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Exercise 6.2 Question 1(a)

Find the general solutions to the following systems of differential equations.

Ty = x1 + 229
xh = 2x1 + 29

Soution: Define the matrix A by

A (1),

Then the systems of differential equations can be rewritten as x’ = Ax. Solving the
characteristic equation

A—1 =2
N B
AN —2X-3=0,
A=-—1,3.
We find that the eigenvalues of the coefficient matrix are Ay = —1 and Ao = 3 and the

associated eigenvectors are

w_( 1 @_ (1
gl_(_1>, 52_<1),

respectively. Therefore the general solution is

I . —t 1 3t 1
(n)=eet(A)e (1)

Exercise 6.2 Question 1(c)

Find the general solutions to the following systems of differential equations.

) = x1 — bxo
xh =21 — 19

Soution: Define the matrix A by



Then the systems of differential equations can be rewritten as x’ = Ax. Solving the
characteristic equation

A-1 5
‘ -1 A+1‘_0’
N +4=0,
A =+2i

We find that the eigenvalues of the coefficient matrix are Ay = 2¢ and Ay = —2¢ and the
associated eigenvectors are

(1) _ 142 _ 1 2\ .
=) =(1)+(5)
@_(1-2i\_(1 _ 2\ .
@=("7)=(1)-(5)
respectively. Therefore

1 _ 1 (2 . _ cos 2t — 2sin 2t
x <1>0082t <O>s1n2t < cos 2t

@) _ 2 1 . _ 2 cos 2t + sin 2t
T <O>0082t+<1>s1n2t ( sin 2t
are two linearly independent solutions and the general solution is
T cos 2t — 2sin 2t 2cos 2t + sin 2t
=C + (&) .
9 cos 2t sin 2t

_( (c1+2¢c2)cos2t + (ca —2¢q)sin2t
- ¢1 €os 2t + co sin 2t ’

O
Exercise 6.2 Question 1(f)
Find the general solutions to the following systems of differential equations.
zh =4z + xo + a3
zh =z + 4ao + 23
xh =1 + x9 + 4as
Soution: Define the matrix A by
4 1 1
A=1|1 41
11 4
Then the systems of differential equations can be rewritten as x’ = Ax. Solving the

characteristic equation
A—4 -1 -1
-1 X—4 -1 |=0,
-1 -1 Xx—4



For the repeated root A\ = Ao = 3, there are two linearly independent eigenvectors

1 1
D= 1|, @@= o
0 -1

For A3 = 6, the associated eigenvector is

1
B =11
1
Therefore the general solution is
1 1 1 1
Ty | =¥ [ =1 | + coe 0 +e3ef | 1
T3 0 -1 1

Exercise 6.2 Question 2

Solve the following initial value problem.

x) = 9x1 + Sxo
xh = —6x1 — 29
xl(O) = 1,$2(0) =2

A:<_96 _52).

Then the systems of differential equations can be rewritten as x’ = Ax. Solving the
characteristic equation

Soution: Define the matrix A by

A-9 5 |
6 A+2| 7
N —TA+12=0,

A=3,4.

We find that the eigenvalues of the coefficient matrix are Ay = 3 and Ay = 4 and the

associated eigenvectors are
m_( 5 @_( 1

respectively. Therefore the general solution is



Since x1(0) = 1,22(0) = 0, we have ¢; = —1, ¢a = 6. So

T\ 6ett — Hedt
zo )\ —6e* +6e% )

Exercise 6.2 Question 3(b)

Solve x’ = Ax for the given matrix A.

a-(1 1)

Soution: Solving the characteristic equation

A-1 1
' 5 A+1‘_Q
A +4=0,
A= £2i.

We find that the eigenvalues of the coefficient matrix are Ay = 2¢ and Ay = —2¢ and the
associated eigenvectors are

“=(2 )= (1) (5)s

I T P Y
§ <‘1+2i> (:1) <<—2 !
respectively. Therefore

1 _ 1 B 0 . _ cos 2t
v <11>(D82t < —2 >Sm2t ( cos 2t + 2 sin 2t

2 _ 0 1 . _ sin 2t
v <<—2>‘”82t+'<],>5m2t ( —2cos 2t + sin 2t

are two linearly independent solutions and the general solution is

- cos 2t n sin 2t
=\ cos2t + 2sin 2t 2\ _92cos2t +sin2t /-

Exercise 6.2 Question 3(d)

Solve x’ = Ax for the given matrix A.

4 -1 -1
A=|(1 2 -1
1 -1 2



Soution: Solving the characteristic equation

A—4 1 1
-1 A-2 1 =0,
—1 1 A—2
(A =2)(A=3)* =0,
A=2,3,3.

For \; = 2, the associated eigenvector is

1
5(1) |1
1

For the repeated root Ay = A3 = 3, there are two linearly independent eigenvectors

1 1
D=1 1], ¥=|o
0 1
Therefore the general solution is
1 1 1
X = cle2t 1 + 026‘% 1 + 03e3t 0
1 0 1
O
Exercise 6.3 Question 1(a)
Find the general solution to the system x’ = Ax for the given matrix A.
1 2
A= < L2 )
Soution: Solving the characteristic equation, we have
A—1 =2 0,
2 A+3
(A+1)? =0,
A=-1,-1.
A = —1 is a double root and the eigenspace associated with A = —1 is of dimension 1 and
1
is spanned by < 1 > Thus

2t =e! ( _11 >

1
is a solution. Next, we will find a generalized eigenvector of rank 2. Take n = < 0 > ,

then



= (A+I)n=0.

Thus, 7 is a generalized eigenvector of rank 2. Hence

_ _ 14 2¢
@ =¢ fn4tn) =e t( oy >

is another solution to the system. Therefore the general solution is

— 1 _ 1+2¢
t t
X = C1€ ( 1>+026 < ot >

Exercise 6.3 Question 1(c)

Find the general solution to the system x’ = Ax for the given matrix A.

A:<i’—11>.

Soution: Solving the characteristic equation, we have

A-3 1
‘ 1oa—1 | 7Y
(A—2)2 =0,
=22

A = 2 is a double root and the eigenspace associated with A = 2 is of dimension 1 and is

spanned by < 1 > Thus
1 _2af 1
£ = ¢ ( : )

1
is a solution. Next, we will find a generalized eigenvector of rank 2. Take n = < 0 ) )

then
771:(A—21)77:<1>7é07

= (A - 20" =0.

Thus, 7 is a generalized eigenvector of rank 2. Hence

1+4+1¢
$(2) — 62t(77 +t771) — 62t < . >

is another solution to the system. Therefore the general solution is

XZClBZt( 1>+0262t< 1:—t>‘



Exercise 6.3 Question 1(d)

Find the general solution to the system x’ = Ax for the given matrix A.

-3 0

—4
A=| -1 -1 -1
1 0 1
Soution: Solving the characteristic equation, we have
A+3 0 4
1 A+1 1 =0,
-1 0 A—1
(A+1)° =0,
A=-1,-1-1.
Thus A has an eigenvalue A = —1 of multiplicity 3. we find that the associated eigenspace
0
is of dimension 1 and is spanned by [ 1 |. We need to find a generalized eigenvector of
0
1
rank 3. Let n= | 0 |, then
0
-2
m=A+Dn=| -1 | %0,
1

0
m=A+D=|1]#0,
0

13 =(A+1I)°n=0.
Therefore, n is a generalized eigenvector of rank 3. Hence

0
2 = eftng =et| 1
0
-2
2P =t 4tp) =t | -1+t
1
(3) _ ot t2 —t - 2;
e = e tm o+ Sp) = e —t+ 5
t
form a fundamental set of solutions to the system.
Therefore the general solution is
0 -2 1—2t
x=e 'l | 1 |4+e| -1+t | +c _t+§
0 1 t



Exercise 6.3 Question 1(f)

Find the general solution to the system x’ = Ax for the given matrix A.

1 0 0
A= -2 -2 -3
2 3 4

Soution: Solving the characteristic equation, we have

A—1 0 0

2 A+2 3 =0,
-2 -3 X—4
A—-1)?*=0,
A=1,1,1.
Thus A has an eigenvalue A = 1 of multiplicity 3. we find that the associated eigenspace
3 3
is of dimension 2 and is spanned by [ —2 | and 0 . Thus
0 -2
3 3
M =ct [ —2 , 232 = ¢t 0
0 -2
are two independent solutions. Next, We need to find a generalized eigenvector of rank 2.
1
Let n=1| 0 |, then
0
0
m=A-Inp=1| -2 | #0,
2

Ny = (A—I)277 =0.

Therefore, n is a generalized eigenvector of rank 2. Hence

1
2B =et(n+tm)=e | —2t
2t
is another solution to the system.
Therefore the general solution is
3 3 1
X = clet —2 + czet 0 + c;;,et —2t
0 -2 2t



Exercise 6.4 Question 1(b)

Find exp(At) where A is the following matrix.

(5 1)

Soution: Solving the characteristic equation, we have

A—5 4
' -2 A+1‘_Q
N 4N +3=0,
A=1,3.

1
For A; = 1, the associated eigenvector is £ = < 1 >

For Ay = 3, the associated eigenvector is ) = < f >

10

11 0 3

_ 1 2 et 0 1 2\ "
exp(At) = Pexp(Dt)P~! = ( . ]> ( 0 (§t> ( L1 )
_ et 2e3t 1 -2
o et edt -1 1

2e3t — et 2t — 2¢3t
e3t _ ot t 3¢ .

Let P = < L2 >, then we have D = P~1AP = < ), and hence

e 2e’ —e

Exercise 6.4 Question 1(d)

Find exp(At) where A is the following matrix.

(%3)

Soution: Solving the characteristic equation, we have

A =2
3=
N 4+4=0,
A\ = +2.

For A\; = 2i, the associated eigenvector is £€1) =

N

)
)

1
i
For Ay = —2i, the associated eigenvector is £2) = (
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1 4

Leth(. 2i 0
7 1

0 -2

1 et 14\ "
—1
exp(At) = Pexp(Dt)P™" = < Q1 ) < 0 -2 ) < ;1 )
1 et je—2t 1 —
T2\ e e —i 1
1 Q20 4 =i o2 | =2t
= 5 je2ti _ jo—2ti 2t 4 o—2ti

B cos2t sin2t
“\ —sin2t cos2t )

>, then we have D = P~1AP = < ), and hence

Exercise 6.4 Question 1(e)

Find exp(At) where A is the following matrix.

(00)

Soution: Solving the characteristic equation, we have

A =3

o 3=
N =0,
A=0,0.

We see that A has only one eigenvalue A = 0, but the associated eigenspace is of dimension

1, which is spanned by & = ( 1

0 > Thus A is not diagonalizable. So we need to find a

generalized eigenvector of rank 2. Now we take n = ( (1) ) , and let

3

72 :AQU:O.

We see that n is a generalized eigenvector of rank 2, we may let

Q=[m 77]2(3 (1)>

then



and hence

exp(At) = Qexp(Jt)Q

(s >(
(0 )
(1w,

1 ¢
01
1
0

Exercise 6.4 Question 1(f)

Find exp(At) where A is the following matrix.

I

1)

1 1 1
2 1 -1
-8 -5 -3
Soution: Solving the characteristic equation, we have
A—-1 -1 -1
-2 A-1 1 =0,
8 5 A+3
N4+ —4h—4=0,
A=-2-1,2.
—4
For A\; = —2, the associated eigenvector is £(1) = 5
7
-3
For Ay = —1, the associated eigenvector is £(2) = 4
2
0
For A3 = 2, the associated eigenvector is £B) = [ —1
1
-4 -3 0
Let P = 5 4 —1 |, then we have D=P 'AP =
T 2 1
exp(At) = Pexp(Dt)P~!
-4 -3 0 e 0 0 —4 -3
= 5 4 -1 0 e’ 0 5 4
702 1 0 0 € 702
—4e™? —3e7t 0 1 6 3 3
= 5e 2 et —e2t | . ) -12 -4 -4
Te7?t 27t % —18 —-13 -1

1 —24e~ 2t + 36t

12

—12e72t 4 12¢7¢
= — | 30e % —48e~t + 18e? 15 2t — 16e~t + 13e2t
4272t — 247t — 182t 2le 2t — Re~t — 132t

11

, and hence

—12e72t 4 12¢7¢

152t —
212t —

16~ + 2t
et —¢

2t



Exercise 6.4 Question 1(g)

Find exp(At) where A is the following matrix.

010
0 01
0 00

Soution:  exp(At) =

S O =
O =
— oo

Exercise 6.4 Question 2(a)

Solve the system x’ = Ax with initial condition x(0) = xq for given A and xg.

(4 ) ne ()

Soution: Solving the characteristic equation, we have
' A-2 =5
1 A+4
N 42X —-3=0,
A=-3,1

-0,

For \; = —3, the associated eigenvector is &) = < _11 )

For Ay = 1, the associated eigenvector is £(2) = ( _15 >

-3 0

— -1 =5 _p-1 —
LetP—< 1 1 >,thenwehaveD—P AP-( 0 1

),and hence
exp(At) = Pexp(Dt)P~!
S A -1 -5\
B! 0 e 11
(e et 1/ 1 5
- e 3t et 4\ -1 -1

1 [ —e 3t 4 5et —5e 3t 4 5et
- 4 e 3t _ et He 3t — et ’
Therefore the solution to the initial problem is

x = exp(At)xg
e 3t + 5e —5e3t 4+ 5et 1
He 3t — et -5
()

] =

12



Exercise 6.4 Question 2(c)

Solve the system x’ = Ax with initial condition x(0) = xq for given A and xg.

-1 -2 =2 3
A= 1 2 1
-1 -1 0 -1

Soution: Solving the characteristic equation, we have

A+l 2 2
—1 A—2 —1]|=0,

1 1 A
A =12\ +1) =0,
A=1,1,—1.
1 1
For A\; = Ay = 1, the associated eigenvector is £ = 0 and €@ = | —1
-1 0
2
For A3 = —1, the associated eigenvector is €2 = | —1
1
2 1 1 -1 0 0
LetP=| -1 0 —1 |, then we have D=P 'AP = 0 1 0 |],and hence
1 -1 0 0 01
exp(At) = Pexp(Dt)P~!
2 1 1 et 0 0 2 1 1\ '
= -1 0 -1 0 e 0 -1 0 -1
1 -1 0 0 0 € 1 -1 0
1 2e7t el et -1 -1 -1
=3 —et 0 —¢€ -1 -1 1
et et 0 1 3 1
1 —2¢t —2¢ P4 2¢t —2¢7t 4 2¢t
=3 et —et et — 3et et —et
—e t4 el —et4 el —et—¢l
Therefore the solution to the initial problem is
x = exp(At)xp
—2e7t 27t 42t —2e7! 4 2¢! 3
_ 1 —t _ it —t _ 9.t —t_ it
=3 e e e 3e e e 0
—et4et  —et4el  —emt— et -1
el + 2et
_ el — ot

—2¢et et

13
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Exercise 6.5 Question 1(a)

For the given matrix A, find the Jordan normal form of A and the matrix exponential

exp(At).
(1 7%)

Soution: Solving the characteristic equation, we have

A—4 1
‘ 1oa—2|70
(A=3)?2 =0,
A=3,3.

We see that A has only one eigenvalue A = 3, but the associated eigenspace is of dimension

1, which is spanned by & = ( 1

1 > Thus A is not diagonalizable. So we need to find a

(1) ) , and let

generalized eigenvector of rank 2. Now we take n = (

m=(A-=30n= ( i)

n2 = (A —3I)*n = 0.

We see that n is a generalized eigenvector of rank 2, we may let

Q=[m 77]=<]1L é)

then

and hence

exp(At) = Qexp(Jt)Q !
:<1 1>.63t<1 t><1 1>—1
1 0 0 1 1 0
1+t —t
:63t< t 1—75)'

Exercise 6.5 Question 1(c)
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For the given matrix A, find the Jordan normal form of A and the matrix exponential
exp(At).

5 —1 1
1 3 0
-3 2 1

Soution: Solving the characteristic equation, we have

A=5H 1 -1
-1 Xx-3 0 =0,
3 -2 -1
()‘ - 3)3 = 0’
A=3,3,3.
We see that A has only one eigenvalue A = 3, but the associated eigenspace is of dimension
0
1, which is spanned by £ = | 1 |. Thus A is not diagonalizable. So we need to find a
1
1
generalized eigenvector of rank 3. Now we take n = | 0 |, and let
0
2
m=(A=3p=1| 1
-3

0
= (A=30)%=| 2
2

n3 = (A —3I)3p = 0.

We see that n is a generalized eigenvector of rank 3, we may let

0 2 1
Q=[m m =12 1 0],
2 -3 0
then
310
J=Q'AQ=(0 3 1],
00 3
and hence
exp(At) = Qexp(Jt)Q !
0 2 1 1t & 0 2 1\ !
=12 1 0 ]-& 01 ¢ 2 1 0
2 -3 0 00 1 2 -3 0
1+ 2t —t t
=M 21—t e

“3t4+12 2A—L 1245



Exercise 6.5 Question 1(d)

16

For the given matrix A, find the Jordan normal form of A and the matrix exponential

exp(At).
-2 90
1 40
1 31
Soution: Solving the characteristic equation, we have
A+2 9 0
-1 X-—4 0 =0,
-1 -3 -1
(A—1)* =0,
A=1,1,1.
We see that A has only one eigenvalue A = 1, but the associated eigenspace is of dimension
0 -3
2, which is spanned by €1 = | 0 | and ¢® = 1 . Thus A is not diagonalizable.
1 1
1
So we need to find a generalized eigenvector of rank 2. Now we take n= [ 0 |, and let
0
-3
m=(A-Tn=| 1
1

Ny = (A—I)Qn =0.

We see that n is a generalized eigenvector of rank 3, we may let

0 -3 1
Q=Y m =0 1 0],
1 1 0
then
1 00
J=Q'AQ=(o01 1],
0 01
and hence

exp(At) = Qexp(J1) Q™!

0 -3 1 10 0 0 -3 1
=0 1 o]0 1 ¢ 0 1 0
1 1 0 00 1 1 1 0

1-3t -9 0
=l t 1+3t 0
t 3t 1
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Exercise 6.5 Question 1(e)

For the given matrix A, find the Jordan normal form of A and the matrix exponential
exp(At).

-1 1 1

1 2 7

-1 -3 -7

Soution: Solving the characteristic equation, we have

A+1 -1 -1
-1 Xx=-2 =7 |=0,
1 3 A7
(A +2)° =0,
A=-2-2 -2
We see that A has only one eigenvalue A = —2, but the associated eigenspace is of dimen-
1
sion 1, which is spanned by £ = | —2 |. Thus A is not diagonalizable. So we need to
1
1
find a generalized eigenvector of rank 3. Now we take n = 0 |, and let
0
1
m=A+2p=1| 1
-1
1
= (A+20)n=| -2
1

13 = (A —TI)°n=0.

We see that n is a generalized eigenvector of rank 3, we may let

1 1 1
Q=€ mmn=| -2 1 0],
1 -1 0
then
-2 1 0
J=Q'AQ=( 0o -2 1 |,



and hence

exp(At) = Qexp(JH)Q !

11 1 1t 2 11 1\ *
= =2 1 0 )-e?| 01 ¢t -2 1 0
1 -1 0 00 1 1 -1 0
1+t+8 42 t 4 3
—e % t—t2 1+4+4t—22 Tt — 32
—t+E Bt 1-5t432

Exercise 6.6 Question 1(a)

Find a fundamental matrix for the system x’ = Ax where A is the following matrix.

(5 3)

Soution: Solving the characteristic equation, we have

A—3 2 _ 0
-2 A+2| 7
N —-X—2=0,
A=-—1,2.
_ . . ‘e (1) _ 1
For \; = —1, the associated eigenvector is £\ = 5 )

For Ay = 2, the associated eigenvector is £2) = (

Let P = < ; f ),thenwe have D = P 1AP =

10
9 )
Therefore a fundamental matrix for the system is

(1) = Pexp(Dt) = ( ; i ) ( e; egt >

et 22t
= ( 2e—t 2t > .

é
Z

Exercise 6.6 Question 1(c)

Find a fundamental matrix for the system x’ = Ax where A is the following matrix.

=

18
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Soution: Solving the characteristic equation, we have

A—2 5
' -1 /\+2‘_O’
N 4+1=0,
A= =i

L+ 2
For \; = i, the associated eigenvector is £(1) = ( t "1‘ >

For Ay = —1i, the associated eigenvector is 5(2) = ( 2 I ! >

Let P = < Z_|1_2 2IZ >, then we have D = P~1AP = < (Z) _02 >, and hence
exp(At) = Pexp(Dt)P~!
(42 2—i\ [ 0 i+2 2—i\ "
B 1 1 0 e® 1 1
L (42 (2—i)e " 1 i—2
T2 el et -1 i+2
_( cost+2sint —5sint
- sint cost —2sint )’
which is a fundamental matrix for the system. O

Exercise 6.6 Question 1(f)

Find a fundamental matrix for the system x’ = Ax where A is the following matrix.

(3 2)

Soution: Solving the characteristic equation, we have

A—1 3 _0
-3 A+5| 7
(A +2)* =0,
A= -2 -2.
We see that A has only one eigenvalue A = —2, but the associated eigenspace is of dimen-

1

sion 1, which is spanned by £ = < 1

). Thus A is not diagonalizable. So we need to find

a generalized eigenvector of rank 2. Now we take n = < 0

1 > , and let

m = (A+20)n = < g)

n = (A +2I)%p = 0.



We see that n is a generalized eigenvector of rank 2, we may let

Q=[m 77]=<§ é)

then
PN (-2 1
J=Q "AQ= < 0 —9 > ,

Therefore a fundamental matrix for the system is

U(t) = Qexp(Jt) = ( § é >‘€2t ( (1) i >

_ (3 13t
3 3t )

Exercise 6.6 Question 1(g)

Find a fundamental matrix for the system x’ = Ax where A is the following matrix.

1 1 1
2 1 -1
-8 -5 -3

Soution: Solving the characteristic equation, we have
A—1 -1 -1
-2 A-1 1 =0,
8 5 A+3
A+1DA+2)(A—2)=0
A=-—-1,-2,2.

-3
For A; = —1, the associated eigenvector is £ = 4 .
2
—4
For Ay = —2, the associated eigenvector is £(2) = 5 .
7
0
For A3 = 2, the associated eigenvector is ) = 1
-1
Let
-3 -4 0
Q= 4 5 1 ,
2 7 -1
then
-1 0 0
D=Q'AQ=| 0 -2 0 |,
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Therefore a fundamental matrix for the system is

-3 -4 0 et 0 0
V() =QexpDt)=[ 4 5 1 0 e 0
2 7 -1 0 0 €%

Exercise 6.6 Question 1(j)

Find a fundamental matrix for the system x’ = Ax where A is the following matrix.
3 1 3
2 2 2
-1 0 1

Soution: Solving the characteristic equation, we have

A—-3 -1 -3
-2 A=2 =2 |=0,
1 0 A—1
()‘ - 2)3 = 0’
A=2.
We see that A has only one eigenvalue A = 2, but the associated eigenspace is of dimension
1
1, which is spanned by £ = 2 . Thus A is not diagonalizable. So we need to find a
-1
1
generalized eigenvector of rank 3. Now we take n = | 1 |, and let
0
2
m=(A-2D)y = [ 2
-1
1
m=(A-2D% = 2
-1

13 = (A —2I)°p = 0.

We see that n is a generalized eigenvector of rank 3, we may let
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then
2 1 0
J=Q'AQ=(0 2 1|,
00 2

Therefore a fundamental matrix for the system is

1 2 1 1t &
V() =QexpJt)=| 2 2 1 |-¢¥| 0 1 ¢
-1 -1 0 (0 0 1
1 2+t £ 42041
=l 2 242t 24241 |.
-1 —1-t -£-

Exercise 6.6 Question 2(a)

Find the fundamental matrix ¥ which satisfies ¥(0) = ¥, for the system x' = Ax
for the given matrices A and ¥g.

3 4 2 0
ae(85)me (T )
Soution: Solving the characteristic equation, we have

1 A+2

1 e
A+DA=2)
A

For A; = —1, the associated eigenvector is &™)

N

).

Let P = < _11 _14 ) then we have D = P71AP = < -1 0 >, and hence

For Ay = 2, the associated eigenvector is ) = < 1

exp(At) = Pexp(Dt)P~!
(-1 =4[t 0 1 -4\
- 1 1 0 e 1 1
[ et —4e2t 1 1 4
o et e2t 3 -1 -1

1/ —et+4e? —det + 42t
= 3 et _ o2t fe—t _ o2t .
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Therefore the required fundamental matrix with initial condition is

W(t) = exp(At)¥
_ 1 —e 4 4e?t —det 4 4e?t 2 0
T3 et — 2t et — 2t 1 -1

1 ( —6et +12e2 4e~t — 4% )

"3 Get — 3%t —de~t 4 2t

Exercise 6.6 Question 2(c)

Find the fundamental matrix ¥ which satisfies ¥(0) = ¥, for the system x' = Ax
for the given matrices A and ¥y.

3.0 0 2 0 -1
A= -4 7 -4 ]; ¥,=| 0 -3 1
2 2 1 -1 1 0

Soution: Solving the characteristic equation, we have

A—=3 0 0

4 A=T 4 =0,
2 -2 A-1
(A =3)°(A—=5) =0,
A=3,3,5.
1 1
For A\; = Ay = 3, the associated eigenvector is €1 = | 1 | and €® = 0
0 -1
0
For A3 = 5, the associated eigenvector is &) = | 2
1
1 1 0 3 00
LetP=[1 0 2 |, thenwehave D=P'AP=| 0 3 0 |, and hence
0 -1 1 0 0 5
exp(At) = Pexp(Dt)P !
1 1 0 et 0 0 2 -1 2
=11 0 2 0 et 0 -1 1 =2
0 -1 1 0 0 € -1 1 1
et e 0 2 -1 2
= e 0 2 1 1 -2
0 —e e -1 1 1
e 0 0
— 263t _ 265t _e3t + 265t 263t _ 265t

o3t _ Bt et 4 Bt g3t _ (Bt
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Therefore the required fundamental matrix with initial condition is

W(t) = exp(At)¥y

e3t 0 0 2 0 -1
= | 2e3 —2eP —e3 4 2eP 23 — 265t 0 -3 1
e3t _ e5t _e3t + e5t 26325 _ e5t -1 1 0
2€3t 0 _eBt
= 263t — 2% Bedt — 8¢t _3e3t 4 4P
_e5t 5€3t _ 4e5t —2€3t + 2€5t

Exercise 6.7 Question 1(a)

Use the method of variation of parameters to find a particular solution for each of the
following non-homogeneous equations.

, (12 N —6edt
*= 4 3)% Bedt

Soution: Define the matrix A and the vector g(t) by

1 2 —6ed
A—<4 3> andg(t)-( 65t )

Solving the characteristic equation, we have

-4 A-=3
AN —4X—5=0,
A=-1,5

S

-1
For A; = —1, the associated eigenvector is £(1) = ( >

[NCR
v}_.

For Ay = 2, the associated eigenvector is £(2) <

LetP:<_11 ;) then we have D = P~ 1AP =

Therefore a fundamental matrix for the system is

(o
W(t) = Pexp(Dt) = (‘1 >< >
(5 )



25

Now
_ —e_t et T/ —6edt
v 1g:< 9265t > < Gedt >
_ 2€5t —6edt
- 3e4t —e~ 6ePt
18610t
- —3e4t < >
(%)

Thus

6t
/\Iflgdt:/< Ge )dt
0
. e6t+01
— . )

Therefore a particular solution is

Exercise 6.7 Question 1(c)

Use the method of variation of parameters to find a particular solution for each of the
following non-homogeneous equations.

oo (2 N\, (0
4 =3 9¢t

Soution: Define the matrix A and the vector g(t) by

A:(i :;) andg(t):<92t>.

Solving the characteristic equation, we have

A—2 1 _ 0
-4 A+3] 7
M +A-2=0,
A=
For A\; = —2, the associated eigenvector is £() >

HH/_\
~— =

For Ay = 1, the associated eigenvector is £(2) =

7N
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Let P — ( > then we have D — P-TAP — ( —2 0

4 1 0 1

Therefore a fundamental matrix for the system is

U(t) = Pexp(Dt) = ( 111 i ) ( e02t eot >
2% ot

e e
“\ 472 ot )¢

Now
—2t t\ 1
1 e e 0
vg= < e~ 2t ¢t ) ( 9¢t )
1 et —et
T T30t | —ge 2 o2
B 1 —9€2t
C —3et 9e~t
3e3t
(%)
Thus

Therefore a particular solution is

2t ot Bt
X T ge 2t et -3t

)
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