MATH3360: Mathematical Imaging
Assignment 4 Solutions

1. (a) D is block-circulant, i.e.

Dl Do DN_1 e D2
D=| D2 D, Dy -+ Don-1
Dy1 Dn-2 Dn-3 - Dy

with each N x N block Dgy, Dy, -+, Dy_1 being circulant. Hence denoting the (k,[)-th block
of a N x N matrix A of N x N blocks by Ay ;, we have:
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Hence W~'DW is diagonal.
Thus the eigenvalues of D are the diagonal entries of W=2DW  i.e. {N2DFT(h)(u,v):0 <
u,v < N — 1}

(b) Since L is also block-circulant, it is also diagonalizable by W. Denote W~1DW by Ap and
W=LLW by Ar. Then
AD"D+L"L=AD*D + L*L
= AWApW Y (WApW 1) + (WAL W D) (WAL W)
= AWARApW L+ WALAL W

and ADT = AD* = A\(WApW—1)* = AWALW L. Hence

AWAApW L+ WAL ALWDS(f) = A\WALW1S(g),
(AMpAp + ALAL)S(DFT(f)) = AMpBS(DFT(g))

and thus
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2. (a) E(f)= [of(z,y) —g(z,y) + € + )\||Vf(x,y)||2 dx dy. Then for any ¢ : Q — R,
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So, the minimizer of the energy must satisfy the following PDEs
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(b) The iterative scheme in the continuous case is
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for some prescribed small positive real number ¢. Numerically, we can approximate the
Laplacian using the following formula

S @, y) = fM(2y) + t( "(z,y) — g(x,y) +€) + 2AAf" (z, y))

Aft(zy)di~ "2+ Ly) + M@= Ly) + e,y + 1) + M2y — 1) —4f"(2,y)



3. E(f) = [o|f(x,9)—g1(,9) 2+ |f (2, y) — g2, ) >+ 7|V f (2, )| dady. Then for any ¢ : Q — R,
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Ignoring the boundary condition, the iterative scheme in the continuous case is

[ ) = fay) + t(gmx, U) + g2(a,y) — 2f () + 20V - (IVF]2 V) (w))

where t is a small prescribed positive real number.
4. (a) For any ¢ :[0,27] — D,
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Hence a descent direction is given by:

p(s) = —ay(s) = BVV(3(s)) +7"(s),

which yields the gradient descent equation:

87((9? ) _ —ayW(s) = BYV (1(s)) ++"(s)

and the corresponding iterative scheme:

Y (s) = 4" () + At[—ay" D (s) = BYV (y"(5)) + 7" ()],
where At is the time step.
Remark. Note that since D is typically two-dimensional, v and ¢ are vector-valued func-

tions. Hence the integrations by parts are written in abuse of notation. If the reader is
troubled, it is advised that they consider the integrals on each coordinate separately.
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we iteratively minimize Fspqre,2(7y) by updating ~:
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where At is the time step.



