MATH3360: Mathematical Imaging
Solutions to Chapter 4 Exercises

1. Recall that the result g; of the 3 x 3 mean filter applied on f € My« n(R)
is given by:

11
1
gilz,y) =3 oY fla+ky+0);
k=—11=—1
the result g;; of the 3 x 3 median filter applied on f € My« n(R) is given
by:
gii(xay) = median{f(l‘ + ka Y+ l) : k7l € {_1707 1}}7
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1

the result g;;; of the convolution filter 3

applied on f €

— O
o O O

OO OO
O O O

My 4(R) is given by:

giii(z,y) = %f(xvy)Jré[f(ﬁLy)+f(33—Ly)+f(ar,y+1)+f(w7y—1)]-

Hence the results from applying the filters on the given images are:
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iii. 0

. (a) Forany f € Myxn(R) and z,y € {0,1,--- , N — 1},

N—-1N-1

hl*f(xvy) = Z Z hl(kJ)f(x_kvy_l)

k=0 [=0
:f(x"_]-vy) —f(x,y).

Then for any f € Myxn(R) and z,y € {0,1,--- , N — 1},

N—-1N-1

SO bk ha(k D f(x—ky 1)

k=0 [=0
= (hy*hy) * f(z,y)
= hy* (hy * f)(z,y)
=hyx f(x+1,y) —hi* f(z,y)
=flx+2,y)~ flz+1Ly) —[f(x+1y) — f(z,y)]
= flz+2,y) —2f(z+ Ly) + f(z,y).

1 if (I7y) = (Oa 0) or (_270)7
Hence hy * hi(z,y) = ¢ =2 if (z,y) = (-1,0),
0 otherwise.

(b) For any f € Myxy(R) and z,y € {0,1--- | N — 1},

hz*f(%y): hg(k,l)f(.’l?—k‘,y—l)
k=0 [=0
1 1 1
:§Z Zf(:c—k,y—l)-
k=—11=-1



Then for any f € Myxn(R) and z,y € {0,1--- ,N — 1},

N—-1N-1

SN hoxha(k, ) f(x—ky—1)

k=0 [=0

1 1
1
—§22h2*f(x—k,y—l)
k=—11l=-1
1 1
=— Y fa-k-Ky-1-1)
bk 1 l=—1

k+k = —2 if and only if (k, k') = (—1, 1),

k+ k' = —1if and only if (k, k") = (—1,0) or (0,-1),

k+ k' =0 if and only if (k, k") = (—1,1) or (0,0) or (1,-1),
k+ k' =1 if and only if (k, k") = (0,1) or (1,0),

k+ k' =2 if and only if (k, k") = (1,1).

The same goes for [ +1’. Hence

L(i3- 3— if —-2.-1.0,1,2
b s byl y) — 4 STGEDG =) iy € (=2,-1,0.1,2),
0 otherwise.

(c) For any f € Myxny(R) and z,y € {0,1,--- ,N — 1},

N—-1N-1
hs*f(x,y)Z hd(k,l)f(x—k,y—l)

= SH@y) + {f@+ L)+ f@ - L) + fey+ 1) + fley — 1]



Then for any f € Myyn(R) and z,y € {0,1,--- , N — 1},

N—-1N-1
hs * hy(k, 1) f(x — k,y — 1)

k=0 [=0
= (ha x h3) * f(z,y)
=y (s * )(.0)
:%%*f(x,y)"'i[h:s*f($+1»y)+h3*f(ﬂﬁ—1vy)+h3*f(x,y+1)+h3*f(x,y—1)]
= 237 @y + {f @+ Ly)+ @ —Ly)+ fy+ 1) + floy - D]}
+ 15 H @t 1)+ {20+ )+ et Lyt 1)+ fa+ 1y - 1))
£ 15 H @ = 19) 4 (@) + Fa—2.9) 4 [ Ly+ 1)+ fa— 1y - 1))
+ 3G H @y )+ @ Ly ) 4 @=Ly + )+ fy +2) + F )
1 1

= SH @)+ {f@ L) + f — Ly) + flmy + 1) + Sy — 1)
F 5@+ Ly + D)+ f = Ly+ 1) + f+ Ly~ 1)+ f@ — Ly~ 1)
o [f @+ 2,9) + @ —2,9) + @,y +2) + oy~ 2)
Hence
i if D(z,y) =0,
1 if D(z,y) =1,
hs * ha(z,y) = & if D(z,y) =2,
1—16 if D(x,y) =4,
0  otherwise.



3. (a) 1. Suppose f is a minimizer of E;. Then for any v : Q — R,

0 g El(f + t’U)

T o,
[(f +tv—9)° + AIV(f + tv)||3] dz dy

_/ 9
~Ja 0t
:/[2v(f—g)+>\g (Vf+tVo,Vf+tVu)]dedy
Q ot|,_q
= [12or =)+ 25| (VS8 + 26V, Vo) + Vol dody
Q t=0

= 2/[v(f—g) + MV f, V)] dz dy
Q

:2/Qv[f—g—)\v-(Vf)]+2>\/8 v{V f,7)ds. (%)

Q

Since v is arbitrarily chosen, f satisfies:

“AV2f(z,y) + flz,y) = g(z,y) if (z,y) € Q,
(Vf(z,y),ii(z,y) =0 if (z,y) € 9.

ii. Suppose [ satisfies the above PDE. Then for any i : Q — R,

B(0) = () = [ [(h=0)* = (f = 6" + NI VHIE = AIV 3] do dy
= |19 = 20h+ 4% = £+ 209 — 7 + NIVh = V13 = 2091+ 2(V.V)]
= [ h= 177+ 20f ~ 2 = 2gh + 29+ XITh = VS + 295, Th = V)]
22 [ [(/=9)(h = 1)+ NVF,Th = V)] dody
=2/§2[(f—g)(h—f)—)\(h—f)VQf]dxdy+2/m(h—f)(Vfﬁ)ds:0.

Hence f minimizes Fj.
iii. From (%), a descent direction of Fy at f is given by:

v(z,y) = —flx,y) + gla,y) + AV2 f(z,y) if (z,y) € Q,
’ —(Vf(@,y),ii(z,y)) if (2,y) € 0.

Hence given f :  — R, the gradient descent scheme for mini-
mizing F is given by:

Of @, yst) _ | —fla.y) +9(z,y) + AV f(2,y) if (z,y) €9,
ot —(Vf(z,y),7(z,y)) if (x,y) € 9.



Upon discretization in time and space, the explicit gradient de-
scent scheme with time step 7 becomes:

frit@y) = f(@y) _ J=f"@y) +g(@,y) + AD2(Di(f) (@ y) i (2,y) € Q,
T —<'D1fn(1'7y),ﬁ(:€,y)> if (1177y) € aQ,

where the finite difference operators D; and Ds approximate the
differential operators V and V..

iv. Using the forward difference approximations for first derivatives,

El,discrete(f) = Z {[f(x7y>_g($a y)]z-f—)\[f(a?-l-l,y)—f(x,y)]2+)\[f(x, y—l—l)—f(m,y)}Q}.

(z,y)€N

v. Suppose f minimizes E1 giscrete- Then for any (zg,yo) € Q,

_ 8E11,discrete (f)

0= 3f($07y0)
0

= m([f(l’o,yo) — 9(@o, y0)]* + Mf (@0 + 1,50) — f(0,90)]* + [f (20, 90) — (20 — 1,1

+ [f (@0, 90 + 1) — f (w0, 90)]* + [f (w0, y0) — f (0, Y0 — 1)]2})

= 2[f(z0,90) — 9(x0,y0)] + 2A[4f (w0, 90) — f(z0 + 1,90) — f(xo — 1,90) — f(w0,y0 + 1)
— f(zo,y0 — 1)],

ie. (14+4N)f(wo,y0) = Af(wo+1,90) = Af(zo—1,90) = Af(z0, %0+
1) = Af(20,90 — 1) = g(x0, vo)-

vi. The gradient of F1 giscrete has been computed in the previous
part. Hence the explicit gradient descent scheme for minimizing
E1 discrete With time step 7 > 0 is given by:

fn+1(xa y) — fn(a:7y)

T

=200+ 40" (@,y) = 22" (@ + Ly) + M@z = Ly) + [ (@ y + 1) + [ (@, — D]+ 29(2, y)

(b) i. Suppose f is a minimizer of F5. Then for any v : Q — R,
0
= - Ez(f + t’U)
ot|,—o
[(f +tv—9)* + K[|V (f +tv)|[*] dz dy

_/ﬁ
o 0t],_,

— [t -0+ K5

0

(Vf +tVu, Vf +tVu))?] dz dy
=0

- / 2u(f — g) + 2K|[VF|*(V £, Vo) di dy

—o / olf —g— V- (K|VFI2Vf)] dedy +2 / oK |V FI(f, ) ds.
Q oQ



iii.

Since v is arbitrarily chosen, f satisfies:

{—v (K|VFRVS)(x,y) + fa,y) = g(z,y) if (z,9) € Q,
K (e )V (@ y)|2(f(2,) ii(e,y) =0 if (2,y) € OQ.

From i., a descent direction is given by

(s y) = —f(,y) + g(x,y) + V- (K|VFIPV)(z,y) if (z,y) € Q,
’ —K (@, y)IIVf (2 9)|*(f (2, y),7(z, y)) if (z,y) € 9.

Hence given f : Q2 — R, the gradient descent scheme for mini-
mizing Fs is given by:

Of (@ yit) _ ) —f(@y) +9(x,y) + V- (K|VFPVS)(x,y) if (z,y) € Q,
ot —K(z, ) IVf (2, )1 {f(z,y),7i(z,y)) if (z,y) € 99

Upon discretization in time and space, the explicit gradient de-
scent scheme with time step 7 becomes:

[ @, y) — M (,y) {—f"(w,y) +g(@,y) + Do(K[ID1(f) D1 (f) (@, y) if (w,y) € Q,
T =K (z, ) 1D1 () (2, ) [I*(f (2, ), (. y)) if (z,y) € 09,

where the finite difference operators D; and D, approximate the
differential operators V and V-.



