H2(0,2¢), i.e. e 202 =8¢~ e
C2 C2 C2 62
Hence e 202 (2¢” 202 — 1)(4e” 2 +2¢ 202 +1) = 0.

(’.2
Thus e 207 = %; —% = —1In2 and thus ¢ = \/ﬁ
(c) Since M = N = 10, D(2,7) = 2> + 32 = 13 and D(5,1) = 52 + 1% =
26.

Given H3(2,7) = % and H3(5,1) = £, i.e.

3
13" _

DIn4137

26™ _

Dan +26n =

)

Gl ol

Then D3" = 213" and 4DZ" = 26", and thus 4 = 2"~
Hence n = 3; then D§ = D3" = 2-13" = 2133, and thus Dy =
V213

3. Recall that for any f € My« n(R), DFT(h+f)(u,v) = MN DFT(h)(u,v)DFT(f)(u,v);
hence H(u,v) = MN DFT(h)(u,v).

(a)
k k k
Suz v 1
— e 2mi(%E+R) — f§{ —2mj § -2
Hy(u,v) = :E gi 2/€ )2 AT TN) = e JRE e 2N

—ky= r=— y=—k

+2Z




r+2(cos 27rWu-ﬁ-cos 2%
r+4

(b) H(u,v) = gt (€723 237 42T N 4207 =
()

1 1
Hg(u,’U) — 1 4 §(6727Tj i +e27’l'jM te 2mj & +627Tjﬁ)
n 1*16(67%]'(%%) bem2mi—R) f m2mi(— R+ E) | —2mi(—H—F))
1 n 1( 2mu n 27rv) " 1 2mu 2mv
= -+ —(cos —— + cos — ~ COS —— COS ——
4 4 M N 4 M N
1 2 2
= Z(COS % + 1)(cos %v +1)
) 2 TV
= cos cos N
(d)
Hy(u,v) = -4+ 2T 4 2T 4 72N 4 2R
2mu 2mv
=—4+2 — +2 —
+ 2 cos % + 2cos N
= —4(sin? Lj\; + sin? %)
(e)
=
Hs(u,v) = > emmilaE R
t=0
1 l—e_zij(%+%> i oau bv
_ T m lf M + N ¢ Z,
1 otherwise,
1 —mj(T—1)(8% by eI+ —miT(gr by au | by
_ Te J( )(M N) eﬂj(%erWU),e*“j(%*bﬁv) if M -+ N ¢Z,
1 otherwise,
1 _—mj(T—1)(22 4 beysin(xT (5 +5%)) ¢ au bv
D B L R e v R i 2
1 otherwise.
(a)
1/1 1 3 2 1 1 1/5 5 1 1
DFT(9) = 3 <1 —1> <2 3 (1 —1) 1 (1 —1> (1 —1>
71 10 0 71 5 0
4\0 2/ 2\0 1
1 1 1 1 1 1 /2 2 1 1
orran =55 (1 4) (1) (4 =66 04



DFT(f1)(u,v) =

and thus DFT(f;)

Hence
- 1.
fl = §ZDFT(
1
2
— 1 1%8
2 1+e

DFT(¢1)(u,v)
MN[DFT(hy)(u,v) + esgn(DFT(h1)(u,v))]

_1(5 0 1 [((34+e)7t L
50 Dems (T

2
— 1 1<2£15 .
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o= O

1 1L
ii. B= (1 %);hence
2 5

DFT(f1)(u,v)

and thus DFT(f;)

_ B(u,v)DFT (g1)(u,v)
MN|[DFT(hy)(u,v) 4+ esgn(DFT(h)(u,v)

1 1L 1/5 0 1 _1
= — - 4 1+¢
(1 Dos( Yormx(t

O =0 = ~—
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| M-IN-1M-1N-1 M—-1N-1 .
= N Z f(k,l)e—Qﬂ'j(mTIk-i-% Z Z Fk e 2y (k4 nl
m=0 n=0 k=0 [=0 =0 I’=0
N Y TR
= e M N
2 N2 ’ )
M=N m,k,k':O n,l,l’=0
1 M—-1 -1
=1pNE D Z Fe,DF(RT) - Maz(K — k) - N1yg(l' — 1)
k,k’=01,1'=0
1 M-1N-1
- P
k=0 =0

(a) Let f be a minimizer of || L f]|% over all {¢ € My n(R) : |F—Df|3 =
¢}. Then the method of Lagrange multipliers states that f necessarily
minimizes the following Lagrangian:

L(f) = |LfI3 + Mg — Dfl2

Hence Z? =0, i.e.

—

jf.[FLTLf L A@ — fTDT)(G - D) =

which gives 2LTLf 4+ A(=2DT§ + 2DTDf) = 0 and thus (ADTD +
LTL)f = ADT§.
(b) i. For any z,y € {0,1,--- ,M — 1},

M-1 .k y x
(VMU (VMUN) () = MY Ui (2, k)Uni (K, ) Z 2mi

k=0

1 1 ifx=y
— Mé(y —z) = ’
M (v —2) { 0 otherwise.

Hence vV MUy, is unitary.

ii. Note that the (k,[)-th block of U®V, denoted here by (U®V )y,
is given by U (k,1)V. Hence the (k,)-th block of (U®V)* is given
by

(U@ V)= U V)] =T k)V*.



Hence for any k,l € {0,1,--- ,N},

(UeV)UeV) k=) (UaV)in|UeV) ],

2

P
D!

U(k,n)U(n, )V V*

3
I
<

(o)

(k — 1)1

Hence U ® V' is unitary.

iii. For any k,l € {0,1,---, M},

iv.

M-1
UniCUp (k,1) = > Uni(k,m)(CTUp)(m, 1)
m=0
M—1M-1
= U (k,m)em—nUnr(n,l)
m=0 n=0
| MoiM-d l .
- W Cm—ne27rj nMn
m=0 n=0
1 M—-1 m " 3 .
1 amjlm=n’)=m
= 2 Z Cnr €
M m=0n'"=m—M+1
1 M—1 L M-1 o)
57 3 v 3 a0
= /e M e
2
M =
-1
-3 Z e 51~ k).

Hence Uy;CU), is diagonal.

Since VMU, is unitary, UA_/[1 = MU};; = MUy, and thus
MUy CU,yy is a diagonalization of C. Hence the eigenvalues of
C are given by the diagonal entries of MU CUyy;:

M—1

_9giln
=) cne PN 1=0,1,--- M~
n=0

For any k,I € {0,1,---,N — 1}, the (k,[)-th block of (Uy ®
Un)D(Uy @ Uny), denoted here by [(Ux @ Upr) D(Un @ Ung) ]k,




is given by:

[(Un @ Un)D(Un @ Upp) ks = (Un @ Unt) ke[ D(UN @ Upt)]mui

N-— N-1
= (UN oY UM)k,m Z Dm—n(UN 29 UM)n,l
=0 n=0
1

= UN(k,m)UN(n,l)U]\/[Dmfnm

1 sln—km —_—
2R Upt Dy Ut

1 s (m—n')—km _
= E 627T'7 N Uy Dy Uy

N-1 )
mii—%) _ sIn’ —_—
= N2 e TN E e PN Uy DUy

m=0 n’=0

= 0= k) Y e 2K Uy DT,

Since D is block-circulant, D, is circulant. Hence by the result
of (b)iii., Upns Dyr Uy is diagonal and thus (Ux@Upr ) D(Un®@Uxy)
is diagonal.

Since VNUy and VMU, are unitary, vV MNUy ® Uy is uni-
tary, and MN(Uy ® Up)D(Un ® Uypy) is a diagonalization of
D. The ecigenvalues of D are the diagonal entries of M N (Uy ®
Unt)D(Un ® Uxy), ie.

M—-1N-1
A(D)= 3" Dy R ke {0,1,-- ,M-1}, 1€ {0,1,-- ,N-1},

m=0 n=0

where D, ,,, denotes the value of the entries on the diagonal of
D,, with indices {(z,y) : 2 —y € m + MZ}.



(¢) 1i. For any z,y € {0,1,--- , M —1},

M-1
W Dy War(w,y) = > War(w, s)[Dk1 Wil (s,9)
s=0
M-1 M-1
= Z W (z, s) Dy (s, t)War(t,y)
s=0 t=0
] Mo1M-1 )
= — Dy g™ 557
M s=0 t=0
1 M-—1 s (ot
so—(s—t)y
M Z Dk—l,t’e%j M
s=0 t/=s—M+1
] M=l _— M-1 .
_ 2 25 Z D J a7
= e k—1,t'€
M s=0 /=0
M—1 oy
Z Dk,hme%”ﬁ if x = Y,
= m=0
0 otherwise.

ii. For any k,l € ZN[0,N — 1],

[(Wx @ War)D(Wx @ War)lka = D (Wn @ War)im[D(Wn @ War) .

I
= o

N-1
(WN & W]\/[)k,m Z Dnb—n(WiN ® WM)n,l

n=0

I
= 3

lZS
Z

—1
WN(k7 m)WN (na Z)WMDm—nWJ\/[

|
3
Il
S
Il

=z o
|
Z o

-1
ckm—In

2™ IR War Do nWar

2|‘| )
(]
(]

m=0 n=0
N—-1N-1
1 omj km—I(m—n') _
= —= e N WarDn Wy
N
m=0n’=0
1 N—-1 i) N—-1 ,
. m(k— in! I
= — 2™ TN E ™ N WDy War
N
m=0 n’/=0
N-1
in _
= 5(]43 — l) E 627” NWyuD W
n=0

10



Hence for any k,1 € {0,1,--- ,N—1}and 2,y € {0,1,--- ,M—1},

Wy @ Wi )D(Wy @ War)|(x + kM, y + M)
Wy @ Wy )D(Wx @ War)lka(, y)

in

€273 (W D, Warl(w,y) if b =1,

0 otherwise,
N

M—1
in cma .
>> e*™N S Dy pe?™ i ifk=1and x =y,
m=0

n=
0 otherwise,
M

mJ: + in

D(m 4 nM, 0)e2™ (3 if k=1and x =y,

m

0 otherwise,
M s max kn

h(m,n)e>™ (3 +%) if k=1land z =y,
m

0 otherwise,

{MN DFT(h)(z,k) ifk=1andz =y,

0 otherwise.

(d) For any = € {0,1,---,M — 1} and y € {0,1,---
Murxn(R),

,N—1}, and f €

M—-1N-1
(Wx @ Wan)S(H)(@+yM) =Y > (Wy @ W) (@ + yM,m + nM)S(f)(m + nM)
VN
= Z Z WN(y7n)WM(x7m)f(man)
m=0 n=0
1 M—-1N-1

AL e

=0 n=0
1 M—-1N-1

=VMN | ——
MN n;) n=0
=V MN DFT(f)(z,y)

= VMN S(DFT(f))(z + yM).

F(m,n)e- 2R T H)

Hence Wy @ Wi )S(f) = VMNS(DFT(f)).
(e) Recall the result from (a):

(ADTD+ L"L)f = AD"§.

11



Since D and L are block-circulant, the result from (c)ii. asserts that

[(WN@War) D(Wy@Way)|(a+kM, y+IM) =

i

MNDFT(h)(z,k) ifk=1landz=1y,
otherwise

equivalently, denoting the M N x M N diagonal matrix by Ap,
D =Wy @ W )Ap(Wn @ Way).

Similarly, L
L=Wn@Wyn)AL(Wn @ War).

Hence
(ADTD + L"L)f = (A\D*D + L*L)f
= {AM(Wxn @ War)Ap(Wxn @ War)[*(Wy @ War)Ap(Wn @ Way)
+[(Wy @ Wan) AL (Wy @ War)]"(Wa @ War)AL(Wy @ Wan)}f
= AW @ War)* NpAp (Wi @ War) + (Wy @ War)*AL AL (W @ War)lf
= (Wx @ War) A HAD + AN AL) (W @ War) f
= (Wy © W) MBAD + AL AL)VMNS(DFT([));
on the other hand,
ADTG=\D*g
=AWy @ War)* A (W @ War)*§
= XWn @ Wa)Ap, (W @ War)d
= AWy @ Wi )A,VMN S(DFT(g)).
(f

Hence (AMMHAp + A3 AL)S(DFT(f)) = AM5HS(DFT(g)). By com-

paring each pair of entries,
(AM?N2|DFT(h)(u,v)” + M2N*|DFT(p)(u, v)|>) DET(f)(u, v)
= AMNDFT(h)(u,v)DFT(g)(u,v),
which yields

ADFT(h)(u,v)DFT(g)(u,v)

DFT(f)(u,v) = MN(ADFT(h)(u,v)|? + [DFT(p)(u, v)[2)’

7. To be supplemented.

8. The ideal LPF, Butterworth LPF and Gaussian LPF chosen are respec-
tively

1 1 1
1 1 1 1 1] & 1 16 1 e85 e’z e 8

6 4 B 4 1 1 5 L

1 1 0 1 - = = = e 8 e 1 e 8 e 1

H1= 100 0 ,HQZ 1£ & 411 ]:16 andH3: 1 _5 1 5
5 4 o 4 e 2 €8 ¢ e s

1 1 0 1 ;e 4 16 4 ~1 1 5 1
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