
MATH1010 University Mathematics
Limits of functions

1. Evaluate the following limits

(a) lim
x→2

x5 − 32

x3 − 8

(b) lim
x→0

(
1

x
− 1

x+ 2x2

) (c) lim
t→0

(
t√

x+ t−
√
x

)
(d) lim

x→u

√
x−
√
u

x− u

2. Evaluate the following limits

(a) lim
x→0

sin 3x

4x

(b) lim
x→0

x2

1− cosx

(c) lim
x→π

2

(π
2
− x) secx

(d) lim
x→1

√
x− 1

lnx

(e) lim
x→0

e7x − e3x

ln(1 + 2x)

(f) lim
x→0

sin 9x− sin 3x

sin 2x

(g) lim
x→0

cosx− cos 3x

1− cos 2x

(h) lim
x→0

ln(2− cos2 x)

x2

3. Evaluate the following limits.

(a) lim
x→+∞

2x3 − 5x+ 3

3x3 − x2 + 6

(b) lim
x→+∞

√
9x4 − 3x+ 2

x2 − 2x+ 5

(c) lim
x→+∞

5ex + 3x4

3e3x − 2x3

(d) lim
x→+∞

(√
4x2 + 5x− 2x

)
(e) lim

x→−∞

(
x+
√
x2 − 4x

)

(f) lim
x→−∞

3ex + 4x3

5ex + x3

(g) lim
x→+∞

ln(x2 + x− 1)

ln(x8 − x+ 1)

(h) lim
x→+∞

ln(8x + 1)

ln(2x + 1)

(i) lim
x→0+

(1 + 2x)
3
x

(j) lim
x→+∞

(
x− 3

x+ 1

)2x+5
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4. Evaluate the following limits.

(a) lim
x→0

x2 sin

(
1

x3

)
(b) lim

x→+∞

sinx

x

(c) lim
x→+∞

ecosx

1 + ln x

(d) lim
x→+∞

ln(1 + ex)− lnx

ln(1 + x)

5. Evaluate the following limits.

(a) Let f(x) =


x2 − 9, if x < 4

5, if x = 4
4− x
2−
√
x
, if x > 4

.

Find lim
x→4−

f(x) and lim
x→4+

f(x).

(b) Let f(x) = e
1
x . Find lim

x→0−
f(x) and lim

x→0+
f(x).

(c) Let f(x) =
x2 + x− 2

|x− 1|
. Find lim

x→1−
f(x) and lim

x→1+
f(x).

(d) Let f(x) =
2x+ |x|
2x− |x|

. Find lim
x→0−

f(x) and lim
x→0+

f(x).

Solution:

1. (a)

lim
x→2

x5 − 32

x3 − 8
= lim

x→2

(x− 2)(x4 + 2x3 + 4x2 + 8x+ 16)

(x− 2)(x2 + 2x+ 4)

= lim
x→2

x4 + 2x3 + 4x2 + 8x+ 16

x2 + 2x+ 4

=
80

12

=
20

3

(b)

lim
x→0

(
1

x
− 1

x+ 2x2

)
= lim

x→0

1 + 2x− 1

x+ 2x2

= lim
x→0

2

1 + 2x
= 2
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(c)

lim
t→0

(
t√

x+ t−
√
x

)
= lim

t→0

t(
√
x+ t+

√
x)

(
√
x+ t−

√
x)(
√
x+ t+

√
x)

= lim
t→0

t(
√
x+ t+

√
x)

x+ t− x
= lim

t→0
(
√
x+ t+

√
x)

= 2
√
x

(d)

lim
x→u

√
x−
√
u

x− u
= lim

x→u

(
√
x−
√
u)(
√
x+
√
u)

(x− u)(
√
x+
√
u)

= lim
x→u

x− u
(x− u)(

√
x+
√
u)

= lim
x→u

1√
x+
√
u

=
1

2
√
u

2. (a)

lim
x→0

sin 3x

4x
= lim

x→0

sin 3x

3x
· 3
4

=
3

4

(b)

lim
x→0

x2

1− cosx
= lim

x→0

x2(1 + cos x)

(1− cosx)(1 + cos x)

= lim
x→0

x2(1 + cos x)

1− cos2 x

= lim
x→0

x2(1 + cos x)

sin2 x

= lim
x→0

( x

sinx

)2
(1 + cos x)

= 2
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(c)

lim
x→π

2

(x− π

2
) secx = lim

x→π
2

π
2
− x

cosx

= lim
y→0

y

cos(π
2
− y)

(y =
π

2
− x)

= lim
y→0

y

sin y
= 1

(d)

lim
x→1

√
x− 1

lnx
= lim

y→0

√
1 + y − 1

ln(1 + y)
(x = 1 + y)

= lim
y→0

(
√
1 + y − 1)(

√
1 + y + 1)

(
√
1 + y + 1) ln(1 + y)

= lim
y→0

1 + y − 1

(
√
1 + y + 1) ln(1 + y)

= lim
y→0

1√
1 + y + 1

· y

ln(1 + y)

=
1

2

(e)

lim
x→0

e7x − e3x

ln(1 + 2x)
= lim

x→0
2e3x · e

4x − 1

4x
· 2x

ln(1 + 2x)
= 2

(f)

lim
x→0

sin 9x− sin 3x

sin 2x
= lim

x→0

9 sin 9x
9x
− 3 sin 3x

3x
2 sin 2x

2x

=
9− 3

2
= 3
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(g)

lim
x→0

cosx− cos 3x

1− cos 2x
= lim

x→0

2 sin 2x sinx

2 sin2 x

= lim
x→0

2 sinx cosx

sinx
= lim

x→0
2 cosx

= 2

(h)

lim
x→0

ln(2− cos2 x)

x2
= lim

x→0

ln(1 + sin2 x)

x2

= lim
x→0

ln(1 + sin2 x)

sin2 x
· sin

2 x

x2

= lim
y→0

ln(1 + y)

y
lim
x→0

(
sinx

x

)2

= 1

3. (a)

lim
x→+∞

2x3 − 5x+ 3

3x3 − x2 + 6
= lim

x→+∞

2− 5
x2

+ 3
x3

3− 1
x
+ 6

x3

=
2

3

(b)

lim
x→+∞

√
9x4 − 3x+ 2

x2 − 2x+ 5
= lim

x→+∞

√
9− 3

x3
+ 2

x4

1− 2
x
+ 5

x2

= 3

(c)

lim
x→+∞

5ex + 3x4

3e3x − 2x3
= lim

x→+∞

5e−2x + 3x4e−3x

3− 2x3e−3x

= 0
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(d)

lim
x→+∞

(√
4x2 + 5x− 2x

)
= lim

x→+∞

(
√
4x2 + 5x− 2x)(

√
4x2 + 5x+ 2x)

(
√
4x2 + 5x+ 2x)

= lim
x→+∞

4x2 + 5x− 4x2√
4x2 + 5x+ 2x

= lim
x→+∞

5

(
√
4 + 5

x
+ 2)

=
5

4

(e)

lim
x→−∞

(
x+
√
x2 − 4x

)
= lim

x→−∞

(x+
√
x2 − 4x)(x−

√
x2 − 4x)

x−
√
x2 − 4x

= lim
x→−∞

x2 − (x2 − 4x)

x−
√
x2 − 4x

= lim
x→−∞

4x

x−
√
x2 − 4x

= lim
x→−∞

4

1 +
√

1− 4
x

(Note that x = −
√
x2 when x < 0.)

= 2

(f)

lim
x→−∞

3ex + 4x3

5ex + x3
= lim

x→−∞

3x−3ex + 4

5x−3ex + 1
= 4
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(g)

lim
x→+∞

ln(x2 + x− 1)

ln(x8 − x+ 1)
= lim

x→+∞

ln(x2(1 + 1
x
− 1

x2
))

ln(x8(1− 1
x7

+ 1
x8
))

= lim
x→+∞

2 lnx+ ln(1 + 1
x
− 1

x2
)

8 lnx+ ln(1− 1
x7

+ 1
x8
)

= lim
x→+∞

2 +
ln(1+ 1

x
− 1
x2

)

lnx

8 +
ln(1− 1

x7
+ 1
x8

)

lnx

=
1

4

(h)

lim
x→+∞

ln(8x + 1)

ln(2x + 1)
= lim

x→+∞

ln(8x(1 + 8−x))

ln(2x(1 + 2−x))

= lim
x→+∞

x ln 8 + ln(1 + 8−x)

x ln 2 + ln(1 + 2−x)

= lim
x→+∞

ln 8 + ln(1+8−x)
x

ln 2 + ln(1+2−x)
x

=
ln 8

ln 2

=
3 ln 2

ln 2
= 3

(i)

lim
x→0+

(1 + 2x)
3
x = lim

y→+∞

(
1 +

2

y

)3y

= (e2)3 = e6 (y =
1

x
)

(j)

lim
x→+∞

(
x− 3

x+ 1

)2x+5

= lim
x→+∞

(
1− 4

x+ 1

)2(x+1)+3

= lim
y→+∞

(
1− 4

y

)2y

lim
x→+∞

(
1− 4

x+ 1

)3

(y = x+ 1)

= (e−4)2

= e−8
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4. (a) Since | sin
(

1

x3

)
| ≤ 1 is bounded and lim

x→0
x2 = 0, we have

lim
x→0

x2 sin

(
1

x3

)
= 0

(b) Since | sinx| ≤ 1 is bounded and lim
x→+∞

1

x
= 0, we have

lim
x→+∞

sinx

x
= 0

(c) Since |ecosx| ≤ e is bounded and lim
x→+∞

1

1 + ln x
= 0, we have

lim
x→+∞

ecosx

1 + ln x
= 0

(d) Since | ln(1+ex)− lnx| = | ln( 1
x
+e)| ≤ ln(1+e) is bounded when

x > 1 and lim
x→+∞

1

ln(1 + x)
= 0, we have

lim
x→+∞

ln(1 + ex)− lnx

ln(1 + x)
= 0

5. (a) lim
x→4−

f(x) = lim
x→4−

(x2 − 9) = 7

lim
x→4+

f(x) = lim
x→4+

4− x
2−
√
x
= lim

x→4+
(2 +

√
x) = 4

(b) lim
x→0−

f(x) = lim
x→0−

e
1
x = lim

y→+∞
e−y = 0

lim
x→0+

f(x) = lim
x→0+

e
1
x = lim

y→+∞
ey does not exist.

(c) lim
x→1−

f(x) = lim
x→1−

(x+ 2)(x− 1)

−(x− 1)
= lim

x→2−
(−(x+ 2)) = −3

lim
x→1+

f(x) = lim
x→1+

(x+ 2)(x− 1)

x− 1
= lim

x→2+
(x+ 2) = 3

(d) lim
x→0−

f(x) = lim
x→0−

2x− x
2x− (−x)

= lim
x→0−

x

3x
=

1

3

lim
x→0+

f(x) = lim
x→0+

2x+ x

2x− x
= lim

x→0+

3x

x
= 3
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