
MATH3360: Mathematical Imaging

Assignment 3 Solutions

1. (a) The given information implies

H(2, 0) =
1

65
and H(−1, 3) = 25

281
.

Hence
4n

D2n
0 + 4n

=
1

65
10n

D2n
0 + 10n

=
25

281
.
and thus D2n

0 = 64 · 4n =
256

25
· 10n.

Then (104 )n = 64 · 25
256 which gives n = 2, and thus D4

0 = 1024 which

gives D0 = 4
√
2.

(b) Carefully note that we do not assume central spectrum in this ques-
tion. So, the entries near (M,N) are high frequency components.
Performing a translation, we have

exp
(
− (M − 2)2 + (N − 2)2

2σ2

)
=

1

MN

Hence, σ2 =
(M − 2)2 + (N − 2)2

2 logMN

2. For any x ∈ N ∩ [0, N2 − 1],

S(g)(x) = g(modN (x), b x
N
c)

=

N−1∑
k=0

N−1∑
l=0

f(k, l)h(modN (x)− k, b x
N
c − l)

=

N−1∑
k=0

N−1∑
l=0

h(modN (x)− k, b x
N
c − l)S(f)(k + lN).

Hence for any x ∈ N ∩ [0, N2 − 1] and k, l ∈ N ∩ [0, N − 1],

H(x, k + lN) = h(modN (x)− k, b x
N
c − l)

and thus for any x, y ∈ N ∩ [0, N2 − 1],

H(x, y) = h(modN (x)−modN (y), b x
N
c − b y

N
c).
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3. (a) For any x, α ∈ Z ∩ [0, N − 1],

(WNWN )(α, x) =

N−1∑
k=0

WN (α, k)WN (k, x)

=
1

N

N−1∑
k=0

e2πj
αk
N e−2πj kxN

=
1

N

N−1∑
k=0

e2πj
k(α−x)
N

=
1

N
·N1NZ(α− x) = δ(α− x).

Hence WNWN = IN , the N × N identity matrix, and W−1
N = WN .

Then denoting the (β, y)-th block of a N × N matrix A of N × N
blocks by Aβ,y, and denoting Y =WN ⊗WN , we have:

(WY )β,y =

N−1∑
k=0

Wβ,kYk,y =

N−1∑
k=0

WN (β, k)WN ·WN (k, y)WN

=
1

N

N−1∑
k=0

e2πj
k(β−y)
N IN =

1

N
·N1NZ(β − y)IN = δ(β − y)IN .

Hence WY = IN2×N2 , the N2×N2 identity matrix, and thus WN ⊗
WN =W−1.

(b) For any x ∈ N ∩ [0, N2 − 1],

W−1S(f)(x) =
N2−1∑
k=0

(WN ⊗WN )(x, k)S(f)(k)

=
1

N

N2−1∑
k=0

WN (b x
N
c, b k

N
c)WN (modN (x),modN (k))f(modN (k), b k

N
c)

=
1

N

N2−1∑
k=0

e−2πj
b x
N
cb k
N
c+modN (x)modN (k)

N f(modN (k), b k
N
c)

=
1

N

N−1∑
m=0

N−1∑
n=0

e−2πj
nb x
N
c+mmodN (x)

N f(m,n)

= Nf̂(modN (x), b x
N
c) = NS(f̂)(modN (x) +Nb x

N
c) = NS(f̂)(x).

Hence W−1S(f) = NS(f̂).
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4. Note that G(f) = h ∗ f , where

h(x, y) =


1
4 if x2 + y2 = 0
1
8 if x2 + y2 = 1
1
16 if x2 + y2 = 2

0 otherwise.

Then DFT (G(f)) = N2DFT (h)�DFT (f), and thus

G(u, v) = N2DFT (h)(u, v)

=

N−1∑
x=0

N−1∑
y=0

h(x, y)e−2πj ux+vyN

=
1

4
+

1

8
(e2πj

u
N + e−2πj uN + e2πj

v
N + e−2πj vN )

+
1

16
(e2πj

u+v
N + e2πj

u−v
N + e2πj

v−u
N + e−2πj u+vN )

=
1

4
+

1

4
(cos

2πu

N
+ cos

2πv

N
) +

1

8
(cos

2π(u+ v)

N
+ cos

2π(u− v)
N

)

=
1

4
(1 + cos

2πu

N
+ cos

2πv

N
+ cos

2πu

N
cos

2πv

N
)

=
1

4
(1 + cos

2πu

N
)(1 + cos

2πv

N
) = cos2

πu

N
cos2

πv

N
.

5. Note that g = h ∗ f , where

h(i, j) =

{
1
λ if i = j ≤ λ− 1,

0 otherwise.

Let 0 ≤ u, v ≤ N − 1. Then

DFT (h)(u, v) =
1

λN2

λ−1∑
k=0

e−2πj ku+kvN

=

 1
λN2

1−e−2πj
λ(u+v)
N

1−e−2πj u+v
N

if e−2πj u+vN 6= 1

1
N2 if e−2πj u+vN = 1

=

 1
λN2

e−πj
λ(u+v)
N (eπj

λ(u+v)
N −e−πj

λ(u+v)
N )

e−πj
u+v
N (eπj

u+v
N −e−πj

u+v
N )

if u+ v /∈ NZ
1
N2 if u+ v ∈ NZ

=

 1
λN2 e

−πj (λ−1)(u+v)
N

sin
λπ(u+v)

N

sin
π(u+v)
N

if u+ v /∈ {0, N}
1
N2 if u+ v ∈ {0, N}.
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Since DFT (h ∗ f) = N2DFT (h)�DFT (f),

H(u, v) = N2DFT (h)(u, v) =

 1
λe

−πj (λ−1)(u+v)
N

sin
λπ(u+v)

N

sin
π(u+v)
N

if u+ v /∈ {0, N}

1 if u+ v ∈ {0, N}
.
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