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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

Definition

Let f(x) be a continuous function. A primitive function, or an
anti-derivative, of f(x) is a function F(x) such that

F'(x) = f(x).

The collection of all anti-derivatives of f(x) is called the indefinite integral of
f(x) and is denoted by
/f(x)dx.

The function f(x) is called the integrand of the integral.

Note: Anti-derivative of a function is not unique. If F(x) is an anti-derivative
of f, then F(x)+ C is an anti-derivative of f(x) for any constant C. Moreover,
any anti-derivative of f(x) is of the form F(x) + C and we write

/f(x)dX: F(x)+C

where C is arbitrary constant called the integration constant. Note that
J f(x)dx is not a single function but a collection of functions.
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Integration

Indefinite integral and substitution
Definite integral
Fundamental theorem of calculus

Let f(x) and g(x) be continuous functions and k be a constant.

o / (7604 i — / Apies / Ao

o) / e = / ke

Theorem (formulas for indefinite integrals)

n+1
x"dx = n+1+C7n7é1
e“dx = & + C;

cos xdx = sinx + C;
sec? xdx = tan x + C;

sec x tan xdx = secx + C;

—— e —

/ldx:|n|x\+C

X

sinxdx = —cosx + C
csc® xdx = —cotx + C

cscx cotxdx = —cscx + C

——
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

1. /(x3—x+5)dx = XT—X? 5x+ C
2 2
2./de _ /%dx
X X
= /(X+2+7)dx
X
2
= 7+2><+|n|x|+c
2 —
3. de = /(3x3/2+1—x_1/2) dx
VX

= gx%+x—2x%+C

4 /(35'2)( _2ex> dx = /(3secxtanx—2ex)dx
cos? x

= 3secx—2e"+C
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Integration

Indefinite integral and substitution
Definite integral
Example

Fundamental theorem of calculus

Suppose we want to compute

/X\/ x2 4+ 4 dx
First we let

u=x"+4.
Subsequently we may formally write

dU d 2 _
du = dx [a(x + 4):| dx = 2xdx
Here du is called the differential of u defined as — dx. Thus the integral is
/X\/Xz + 4 dx

/ \/)(27 4(2xdx) =

<
w| S

/\fdu
+C:(X +4)§

4
3
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

[xvraa = /md@
= [ Veraas
= ;/Md(x%@

2 3
4
_ (’<J3f)2+c
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

Theorem

Let f(x) be a continuous function defined on [a, b]. Suppose there
exists a differentiable function u = ¢(x) and continuous function
g(u) such that f(x) = g(p(x))¢'(x) for any x € (a, b). Then

[ s = [ elet)e(ox

= /g(u)du
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

/ 2 gy /xQeX x
Let u=x>+1, = /exsﬂd (%3>
then du = 3x%dx = %/exgﬂdx?'
= %/e”du = %/ex3+1d(x3+1)
_ %u ‘e _ ex;Jrl e
3
- eX;l +C
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

/cos4xsin xdx /cos4xsin xdx
Let u = cosx, = /cos4 xd(— cos x)
then du = — sin xdx = f/cos4 xd cos x
4 cos® x
= —/u du = —+C
5
5
u
——+C
5 =
5
cos® x
—-—+C
5 a4
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

/ dx / dx
xInx xInx

Let u = Inx, = /dlnx

In x

then du = %
X

_ e
- u

Inful+ C

In|Inx|+ C

= In|lnx|+ C
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

/ dx / dx
ex+1 ex+1

x _ _ e
Let u=1+¢e"7, = /(1 71+ex>dx
then du = —e *dx = x- de
1+ e
[T = Xt e)+C
_ _/@
- u
= —Ilnu+C
= —Inl+e*)+C

= x—In(l+e&)+C
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

/ dx / dx
1+ +/x 14 4/x

Letu:1+\/>7, = %

T _ o [ VXdVx
24/x 1+

_ = 2 [ (1- s v
= 2/<1—;)du 2y/x—=2In(1 +/x)+ C

= 2u—2lnu+C

= 2yx—2In(l++x)+C
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

Let f(x) be a function on [a, b].
© A Partition of [a, b] is a set of finite points

P={xx=a<xi<x<-::<x,=b}
and we define
Axx = Xk — Xk—1, for k=1,2....n
[[R(RSSImexiA,
@ The lower and upper Riemann sums with respect to partition P are
L(f,P) = z”: miAxi, and U(f, P) = i M A xy
k=1 k=1

where

my = inf{f(x) : xku1 < x < xi}, and M = sup{f(x) : xk—1 < x < xi}
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

M,
my

Al‘k
/ a =Xy L1 s Lk—1 LT Tp1Tp= b

Figure: Upper and lower Riemann sum
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

Figure: Upper and lower Riemann sum
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

Definition (Riemann integral)

Let [a, b] be a closed and bounded interval and f : [a,b] — R be a
real valued function defined on [a, b]. We say that f(x) is
Riemann integrable on [a, b] if the limits of L(f, P) and U(f, P)
exist as ||P|| tends to 0 and are equal. In this case, we define the
Riemann integral of f(x) over [a, b] by

b
f(x)dx = lim L(f,P)= lim U(f,P).
/a () 1P[|—0 (F.P) 1P[|—0 (. P)

Note: We say that ||l|3i|in Oﬁ(f, P) = L if for any £ > 0, there exists
_>

d = () > 0 such that if ||P|| < ¢, then |L(f,P) — L| <e.
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

Let f(x) and g(x) be integrable functions on [a,b], a < ¢ < b and k be
constants.

o /ab(f(x) & )= /abf(x)dx—i— /abg(x)dx
Q /ab kf(x)dx = k/ab f(x)dx

Q /abf(x)dx:/: f(x)dx+/cb f(x)dx

(%] /ba f(x)dx = f/abf(x)dx
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

Example

Let f(x) be the Dirichlet’s function defined by

() = {1, if x € Q,

0, ifx¢Q.

Then f(x) is not Riemann integrable on [0, 1]. In fact, for any partition
P={x=a<x1<x <--<x,=b}, we have

inf{f(x): xk—1 < x < xx} =0, and sup{f(x): xxk—1 < x < xx} = 1.
Thus we have
L(f, Zo Axi =0, and U(f, P) = 21 Axo =1
k=1
Therefore the limits HFl)i”m 0,C(f, P) and lim Z/I(f P) exist but are not equal.
—

[IPIl—
Therefore f(x) is not Riemann integrable on [O 1].
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

Suppose f(x) is a continuous function on [a, b]. Then f(x) is Riemann
integrable on [a, b] and we have

/b f(x)dx = lim z": (XK ) Axic

n— oo

- nIL'onanf<a+:(b_a)> (b;a)
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

y= f(z)
>Ax:bia /
flew) -/~ -1-1--r- "

a Tr_1 zr=a+—(b—a) b
n

Figure: Formula for Riemann integral
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

Example

Use the formula for definite integral of continuous function to evaluate

1
/ x?dx
0

/lezdx = "irgoki(0+i(l_o))2(1;0)

n k2
= lim —
n—oo =1 n
lim n(n+1)(2n+1)
n— oo 6n3
1

3

A\

MATH1010 University Mathematics



Integration Indefinite integral and substitution
Definite integral
Fundamental theorem of calculus

Use the formula for definite integral of continuous function to evaluate

1
/ e*dx
0

1 p—
oo = () ()r(2) or) (59
0 n— oo n n n n n
= lim (e%—i—e%—i—e%—i— +e%) <1>
n—oo n
1o, dog
i SR =)
n—o0 (eF—l)n
. 1 .
= ey
= e—1
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

Theorem (Fundamental theorem of calculus)

Let f(x) be a function which is continuous on [a, b].
First part: Let F : [a, b] — R be the function defined by

Flx) = / F(t)dt
Then F(x) is continuous on [a, b], differentiable on (a, b) and
F'(x) = f(x)
for any x € (a, b). Put in another way, we have
i/x F(£)dt = F(x) for x € (a b)
dx /,

Second part: Let F(x) be a primitive function of f(x), in other words, F(x) is
a continuous function on [a, b] and F'(x) = f(x) for any x € (a, b). Then

/b f(x)dx = F(b) — F(a).
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

Example

Let f(x) = v/1 — x2. The graph of y = f(x) is a unit semicircle centered at the
origin. Using the formula for area of circular sectors, we calculate

1

x X _ 2 -
F(x) :/ f(t)dt :/ \/1—7t2dt: X\/? I Sln2 x
0 0

By fundamental theorem of calculus, we know that F(x) is an anti-derivative of
f(x). One may check this from direct calculation

) = 3(VI—=-

2

X 1
m+m>
1/1—-x2—x*+1
(e
_ e

= f(x)
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Integration Indefinite integral and substitution
Definite integral
Fundamental theorem of calculus

1

N A2 <n-
Figure:/ \/1—t2dt:X 5 X +sm2 x
0
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

3 4 3
1. / (x* — 4x + 5)dx {X— —2x% + 5Xj|
1 4 1

K% ) 2(32)+5(3)> _ (% —2(1?) +5(1)>}

= 14
w2 2
2./ SIn\/;(dx = 2/ sin\/;(d\/;(:2[fcos\/;(];r2
0 Vx 0
= 2[7c05\/§f(7c050)] =4
5
%/ Vx2 —9d(x* —9)
3

1

5
3. / XV x2 — 9dx
3
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

Example

We have the following formulas for derivatives of functions defined by integrals.

(1) d%/: f(t)dt = f(x)

d
@ 4 | fodt=—r(x)

d
(3] I t)dt_f(v)—

d du
Qo @ /. f(t)dt = f(v)— — f(u)dx
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Integration Indefinite integral and substitution
Definite integral

Fundamental theorem of calculus

1. This is the first part of fundamental theorem of calculus.

2. %/Xb f(t)dt = d% (—/bx f(t)dt)

dv du
= f(V)& - f(“)&

O
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

Find F’(x) for the the functions.
(1] F(x):/ Vite'dt
1
T sint
Q F(x) :/ Tdt
Q F(x)= V14 thdt
0
X2 2
Q F(x) :/ e dt
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Integration Indefinite integral and substitution

Definite integral
Fundamental theorem of calculus

1. %/1 Vte'dt = /xe"
5 i sin tdt _ _sinx
dx J, t X
CI sin x — d )
3. — V14 thdt = 1+ sin® x— sin x
dx J, dx
= cosxV/1+sin*x
2
d 2 22 d e d
4. — — o) E 2 (=) L
o 7Xe dt el X —e dx( X)
4 2
= 2xe* +¢&~
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

When we evaluate integrals which involve trigonometric functions, the following
trigonometric identities are very useful.
QO o cos?x+sin’x=1
o sec®?x=1+tan’x
o csc?x=1+cot?x

1 + cos 2x
2., _
Q @ COs“x = >
.2 1 — cos2x
@ sin“x=——
2
sin 2x

@ cosxsinx =

2
© o cosxcosy = %(cos(x + y) + cos(x — y))
1

e cosxsiny = 5(sin(x + y) —sin(x — y))

2
o sinxsiny = Z(cos(x — y) — cos(x + y))
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Techniques
To evaluate
/ cos™ x sin" xdx
where m, n are non-negative integers,
@ Case 1. If m is odd, use cos xdx = dsinx. (Substitute u = sin x.)
@ Case 2. If n is odd, use sin xdx = —d cos x. (Substitute u = cos x.)

@ (ase 3. If both m, n are even, then use double angle formulas to reduce

the power.

5 1+ cos2x
cosx = ———

2
sin?x  — 1 — cos2x

N 2

. sin 2x

cosxsinx = >
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Techniques

(1] /tanxdx:|n|secx|+C
Q /cotxdx:ln|sinx|—|—C

Q /secxdx =In|secx +tanx| + C

(% ] /cscxdx =In|cscx — cotx| + C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

We prove (1), (3) and the rest are left as exercise.
sin xdx
1. [ tanxdx = —

€os X
_ d cos x
o _/ Cos X
= —In|cosx|+ C

= In|secx|+ C
3. /secxdx _ /secx(secx+tan x)dx
(secx + tan x)
(sec?® x + sec x tan x)dx

(sec x + tan x)

_ d(tan x + secx)

- / (sec x + tan x)

= In|secx+tanx|+ C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Techniques

To evaluate
/ sec™ x tan” xdx

where m, n are non-negative integers,
@ Case 1. If m is even, use sec® xdx = dtan x. (Substitute u = tan x.)
@ Case 2. If n is odd, use sec xtan xdx = dsecx. (Substitute u = secx.)

@ Case 3. If both m is odd and n is even, use tan® x = sec®> x — 1 to write
everything in terms of sec x.
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Example

Evaluate the following integrals.
Qo /sin2 xdx
(2] /cos4 3xdx
Q / €os 2x cos xdx

Q / cos 3x sin 5xdx
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

1 /sinzxdx _ (1—cos2x> X:i_sm2x+C

/ 2 4
2. /cos4xdx f<1+COS2X> dx

2

4

dx

sin 2x 1+ cos4x
2 +/(78 >dx

37x sin 2x n sin 4x
8 4 32

(1 +2cos2x+cos 2x)
_|_

+ C

3. /cos2xcosxdx = %/(cos3x+ cosx) dx = sm63x + SH;X +C
. 1 . . cos8x  cos2x
4. cos3xsinbxdx = > (sin8x + sin2x) dx = — T +C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Example

Evaluate the following integrals.

(1) /cosxsin4xdx
Q /coszxsin3 xdx

4 .2
(3] /cos x sin” xdx
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

.5
1. /cosxsin4xdx = /sin4xdsinX: sm5x +C

23 2 2
2. /cos xsin’ xdx = —/cos x(1 — cos“x)d cos x

— /(cos2 x — cos*x)d cos x

. 7COS3X + COSSXC
a 3 5

. 2
3. /COS4XSin2XdX = /(1+C2052X) (S|n22x) dx

= 1/(sin22x+c052xsin22x) dx

8
1 1 — cos4x 1 .2 .
= §/<f) dx—l—ﬁ sin® 2xd sin 2x
_ L_sin4x+sin32x+c
~ 16 64 48
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Example

Evaluate the following integrals.

(1) /sec2xtan2xdx
Q /secxtan3xdx

(3] /tan3 xdx
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

3
tan” x
tan® xd tan x = 3 + C

tan” xd sec x = /(sec2x — 1)dsecx

1. /sec2xtan2xdx =

2. /secxtanaxdx =

C3

= 3X—secx+C

3. /tan3 xdx =

"

tan x(sec” x — 1)dx
tan x sec” xdx — / tan xdx

tan xd tan x — In | sec x|

2 x

fan x
2

Il
g

—In|secx|+ C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Techniques

Suppose the integrand is of the form u(x)v'(x). Then we may evaluate the
integration using the formula

/uv'dx = uvf/u'vdx.

The above formula is called integration by parts. It is usually written in the

form
/udv: uv—/vdu.
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Example

Evaluate the following integrals.
Q /xe3xdx
(2] /x2 cos xdx
Q /X3Inxdx

Q /Inxdx
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

1 3x 1 "
1. /xeaxdx 3 /xdeax = % = g/e3 dx

2. /xzcosxdx = /x2dsinx

. - 2
= x25|nx—/5|nxdx

= x2sinx—2/xsinxdx

= x2sinx—|—2/xdcosx
= x25inx—|—2xcosx—2/cosxdx

= x?sinx + 2xcosx — 2sinx + C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

3. /x3lnxdx = %/Inxdx4

4
| 1
= %_Z/X[;dlnx

x*Inx 1/ 4(1)
= = 2 [ X" = )dx
4 4 X

4
| 1
= %_Z/de
4

4
x"Inx x
= 212 _2 4c
4 16+

4. /Inxdx = xlnx—/xdlnx
= Xlnx—/dx

= xlnx—x+C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Example

Evaluate the following integrals.
Qo /sin_lxdx
(2] /In(1+x2)dx
Q /sec3xdx

o / €™ sin xdx
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

1. /sinflxdx = xsinflx—/xdsinflx

.1
= Xxsin" " x — —_—
/\/1—x2
1 /dl—x

= xsinT x4+ =

V1—x2
= xsin!x+VI-x2+C
2. /In(1+x2)dx = xln(1+xz)f/xd|n(1+x2)

2
_ 2 x“dx
= xln(1+x)—2/1+X2

5 1

= xln(1—|—x2)—2x+2tan_1x—|—C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

3. /sec3xdx = /secxdtanx

= secxtanx—/tanxdsecx

= secxtanx—/secxtanzxdx

= secxtanx — /secx(sec2x — 1)dx
= secxtanxf/sec3 de+/secxdx

2/sec3xdx = secxtanx+/secxdx

C

sec xtan x + In | sec x + tan x
secd xdx = | |+

2
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

4. /ex sinxdx = /sin xde*

= eXsinx—/edeinx

= exsinx—/excosxdx

= exsinxf/cosxdex

= eXsinx—eXcosx—i—/exdcosx
= eXsinxfeXcosxf/exsinxdx

2/exsinxdx = e*sinx —e“cosx + C’

1
/exsinxdx = E(exsinx—excosx)—i—C
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Techniques

For integral of the forms

I, = /cos"xdx, /sin"xdx7 /x" cos xdXx, /x"sinxdx,
/sec"xdx, /csc"xdx, /x"exdx, /(Inx)"dx,
/ex cos"” xdx, /ex sin” xdx, / dx , / dx ,
(X2 de a2)n (32 _ X2)n

we may use integration by parts to find a formula to express I, in terms of Iy
with k < n. Such a formula is called reduction formula.
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Trigonometric integrals
Techniques of Integration Integration by parts
Reduction formula

Let
I, = /x" cos xdx

for positive integer n. Prove that

I, = x"sinx + nx"" cos x — n(n—1)l,—5, forn > 2
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

I, = /x"cosxdx = /x"dsinx

= x"sinx—/sinxdx"

n_- =i _p
= X smx—n/x sin xdx
. 1
= x"smx+n/x" d cos x
. -1 —1
= x"sinx 4 nx"" " cosx — n/cosxdx"

. 1 -
= x"sinx + nx" cosx—n(n—l)/x" cos xdx

. —il
= x"sinx+ nx"""cosx — n(n—1)l,_>

O

MATH1010 University Mathematics



Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Let
. dx
Ih = x2 + 32

where a > 0 is a positive real number for positive integer n. Prove that

X 2n—3
o= - .
2a2(n — 1)(x2 + a?)n—1 + 2a%(n — 1)/ 1, forn>2
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

,HZ/L _ L_/X%#)
(X2 +32)" (X2 L aQ)n (X2 +32)n
X 2nx?dx
= (x2 + a2)" +/ (x2 + a2)nt1

2 2 .2
_ X —|—2n/(X +a° — a%)dx

(X2 NS a2)n (X2 _|_32)n+1
X dx 5 dx
T (2t a)n + 2”/ 2+ a2y < / (x2 + a2)mHL
X 2
= m + 2nl, — 2na” lh+1
| . X i 2n — 1,
T 2na?(x? + a?)" 2na® "

Replacing n by n — 1, we have

= X i 2n—3 |
"T2n—1)2(+ )1 2(n—1)a2 """
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Alternative proof.

1 x4 a% —x°
h = = | ———=—dx
a2 (X2+32)"

1 / 1 x?
= — — dx
aZ (X2 L aZ)nfl (X2 JL a2)n
1 1 X 2 2
S 1 R E S
2" 02 / (x2 + a?)" b e
1 1 1
N ?Infl U 2(n—1)a? /Xd ((x2 + az)"—l)

- ll ) X B 1 / dx
T @ o(n—D)20E )T 2n—1)2 ) (E+a)

= = (2oL )i

 2(n—1)a2(x2 + a?)r1! <32 - 2(n— 1)a2> "t
X 2n—3

2(n—1)2(x>+a)" 1 2(h—1)a2 "}

O
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Prove the following reduction formula
. 1 - n—1 o
/sm"xdx = —Zcosxsin" 'x+—= /sm" % xdx
n n

for n > 2. Hence show that

(n—=1)-(n—3)---6-4-2

. n-(n—2)---7-5-3
/Osm xdx = (n—ls~(nl3)'7"$'5'3
n(n—2)--6-4-2

when n is odd

[SE]

when n is even

Nl
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

- . -1
/sm"xdx = f/sm" xd cos x
1

. n—1 o0 f—
— cos xsin” x+/cosxdsm" X

n—2

I 2
— cos xsin” x+(n—1)/cos xsin"™ " xdx

—cosxsin" ' x + (n—1) /(1 — sin” x) sin" "% xdx

n/sin"xdx = —cosxsin" ' x+ (n— 1)/sin"72 xdx

o 1 . n—1 n—1 . n—2
/sm" xdx = —=cosxsin” “x+ ——= [ sin"" " xdx
n n
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

Hence when n is odd

™

E @
2 1 n—1 [2
. . n—1 s n—2
/ sin xdx = — {f cos x sin” x] + / sin” ™ xdx
0 n 0 n 0

Jus

n—1 2 g2

= sin” ™ xdx
n 0

(n—l) (n—3)/%  n—4
= sin xdx
n n—2 0

[SE]

_ (n=1)-(n—3)---6-4-2 3

B n-(n—2)---7-5-3 /Osnnxdx
_ (n—1)-(n—3)---6-4-2

- n-(n—2)---7-5-3
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

when n is even

s usy jus
2 1 n—1 [2
. . -1 )
sinxdx = — |Zcosxsin” “x| + sin” < xdx
0 n 0 n 0

z
n—1 2 _2
= sin”~“ xdx
n 0

<n—1) (n—3> /7 sin"~* xdx
n n—2/J,

(n—1)-(n—3)---7-5-
n-(n—2)---6-4.2
7-5.
4.2

N

dx

w
S—
ol

(n=1)-(n—3)-- 3

n-(n—2)---6

T
2
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Trigonometric integrals
Techniques of Integration Integration by parts

Reduction formula

I, = /x"exdx; Ih=x"€ —nl,_1, n>1
I = /(In x)"dx; In=x(Inx)"—nlp—1, n>1
I, = /x" sin xdx; I, = —x"cos x + nx""'sinx — n(n—1)l,—2, n>?2
n—1 H
I, = /cos" xdx; I, = w + (=12, n>2
n—2 _
I, = /sec xdx; I, = sec’ “xtanx , n 2/,1_27 n>?2
n—ll n—1
x_ _n €*cos" " x(cosx + nsinx)  n(n—1)
n — y n = n—2, Z
/ /ecosxdx I 1n2+1 +n2+1l2n 2
e*sin”"~* x(sin x — ncos x n(n—1
l,,:/exsm xdx; I, = r$2+1 ) f,2+1)l,,,2, n>?2
2x”(x+a)% 2na
n — " H n — - n—1, =
/ /x\/x—&—adx ] m13 2n+3l 1, n>1
n n
I :/ X dx: I — 2x"\/x+a  2na 1 n>1
VX + a 2n+1 2n+1
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

igonometric substi

Expression | Substitution dz Trigonometric ratios
costl =
a o a
x = asinf dx = acos fdb v sing = 2
(] a
tanf = 4
a? — a? P
a
cosf = —
Va?+ a2 ) .
Vat+a? | z=atand | dr = asec6dl T sinf = ———
0 O T
a tanf = —
a
x
costl =
a
a .
a? | v =asecl | dr = asecttanfdf sing =
P va? —
T tanf = ———

x
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Trigonometric substitution
Integration of rational functions
More Techniques of Integration t-substitution
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

1. Let x = asinf. Then

2 —x2 = +/a2— a%sin?0 = acosf

dx = acosfdf

/ 1
acosf
/d0

= 0+C

= sin_li + C
a

Therefore

(acos0do)
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

Proof

2. Let x = atan@. Then

2

2 2 2 2, 2 2
a+x~ = a +atan"0=a"secd

dx = asec®0df.

Therefore

1 1 2
/de = /m(asec 9d9)

— 1 fa
a

Sic
a

-1

1
= —tan i—&—C
a a
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

Proof.

3. Let x = asecf. Then

2
xVx2—a2 = asecl/a’sec?l — a2 = a“secHtanf

dx = asecftanfdd.

Therefore

1 1
/ﬁdx = /m(aseCGtan 9d9)

- l/dg
a

0
= —+C
a
= Zcost2ic
a X
1
Note that 6 = cos™! 2 since cosf = = i.
X sec 6 X

O
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Trigonometric substitution

Integration of rational functions
More Techniques of Integration t-substitution

Example

Use trigonometric substitution to evaluate the following integrals.

g/mdx
1

o [ e

0 [ =

0 [ o
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration

Solution
1. Let x =sinf. Then

V1—x?

dx

Therefore

/\/ﬁdx

t-substitution

V1 —sin?0 = cos

cos 0do.

/cos2 0do

/c0529+1d0

2
sin20 0
—+C

7 4 5 4

sinfcosf  sin"!x
C
2 2 =

V1—x2 sin”?

X X 0 sin” " x v

2

2
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

2. Let x =tanf. Then

1+ tan?6 = sec’ 6
sec? 0d0.

1—l—x2
dx

Therefore

1 B 1
/ﬁdx = /SeCX(SeC 9d9)

/sec 0do

In|tan 6 + secd| + C

In(x+vV1+4+x2)+C
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

3. Let x =2sinf. Then

Vi—x2 = +\/4—4sin>0=2cosh

dx = 2cosfdo.

Therefore

X3 8sin3 0
_ = 2 6
/ T dx /2(:050( cos 0d0)
= 8/sin30d0
= —8/(1—c0529)dc059
3
= 8<Coze—c050>+C

— 2y3
= ¥74(47x2)%+c
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

4. Let x =3tan6. Then

9+x> = 9+49tan’0 = 9sec’d
dx = 3sec’0ds.
Therefore
/m S / 81 sec“@(3 sec 9d6’) o /COS 0do
1 1 (sin 20
= o [(cos20+1)d0 = 2 ( ) L

= a(cos@sm@—&—@)—&— C

= i( 3 . X —|—tan_1§)+C
54 \\V0+x2 VOo+x2 3

= #Jritan_liqLC
18(9+ x?) 54 3
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Trigonometric substitution

Integration of rational functions
More Techniques of Integration t-substitution

Definition (Rational functions)

A rational function is a function of the form

where f(x), g(x) are polynomials with real coefficients with g(x) # 0.

We can integrate a rational function R(x) with the following two steps.

© Find the partial fraction decomposition of R(x), that is, expressing R(x)
in the form

B B(x+a C
X)=q()+> (X +Z CEDETL =+ (CEDEYIL

where q(x) is a polynomial, A, B, C,«, a, b represent real numbers and k
represents positive integer.

@ Integrate the partial fraction.
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

f(x)

Let R(x) = 200 be a rational function. We may assume that the leading
coefficient of g(x) is 1.
@ (Division algorithm for polynomials) There exists polynomials q(x), r(x)

with deg(r(x)) < deg(d(x)) or r(x) = 0 such that
r(x)

RE) = q() + 3.

q(x) and r(x) are the quotient and remainder of the division f(x) by
g(x).

@ (Fundamental theorem of algebra for real polynomials) g(x) can be
written as a product of linear or quadratic polynomials. More precisely,
there exists real numbers aa,...,Qm,a1,...,an, b1,..., b, and positive
integers ki, ..., km, h,...,Il, such that

g(x)=(x— al)kl s (x = ak)km((x + 31)2 + bf)’l o ((x+ a,,)2 + b)i)l”.
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

Partial fractions can be integrated using the formulas below.

dx In|x —a|+ C, ifk=1
o/(x—a)k: 1 L ifk>1
k—D)(x —a)i—2 ' =
1In(><2—|—;:12)—|—C ifk=1
O/ xdx )2 ’ B
(x* + a%)k ! 1 C, ifk>1

©2(k — 1)(x2 + a?)k1

Lot X4, ifk=1
=47 ? 2k —3 d
X — Ix .
222(k—1)(2 + a2)F1 | 222(k — 1) / ey k>l
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

Theorem

Suppose is a rational function such that the degree of f(x) is smaller

f(x)
(x
than the degree of g(x) and g(x) has only simple real roots, i.e.,

g(x) = a(x —an)(x —az) - (x — )

for distinct real numbers a1, o, -+ ,ax and a# 0. Then
fx) _ fla) floa) ., flaw)
g(x)  gla)(x—on)  g'(a2)(x — a2) g’ (au)(x — ax)
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Trigonometric substitution

Integration of rational functions
More Techniques of Integration t-substitution

Proof

First, observe that

k

g(x) = alc—a)(x—a2) - (x— ) (x — )

=1

where (x — «;j) means the factor x — o is omitted. Thus we have

ga) = Y alai—on)(oi—az)--- (@i — ) - (@i — ax)

= a(aj —a1)(oi —a2) - (i — ) - (i — )

Since g(x) has distinct real zeros, the partial fraction decomposition takes the

form
f(X) A1 A2 Ak

g(x) x—a x—am X — Ok

MATH1010 University Mathematics



Trigonometric substitution

Integration of rational functions
More Techniques of Integration t-substitution

Multiplying both sides by g(x) = a(x — a1)(x — a2) - - - (x — ak), we get
k —_—
f(x) = ZA,-a(x —o)(x—a2) - (x — i) (x — o)
i=1
For i=1,2,---  k, substituting x = «;, we obtain
k —_—
flar) = Y Aa(ey— ar)(ey — az) - (aj — i) -+ (o5 — )
j=1
Aia(ai —aa)(ai — az2) -+ (ai — i) - -+ (i — ak)
= Aig'(o)
and the result follows. Il
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Trigonometric substitution

Integration of rational functions
More Techniques of Integration t-substitution

Example

Evaluate the following integrals.

o/X +2x—1d

9x — 2
e/ X3+3X2 dX

Q/ x—1 dx
Q/ﬁdx
o [Fgn

2x +1
o /x4+2x2+1d
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

1. By division and factorization x* — x = x(x — 1)(x + 1), we obtain the
partial fraction decomposition

x> +4x —3
x3 —x

=x"+1+

5x-3 _ 2, , A, B , C
x3—x x x—1 x+1
Multiply both sides by x(x — 1)(x + 1) and obtain
5x —3=A(x—1)(x+1)+ Bx(x+1) + Cx(x — 1)
= A=3B=1C=-4

Therefore

x> 4+ 4x —3 » 3 1 4
14+ = —
/ x3 — x dx /(x—i— +x+x—1 X+1>dx

X3

3

+x4+3In|x|+In|x — 1| —4In|x+ 1| + C.
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

2. By factorization 2x* + 3x*® — 2x = x(x + 2)(2x — 1), we obtain the partial
fraction decomposition

9x — 2 A B C

2x3—|—3x2—2x_x+x+2+2x—1.

Multiply both sides by x(x + 2)(2x — 1) and obtain

9x —2=A(x+2)(2x — 1) + Bx(2x — 1) + Cx(x + 2)
—~ A=1B=-2C=2.

Therefore
9x — 2
/ 2x3 + 3x2 — 2x dx

12 -I-L dx
x x+2 2x-1

In|x| —2In|x+2|+In|2x — 1| + C.
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Trigonometric substitution

Integration of rational functions
t-substitution

More Techniques of Integration

Solution

3. The partial fraction decomposition is

x> —2 A B

C
x(x—1)2 (x—1)2+x—1+;'

Multiply both sides by x(x — 1)? and obtain

x*—2=Ax+ Bx(x—1) + C(x — 1)°
= A:—].,B=3,C:—2.

Therefore

x? -2 1 3 2
/x(x—l)QdX - /(7(X—1)2+x—17;>dx
— 1 3inx—1-2Ix+C.
x—1
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

4. The partial fraction decomposition is

X2 X2
x*—1 — (-1)(2+1)
11 1
- §<x2—1+x2+1)
B 1 1
= x—Dx+1) 202+ D)
1 1 1

4x—1) 4(x+1) + 2(x2 +1)

Therefore

/Xfi - /(4(x171)_4(xl+1)+2(x21+ 1)>dx

%In\x—1|—%In|x+1|+%tan_1x+C
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

5. By factorization x* +4 = (x* +2)? — (2x)? = (x® — 2x + 2)(x* 4+ 2x + 2),

8x2
/ x*+4 dx

_ / 8x“dx dx
- (x? = 2x + 2)(x%2 4+ 2x + 2)

/2X(( —2x—|—2z;(x2+2x+2

)
/2X<X2—;x+2 X2+2x+2>
/((X—21))<2+1 (x—|—1)2+1)d

_ / 2(x—1) n 2 _ 2(x+1) n 2 dx
- (x—1)2+1 (x—124+1 (x+1)2+1 (x+1)2+1
In(x* —2x +2) +2tan *(x — 1) — In(x* +2x + 2) + 2tan *(x + 1) +
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

2x + 1
6. /7x4+2x2+1dx
_ 2xdx +/ dx
er1r ) ety
2 2 2
d(x +1)+/ x“+1 dx—/ x“dx
Gexne ) Gerip ™) Geriy
_ 1 dx 1 xd(x* +1)
- x2+1 x2+1 2 (x24+1)2
_ o1 -1 l/ -
= X2+1+tan x—i—2 xd 2l
= —7—&—tan_1x—i—1 X _1 dx
B x2+1 2\ x2+1 2/ x2+1
. X —2 1 1
= 2(x2+1)+2tan x4+ C
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Trigonometric substitution
Integration of rational functions
More Techniques of Integration t-substitution

Find the partial fraction decomposition of the following functions.

5x — 3
07

x3 —x
Ix — 2
(2]

2x3 4+ 3x2 — 2x
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

@ Forg(x) =x>—x=x(x—1)(x+1), g'(x) =3x* — 1. Therefore

bx -3 -3 5(1) -3 5(—-1)—3
X3 —x g'(0)x  gMx-1)  g'(=1)(x+1)
3 1 4
T o x T x—1 x+1
@ For g(x) = 2x* +3x* — 2x = x(x + 2)(2x — 1), g'(x) = 6x* + 6x — 2.
Therefore
9x — 2
2x3 4+ 3x2 — 2x
=2 9(—2) — 2 N 93)-2
g'(0)x  g(=2)(x+2)  g'(3)(2x-1)
1 2 2

X X+2+2X—1
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

Techniques
To evaluate
/ R(cos x, sin x, tan x)dx

where R is a rational function, we may use t-substitution

t—tani
= 5
Then
tanx = ——; cosx—l_tz-sinx— 2
T 112 T 142 T 141¢2
1 2dt
dx = d(2tan t):1+t2'
We have

_ .z
/R(cosx,sinx,tanx)dx:/R<1 L 2t ) 2dt

14271 4+t2"1—t2) 14 ¢t2

which is an integral of rational function.
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

Example

Use t-substitution to evaluate the following integrals.
dx
o -
1 + cos x
sin xdx
BE =

COS X + sin x

Ix
o /1+cosx+sinx
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

_ 2
1. Lett:tan%, Ccos X = i+:2, dx = 1251;2. We have
dx / 1 2dt / X
- = — =[/dt=t+C=tan=- + C
/1+cosx <1+i;;‘22>1+t2 2
_ sin% _ 2cos%25ii1§ _ sin x i
cos 5 2cos? 5 1+ cosx
Alternatively
/7dx = /70’X = 1/sec2 idx
1+cosx 2cos?2 % 2 2
1 X sin x
= t ~—4+C=———
an 2+ 1+ cosx
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Trigonometric substitution

Integration of rational functions

More Techniques of Integration t-substitution
x =@ 2t 2dt
2. lett=tan—, cosx = ——,sinx= ——, dx = . We have
2 1+ ¢2 1+ ¢2 14t
. 2t
/ sin xdx _ / 1+t2 2dt
A - 11— | 2t 2
Cos X + sin x th o th 1+t

—/ Lttt g
a 1+12 1482 142t—1¢t2

— tanlt— L] +1 t +C
- 2 |14t2 0 14 ¢t2
= % %In|cosx+smx|+C

Alternatively

sin xdx .
cos x + sin x

1/(17cosx—s!nx> dx
2 cos X + sin x
i_i/d(smercosx) x
2 2

cos X + sin x 2 2
MATH1010 University Mathematics
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Trigonometric substitution
Integration of rational functions

More Techniques of Integration t-substitution

2
3. Lett :tang, Cos X = % sinx = 1_2’_7tt2 dx = 12:22. We have
/ dx _ / T
1 + cos x + sin x 1+i;§22+1i7ft2
dt
1+t
= Injll+t/+C

= In‘1+tan%’+C

— Inlis sin x "
- 1+ cos
1 + cos x + sin x
= In|— C
n‘ 1+ cos x +
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