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0 Sequences

@ Limits of sequences
@ Squeeze theorem
@ Monotone convergence theorem

e Limits and Continuity
@ Exponential, logarithmic and trigonometric functions

@ Limits of functions
@ Continuity of functions
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Definition (Infinite sequence of real numbers)

An infinite sequence of real numbers is defined by a function
from the set of positive integers Z1T = {1,2,3,...} to the set of
real numbers R.

Example (Sequences)

@ Arithmetic sequence: a, =3n+4; 7,10,13,16...

o Geometric sequence: a, = 3-2"; 6,12,24,48. ..

@ Fibonacci's sequence:

)

1,1,2,3,5,8,13, ...
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Definition (Limit of sequence)

© Suppose there exists real number L such that for any € > 0, there
exists N € N such that for any n > N, we have |a, — L| < e. Then
we say that a, is convergent, or a, converges to L, and write

Sequences

lim a, = L.
n—o0

Otherwise we say that a, is divergent.

@ Suppose for any M > 0, there exists N € N such that for any
n > N, we have a, > M. Then we say that a, tends to 400 as n
tends to infinity, and write
lim a, = +o0.
n—o0o

We define a, tends to —oo in a similar way. Note that a, is
divergent if it tends to +oo.
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Sequences

Example (Intuitive meaning of limits of infinite sequences)

an First few terms Limit
1 111
2z | 1ot °
g 1232 1
n+1 27374’57 7
(et | 1,-1,1,-1,... does not exist
2n 2,4,6,8,... does not exist/ + oo
1\" 9 64 625
14— 2, -, —,—,... ~ 2.7182
<+n> "4 27’ 256’ e 271828
Fri1 35 1++5
1,2, — —,... ~ 1.61803
Fn b 72737
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Sequences

Definition (Monotonic sequence)

© We say that a, is monotonic increasing (decreasing) if for
any m < n, we have a,, < ap (am > an).

@ We say that a, is strictly increasing (decreasing) if for any
m < n, we have ap, < a, (am > an).

Definition (Bounded sequence)

We say that a, is bounded if there exists real number M such that
lan| < M for any n € N,
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Example (Bounded and monotonic sequence)

an Bounded | Monotonic | Convergent
1
— v v v
n
2n— (=1)"
n—(=1) v x v
n
n? X 7 X
1-—(-1)" v X X
(—=1)"n X X X
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

If a, is convergent, then a, is bounded.

Convergent = Bounded

Note that the converse of the above statement is not correct.
Bounded # Convergent

The following theorem is very important and we will discuss it in
details later.

Theorem (Monotone convergence theorem)

If a,, is bounded and monotonic, then a, is convergent.

Bounded and Monotonic = Convergent
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Sequences

Exercise (True or False)

Suppose lim a, = a and lim b, = b. Then
n—o0 n—o0

m (a, £ b,) =a+b.

li
n—oo

Answer: T
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Sequences

Exercise (True or False)

Suppose lim a, = a and c is a real number. Then
n—o0o

lim ca, = ca.
n—o0

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If lim a, =a and lim b, = b, then
n—o00 n—oo

lim a,b, = ab.
n—o0

Answer: T
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Sequences

Exercise (True or False)

If lim a, =a and lim b, = b, then
n—oo n—o0

Answer: F
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Sequences

Exercise (True or False)

If lim a, = a and ILm b, = b #£ 0, then

n—o0

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If lim a, =0, then
n—o0o

lim a,b, =0.
n—o0

Answer: F

1 .
For a, = — and b, = n, we have |lim a, = 0 but
n n—00

lim anby # 0.
n—o0
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Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If lim a, =0 and b, is convergent, then
n—o0

lim a,b, = 0.
n—o0

Answer: T
Proof.
lim a,b, = lim a, lim b,
n—o0o n—o0 n—o0
=0

Ol

v
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Monotone convergence theorem

Sequences

Exercise (True or False)

If lim a, =0 and b, is bounded, then

n—o0

lim a,b, =0.
n—o0

Answer: T
Caution! The previous proof does not work.
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If a2 is convergent, then a, is convergent.

Answer: F

For a, = (—1)", a2 converges to 1 but a, is divergent.

n
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Limits of sequences
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Monotone convergence theorem

Sequences

Exercise (True or False)

If a, is convergent, then |a,| is convergent.

Answer: T
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Monotone convergence theorem

Sequences

Exercise (True or False)

If |an| is convergent, then a, is convergent.

Answer: F
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If a, and b, are divergent, then a, + b, is divergent.

Answer: F

The sequences a, = n and b, = —n are divergent but a, + b, =0
converges to 0.
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If a, is convergent and lim b, = t+oo, then
n—00

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If a,, is bounded and ILm b, = +oo, then

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

Suppose a,, is bounded. Suppose b, is a sequence and there exists
N such that b, = a, for any n > N. Then b, is bounded.

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

Suppose Ii_>m an = a. Suppose b, is a sequence and there exists N
n—oo
such that b, = a, for any n > N. Then

lim b, = a.
n—o0

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

Suppose a, and b,, are convergent sequences such that a, < b,, for

any n. Then
lim a, < lim bp.
n—o0 n—00
Answer: F
1 .
There sequences a, = 0 and b, = — satisfy a, < b, for any n.
n
However

lim a, £ lim b,
n—o0o n—oo

because both of them are 0.
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

Suppose a, and b, are convergent sequences such that a, < b, for
any n. Then

lim a, < lim b,.
n—o0 n—o0o

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If lim a, = a, then
n—o00

lim az, = lim as,11 = a.
n—o0 n—o0

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If lim az, = lim axpp1 = a, then
n—o00 n—o0o

lim a, = a.
n—o0

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If a, is convergent, then

nILrgo(an+1 —ap)=0.

Answer: T
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If lim (apy+1 — an) =0, then a, is convergent.
n—oo

Answer: F

Let a, = v/n. Then lim (ap+1 — an) = 0 and a, is divergent.
n—o00
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Squeeze theorem
Monotone convergence theorem

Sequences

Exercise (True or False)

If lim (apt+1 — an) =0 and a, is bounded, then a, is convergent.
n—oo

Answer: F
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Let a > 0 be a positive real number.

400, ifa>1
lim a" =<1, ifa=1
n—oo

0, f0<a<l
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. 2n-5 . 2—
im — = |im —2
n—oo 3n+1 n—oo 3 4

S|=s |
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Monotone convergence theorem

Sequences

) m—2n+7 . 1—%—#%
||m — - = ||m —
nﬁoo4n3—|—5n2—3 n—o00 4+%_%
. 1
= = |
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Monotone convergence theorem

Sequences

3n—+V4n? +1 3 — Yartl
) L .
nllm —3n e nllm 73 o
n

3—,/4+ %
= lim —Y "

1
6
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Squeeze theorem
Monotone convergence theorem

lim (n—+/n?2—4n+1)

n—00
_ (n—+vn?—4n+1)(n++vn*>—4n+1)
n—o0 n++vn>—4n+1

n? —(n®>—4n+1)

Sequences

= lim
=00 n4++/n2 —4n+1
: 4n—1
= lim
n—=oo n4++/n?—4n+1
_1
= lim L
n—00 4 1
14+,/1-%44

= 2
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Squeeze theorem
Monotone convergence theorem

In(n* + 1) i In(n*(1+ %))

n|—>n<q>o|n(n3—{—1) - nLngom

_ Inn4+|n(1+%)

n30o In 3 + In(1+ )
4Inn+|n(1+ =)

n—>003|nn+|n(1—|— =z)

In(14-%)
= lim 4 i

n—00 34 In(1+"%)

Sequences

Inn

4

3
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Theorem (Squeeze theorem)

Suppose ap, by, ¢, are sequences such that a, < b, < ¢, for any n

and lim a, = lim ¢, = L. Then b, is convergent and
n—o0 n—oo
lim b, = L.
n—oo
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Squeeze theorem
Monotone convergence theorem

Sequences

If a,, is bounded and lim b, =0, then lim a,b, = 0.
n—0o0 n—o0

Since a, is bounded, there exists M such that —M < a, < M for any n.
Thus

—M|b,| < apnb, < M|b,|
for any n. Now

lim (—=M|b|) = lim M|b,| = 0.

n— o0

Therefore by squeeze theorem, we have

lim a,b, = 0.
n—o00o

Ol
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Monotone convergence theorem

Sequences

Vi + (1)

n—oo /N — (—1)"'

Find lim

Solution

Since (—1)" is bounded and lim — =0, we have

n—o0 \[
lim (=1 = 0 and therefore
n—o00 ﬁ

_1)"
Vit (-1)" 1+
nllamoo f—( ]_) - nh%mool (=1)"
- Vn

=1
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Example

n

Show that lim 2— =0.

n—oo nl

Proof.
Observe that for any n > 3,

.4
and lim — = 0. By squeeze theorem, we have
n—oo N

. 2"
lim — =0.
n—oo nl

Ol
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Sequences

Theorem (Monotone convergence theorem)

If a,, is bounded and monotonic, then a, is convergent.

Bounded and Monotonic = Convergent
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Example

Let a, be the sequence defined by the recursive relation

ant1 =+Vap+1lforn>1

ay = 1
Find lim a,.
n—o0
dn
1

1.414213562
1.553773974
1.598053182
1.611847754
10 | 1.618016542
15 | 1.618033940

Gl WNHS
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Sequences

Solution

Suppose lim a, = a. Then lim a,y1 = a and thus
n—oo n—o0

a = va+l
a> a+1
g—g=1 = @

By solving the quadratic equation, we have

1+v6 1-+6
a—= 2 or 2 .

It is obvious that a > 0. Therefore

L_1+V5
2
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Solution

The above solution is not complete. The solution is valid only after

we have proved that lim a, exists and is positive. This can be
n—oo

done by using monotone convergent theorem. We are going to
show that a, is bounded and monotonic.

Boundedness

We prove that 1 < a, < 2 for all n > 1 by induction.

(Base case) When n =1, we have ay =1 and 1 < a; < 2.
(Induction step) Assume that 1 < ay < 2. Then

a1 = Va+1>vVi+i>1
A+l = \/ak+1<\/2+1<2

Thus 1 < a, < 2 for any n > 1 which implies that a, is bounded.
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Sequences

Solution

Monotonicity

We prove that a,.1 > a, for any n > 1 by induction.

(Base case) Whenn=1, a; =1, a, = V2 and thus ay > a;.
(Induction step) Assume that

ary1 > ax (Induction hypothesis).

Then

gy = \/akH + 1> +/ax + 1 (by induction hypothesis)

= ak+1

This completes the induction step and thus a, is strictly increasing.
We have proved that a, is bounded and strictly increasing. Therefore a,
is convergent by monotone convergence theorem. Since a, > 1 for any n,
we have lim a, > 1 is positive.

n—oo
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Sequences

Let
a, = <1—|—1)n
n
b, = i%:l—kl—k%-ﬁ-%-&- +$
k=0
Then

Q a, < b, forany n> 1.

@ a, and b, are convergent and

lim a, = lim b,
n—oo n—oo

The limit of the two sequences is the important Euler’'s number

e~ 2.71828 18284 59045 23536 . . . .

which is also known as the Napier's constant.
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Sequences

Observe that by binomial theorem,

an, = <1+1)
n

1 nn-1) 1 n(n—-1)(n—-2) 1 1
= 1 i il e
o n+ 2! n2+ 3! n3+ +n"
1 n-1 1 (n—=1)(n-2) 1 (n-1)---1
= 1414 —. Sl L A Gt T S LY Al
* +2! n +3! n? * +n! n"—1

1 1\ 1 1 2
= HHE(l_E)J’i(l_;) (1—;)+--~
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Limits of sequences
Squeeze theorem
Monotone convergence theorem

Boundedness: For any n > 1, we have

1 1 1 1 2
2 (1= (1-220)
n! n n

Sequences

1 1 1
1 1 1
< 1+1+§+272+“.+2"771
1
= 14+2(1— =
()

< 3.

Thus 1 < a, < b, < 3 for any n > 1. Therefore a, and b, are
bounded. ]
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Limits of sequences
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Monotone convergence theorem

Monotonicity: For any n > 1, we have

1 1 1 1 2
+l(1,1)...(17n71)
n! n n
1 1 1 1 2
1+1+5<1—m>+a(1‘n+1) (1‘m>+'“
1 1 n—1
+m(1_n+1>”'<1_n+1)
1 1 n
MCED] (1*n+1)'“(1*n+1)

= an+i1.

Sequences

A

and it is obvious that b, < bn+1. Thus a, are b, are strictly increasing.
Therefore a, are b, are convergent by monotone convergence theorem.
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Sequences

Proof

Alternative proof for monotonicity: Recall that the arithmetic-geometric
mean inequality says that for any positive real numbers xi1, x2, . .., xx, not all
equal, we have

X1+X2+"'+Xk)k

X1X2"'Xk<( P

Takingk:n+1,x1:1andx,-:l—i—% fori=2,3,...,n+ 1, we have

1 n+1
1'(1+E> < | —

n+1
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Sequences

Proof
Since a, < by, for any n > 1, we have

lim a, < lim b,.

n—oo n—o00

On the other hand, for a fixed m > 1, define a sequence c, (which
depends on m) by

1 1 1 1 2
Cn = 1+1+2|<1—n>+3|(1—n><1—n)+
m! n n
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Then for any n > m, we have a, > c, which implies that

Sequences

lim a, > lim ¢,
n—oo n—oo

= 1+1+— lim <1—1)+— lim <1—1) (1—g>+~~-
2l h—oo 3l h—oo n n
w2 <1—1)---(1—m_1)
m|n—>oo n n

1
= 1+1 + + Focagr =
3' m!
= bnm.
Observe that m is arbitrary and thus
lim a, > lim by, = lim b,.
n—oo m— o0 n— oo
Therefore
lim a, = lim b,.
n—oo n—o0o
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Sequences

Let a, = Foi1 where F, is the Fibonacci's sequence defined by
Fn+2:Fn+1+Fn
FF=F=1
Find lim a,.
n— o0
n an
1 1
2 2
3 1.5
4 | 1.666666666
5 1.6
10 | 1.618181818
15 | 1.618032787
20 | 1.618033999
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Monotone convergence theorem

For any n > 1,
Q FriaFo— F2, = (-1
9 Fn+3Fn - Fn+2Fn+1 = (_1)n+1

@ Whenn=1, we have F3F; — F? =2-1—12 =1 = (—1). Assume

Sequences

FigoFi — Fiq = (1)<t
Then
= (Fis2 + Fis1)Fisr — F2pp
= Fra(Fir1 — Frg2) + th+1

—Fis2Fic + F2yq
= (=1)%*2 (by induction hypothesis)

2
Fry3Fri1 — Fipo

Therefore FpyoFy — F2,; = (—1)" for any n > 1.

MATH1010 University Mathematics




Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

The proof for the second statement is basically the same. When
n=1 wehave F(4Ff —F3F,=3-1-2-1=1=(—1)?. Assume
FiesFic — FrpaFipr = (—1)F.

Then
FriaFir1 — FirsFrra = (Fris + Frg2) Firr — FirsFat
= Fra3(Frr1 — Fra2) + FraaFra
= —FisFi+ FroFiia
= —(=1)*! (by induction hypothesis)
= (1)
Therefore Fi3F, — FpioFpi1 = (—1)™ for any n > 1. O
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Sequences

F
+1
Let a, = —==.
Fn
© The sequence a1, as, as, az, - - -, Is strictly increasing.
@ The sequence ay, ay, as, ag, - - -, IS strictly decreasing.

For any k > 1, we have

P For  ForyoFok—1 — Fak1Fok
Pkt1 T A1 = F ~F = EriF
2k+1 2k—1 2k+1M2k—1
(—1)* 1 -0
Fokv1Fak—1  Fokr1Fok—1
Therefore ay, as, as, a7, - - -, is strictly increasing. The second statement
can be proved in a similar way. O
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Sequences

lim (32k+1 — agk) =0
k— 00
Proof.
For any k > 1,
Fokya  Fokg1
ak+1 — A2k = -
Faki1 Fox
2
 FusoFac—Fyq 1
Fort1 Fok Forq1Fak
Therefore
lim (aski1 — ak) = lim ——— = 0.
k—>oo( 4 ) k— o0 F2k+1F2k
]
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o Fn—|—1 1 = \/g
lim —

n—oo Fp 2

First we prove that a, = F ;’__: L js convergent.
ap is bounded. (1 < a, <2 for any n.)
ask+1 and ayy are convergent. (They are bounded and monotonic.)

Sequences

lim (32k+1 — azk) =0= Ilim k41 = lim a,
k—o0 k—ro0 k—ro0

It follows that a, is convergent and

lim a, = lim aok4+1 = lim az-
n—oo k—ro0 + k—ro0
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F
To evaluate the limit, suppose lim —=* = L. Then
n—oo F,

Sequences

0 Fn+2 0 Fn+1 o Fn 0 ( Fn > 1

L= lim = lim ——— = |lim (1+ =1+ -

n—o0 Fn+1 n—oo Fn+1 n—o00 Fn+1 L
2-L-1=0

By solving the quadratic equation, we have

_1+Vh 15

L
2 2

We must have L > 1 since a, > 1 for any n. Therefore

 _L1t+5
o

OJ
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Sequences

The limit can be calculate directly using the formula

n_ pQn
F, = &=

1 ((1+vB) [(1-vB)"
- = )y (2=
Hf,ﬂ—l V5

are the roots of the quadratic equation

where

x> —x—1=0.
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Limits of sequences

Sequences
a Squeeze theorem

Monotone convergence theorem

Definition (Convergence of infinite series)

We say that an infinite series

Zak:31+32+33+"'
k=1

is convergent if the sequence of partial sums
n
Sh=Y,ak=ai+a+az+ -+ a, is convergent. If the infinite series is
k=1 ]

convergent, then we define
oo n
g ak = lim s, = |lim ak.

n—o0o n— oo

k=1 k=1

Definition (Absolute convergence)

| A

OO o0
We say that an infinite series > ax is absolutely convergent if > |ax| is
k=1 k=1

convergent.
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Sequences

Limits of sequences
Squeeze theorem
Monotone convergence theorem

Series Convergency | Absolute convergency
x> 1

—_l—i— —|———|——+~-- 2 Yes
,(2::0% 2 22 23

5~ 1 1+1 ! L Yo
kX::OF_ tlt ot e es
=l T 1 1
1(2:1;—1—1—5—1—5—&—7—&—--- divergent No
o 7
Z%—1+2—2+§+i+--- = Yes
k=1

= (—1)*T 1 1 1

=) _ 4 4. In2 N
=k 23 2" " °
o (—1)F 1 1 1 m

S e M H Z N
R TES 35 7" 4 °

MATH1010 University Mathematics
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Sequences

If Z ay Is convergent, then I|m a, = 0.
k=1

1 x 1
The converse is not true. lim — =0 but > P is divergent.

k—o00 k

o0 o0
If > |ak| is convergent, then > ay is convergent.
k=1 k=1

Absolutely convergent = Convergent

(_1)k+1 00
The converse is not true. lim is convergent but > — is
k—00 k=1

divergent.

MATH1010 University Mathematics



Limits of sequences
Squeeze theorem
Monotone convergence theorem

Sequences

Theorem (Comparison test for convergence)

[o¢] (0.0
If0 < |ak| < by for any k and > by is convergent. Then > ay is
k=0 k=0

convergent.

Theorem (Alternating series test)

Ifag > a1 > ap > --- > 0 is a decreasing sequence of positive real

o0
numbers and lim a; = 0, then Y (—1)¥a is convergent.
k—o00 k=0
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Definition (Exponential function)

The exponential function is defined for real number x € R by
n
e = lim (1 + 5)
n—oo n
X2 X3 X4
= 1+4+x —I— — -I— 30 + — —i—

@ It can be proved that the two limits in the definition exist and
converge to the same value for any real number x.

@ ¢~ is just a notation for the exponential function. One should
not interpret it as ‘e to the power x'.
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For any x,y € R, we have

&Y = XY

Caution! One cannot use law of indices to prove the above identity.
It is because e* is just a notation for the exponential function and
it does not mean ‘e to the power x'. In fact we have not defined
what a* means when x is a real number which is not rational.
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Limits and Continuity

_ Z Z n! ' xmyn—m

m!(n — m)! n!

Here we have changed the order of summation in the 4th equality. We can do this
because the series for exponential function is absolutely convergent. O
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@ ¢€* > 0 for any real number x.

Limits and Continuity

@ &~ is strictly increasing.

@ For any x >0, we have e > 1+ x > 1. If x <0, then

e — ex+(—x) _ eO -1
X 1

e—X

since e * > 1. Therefore € > 0 for any x € R.

@ Let x,y be real numbers with x < y. Then y — x > 0 which implies
€’ > 1. Therefore

e = U = XV X S X,

O
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Definition (Logarithmic function)

The logarithmic function is the function In : R™ — R defined for
x > 0 by
y=Inxif & = x.

In other words, In x is the inverse function of e*.

It can be proved that for any x > 0, there exists unique real
number y such that & = x.
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Limits and Continuity

O Inxy=Inx+Iny

X
Q@ In—=Inx—Iny

y
© Inx" = nlnx for any integer n € Z.

QO Let u=Inxand v=Iny. Then x =¢e", y = e" and we have

Xy = euev —_ eu+v _ elnx+|ny

which means Inxy = Inx + Iny.

Other parts can be proved similarly. O
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Definition (Cosine and sine functions)

The cosine and sine functions are defined for real number x € R
by the infinite series

X2 X4 X6
cos X = 1—E+E—a+"'
. X3 X5 X7
sinx = x— g gt

@ When the sine and cosine are interpreted as trigonometric
ratios, the angles are measured in radian. (180° = 7)

@ The series for cosine and sine are convergent for any real
number x € R.
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Limits and Continuity

There are four more trigonometric functions namely tangent, cotangent,
secant and cosecant functions. All of them are defined in terms of sine

and cosine.
Definition (Trigonometric functions)
i 2k +1
tanx = smx7 for x # Sl , kEZ
COS X 2
cotx = C?SX, for x # km, k € Z
sin x
1 2k +1
= , T —m, keZ
sec x e O £ >
1
cscx = —, forx#km, kEeZ
Sin X
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Theorem (Trigonometric identities)

2

Limits and Continuity

Q@ co?x+sin?x=1; se?x—tan?x=1; csc®x—cot?x =1

@ cos(x*y)=cosxcosy Fsinxsiny;
sin(x £ y) = sinxcosy & cos xsiny;
t e
tan(x £ y) = anx ttany

1 Ftanxtany

© cos2x =cos?x —sin’x =2cos?x —1=1—2sin’x;

sin 2x = 2sin x cos x;
2tan x

1 —tan?x

@ 2cosxcosy = cos(x + y) + cos(x — y)
2cosxsiny = sin(x + y) —sin(x — y)
2sin xsiny = cos(x — y) — cos(x + y)

@ cosx+tcosy= 2cos(x+y)cos< 2y)

tan2x =

COSX — Cosy = —2sin (%) sin (%5
sin x + siny = 2sin (M) cos %
smxfsmy_2cos(x+y)sin xsx
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Definition (Hyperbolic function)

The hyperbolic functions are defined for x € R by
cosh e’ 1+X2+X4+X6+

X = — = — 4+ — + —

2 21 41 6!

) eX—e* x> x5 X
sinhx = 5 —X+§+7+ﬁ+
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Limits and Continuity

Theorem (Hyperbolic identities)

Q@ cosh’x —sinh’x=1

@ cosh(x + y) = cosh x cosh y + sinh xsinh y
sinh(x + y) = sinh x cosh y + cosh x sinh y

© cosh2x = cosh? x + sinh® x = 2cosh® x — 1 = 1 + 2sinh? X;
sinh 2x = 2sinh x cosh x
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Definition (Limit of function)

Let f(x) be a real valued function.

Limits and Continuity

© We say that a real number L is a limit of f(x) at x = a if for any € > 0,
there exists § > 0 such that

if 0 < |x—a| <4, then |[f(x)—L|<e

and write
lim f(x) = L.

X—ra
@ We say that a real number L is a limit of f(x) at +oo if for any € > 0,
there exists R > 0 such that
if x> R, then |f(x) — L| <€

and write
lim f(x)=L.

X—+00

The limit of f(x) at —oo is defined similarly.
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Limits and Continuity

@ Note that for the limit of f(x) at x = a to exist, f(x) may not
be defined at x = a and even if f(a) is defined, the value of
f(a) does not affect the value of the limit at x = a.

@ The limit of f(x) at x = a may not exists. However the limit
is unique if it exists.
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Theorem (Limit of function and limit of sequence)

Let f(x) be a real valued function. Then

lim f(x)=1L

X—a

if and only if for any sequence x, with lim x, = a, we have
n—oo

lim f(x,) = L.

n—o0
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Limits and Continuity

Let f(x), g(x) be functions and c be a real number. Then
© lim (F(x) + £(x)) = lim £(x) + lim g(x)
@ lim cf(x) = c lim f(x)

X—a X—a
© lim £(x)g(x) = lim £(x) lim g(x)

f)  Jmfe)
O Mgl = lim gl AT FO
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Theorem

Let f(u) be a function of u and u = g(x) is a function of x.
Suppose

© lim g(x) = b € [~o0, +od]
Q limf(u)=1L
u—b
© g(x) # b when x # a or f(b) = L.
Then
lim f o g(x) = L.

X—a
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Continuity of functions

Theorem (Squeeze theorem)

Let f(x), g(x), h(x) be real valued functions. Suppose
Q f(x) < g(x) < h(x) for any x # a on a neighborhood of a, and
® im () = iy ) = L

Then the limit of g(x) at x = a exists and

lim g(x) = L.

X—a

Suppose f(x) is bounded and lim g(x) = 0. Then
X—ra

lim f(x)g(x) = 0.

X—a
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Limits and Continuity

X
—1
0 limE—-—1

x—0 X

x—0 X
. sinx
Q@ Iim =1
x—0 X
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Limits and Continuity

For any —1 < x < 1 with x # 0, we have
ol X +—2+X—3+X—4+
x 21 T 3l
X2 X2 X2 X X2
< = ph — zZ Z
< 142 +( e n R ) 1+5+5
e —1 x> X
= 1+—+—+—+
X 3!
2 2 2 2
X X X X X X
> 1425~ XX 142X
> 1+ ( +5tt ) +5- 3
dli (1+5+X—2)—r (1+5—’L2)—1 Mool et =i, &
N Ty T/ T M\ Ty T )T et e T T
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x—0 X
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Limits and Continuity

Proof. lim M =
x—0 X
Let y = In(1 + x). Then
e = 1+x
X e -1
and x — 0 as y — 0. We have
fm MYy
x—0 X y—0ey —1
=1
D/

Note that the first part implies lim (¥ —1) = 0.
y—0
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Limits and Continuity

o 2 4 6 8
sin x 1 (XY _(2_XY_. <y
x 31 sl 71 ol
. 2 4 6 8 10 2
sin x X X X X X X
. _Z Z 2 > 1 - =
x 6 (5! 7!>+<9! 11!>+ =776

2
and lim 1 = lim(1 — X—) = 1. Therefore
x—0 x—0 6

[
-
!
|
_|_

. sinx
lim
x—0 X

=1.
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Limits and Continuity

y=1

. . sinx
Figure: lim =1
x—=0 X
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Limits and Continuity

Let k be a positive integer.
k
.X

Q@ Iim —=0
x—+o00 eX

: In x)k

o lim (nX)°

X—>+00 X

=0
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@ Forany x>0,

B & skt
X
=1 L AN
e +X+2!+3!+ >(k+1)!
and thus p
k +1)!
eX X
k+1)!
Moreover lim u = 0. Therefore
X—00 X
k
lim *~ =o.

x—+4o0 eX

@ Let x=¢€’. Then x — +00 as y — +oo and Inx = y. We have

i In x)k . k
lim ! lim S 0.
X—+00 X y—+oo ey

O
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Limits and Continuity

e x? — 16 _ (x —4)(x + 4)(vVx +2)
" xoh /X =2 oo (VX =2)(Vx+2)
_ (x —4)(x + 4)(v/x + 2)
T x—4 x—4
= lim(x+4)(Vx+2) =32
x—4
. 3e2X 4 X — x4 . 34 e X — xhe— 3
2. lm —— = lim = o
x—>+o0 4e2X — KeX | 2x4 x—+00 4 — Be—X 4 2x4e—2x 4
3 i In(2e* + x3) i 4x + In(2 + x3e=%)
. lim ——————% = im
x—+oo [n(3e2x + 4x5) x—+00 2x + In(3 + 4x5e—2X)
4+ In(2+x3e=*%)
= Am In(3+4))<<59*2") s
24 nBtece )
. . (x + VX2 —2x)(x — V/xZ — 2x)
Vx2 — =
4 Mim_ (x4 v = 2x) (dim x — VxZ —2x
2x
= lim —mmM—
X——00 x — \/2@
= lim —m—=1
X—>—00 1 + 1 _ 2
X

MATH1010 University Mathematics



Exponential, logarithmic and trigonometric functions
Limits of functions
Continuity of functions

Limits and Continuity

sin 6x — sin x Gsinbx _sinx  g_1
5 lim ————— = lim =X X =5
x—0 sin 4x — sin 3x x—0 4sindx _ 3sin3x 43
4x 3x
6. lim 1 — cosx —  lim (1 fsﬁ]oxsx)(l + cos x)
x—0 xtanx x=0  xZX(1 4 cos x)
i (1 — cos? x) cos x
= lim-———F-——
x—0 x sin x(1 + cos x)
. (sinx) cos x 1
= lim —_— ==
x—=0 | x 1+4+cosx 2
. X —1 L2 e -1 3x 2
7. lim —— - lm=z.——-._ = _Z=
x=0 In(1 + 3x) x—03 2x In(14+3x) 3
. xIn(1+sinx) . x(1+\/cosx)(l+cosx)|n(1+sinx)
8. lm —— =
x—=0 1 — y/cosx XHO 1 — cos? x
In(1 i
= lim _X . w(l + v/cos x)(1 + cos x)
x—0 sin X sin x
= 4
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Continuity of functions

Definition (Continuity)

Let f(x) be a real valued function. We say that f(x) is continuous at
x=aif
lim f(x) = f(a).

X—a

In other words, f(x) is continuous at x = a if for any € > 0, there exists
6 > 0 such that

if [x — a| <4, then |f(x) — f(a)] <e.

We say that f(x) is continuous on an interval in R if f(x) is continuous
at every point on the interval.
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Limits and Continuity

Let f(u) and u = g(x) be functions. Suppose f(u) is continuous
and the limit of g(x) at x = a exists. Then

lim £(g(x)) = £ (lim g(x)) -

X—a
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Limits and Continuity

@ For any non-negative integer n, f(x) = x" is continuous on R.
@ The functions €*, cos x, sin x are continuous on R.

© The logarithmic function In x is continuous on R™T.
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Continuity of functions

Proof.

We prove the continuity of x” and e*.
(Continuity of x")

limx=a= limx" =a".
X—a X—a

Thus x" is continuous at x = a for any real number a.
(Continuity of )

limeX = lime*th
x—a h—0

= lim %"
h—0

= ea

Thus e~ is continuous at x = a for any real number a. O
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Theorem

Suppose f(x), g(x) are continuous functions and c is a real
number. Then the following functions are continuous.

Q f(x) +g(x)
Q cf(x)

0 f(x)g(x)
o f(x)
(5]

at the points where g(x) # 0.
g(x)

fog(x)
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A function f(x) is continuous at x = a if

lim f(x) = lim f(x)=f(a).

x—at X—a—

The theorem is usually used to check whether a piecewise defined
function is continuous.
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Given that the function

Limits and Continuity

2x—1 ifx<?2
f(x)=14a if x=2
XX+b ifx>2

is continuous at x = 2. Find the value of a and b.

Note that
lim f(x) = lim (2x—1)=3
xX—2~ x—2~
lim f(x) = lim (x° =4
AR = e ab)=e b
f2) = a

Since f(x) is continuous at x = 2, we have 3 = 4 + b = a which implies a = 3
and b= —1.
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Limits and Continuity

Definition (Intervals)

Let a < b be real numbers. We define the intervals
(a,b) = {xeR:a<x<b}
[a,b] = {xeR:a<x<b}
(a,b] = {xeR:a<x<b}
[a,b) = {x€eR:a<x<b}

(a,+00) = {xeR:a<x}

[a,+0) = {xeR:a<x}

(=o0,b) = {xeR:x< b}

(—o0,b] = {xeR:x<b}

(—o0,+¢) = R
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Continuity of functions

Definition (Open, closed and bounded sets)
Let D C R be a subset of R.

@ We say that D is open if for any x € D, there exits € > 0
such that (x —e,x+¢€) C D.

@ We say that D is closed if for any sequence x, € D of
numbers in D which converges to x € R, we have x € D.

© We say that D is bounded if there exists real number M such
that for any x € D, we have |x| < M.

Note that a subset D C R is open if and only if its complement
D¢ ={xeR:x ¢&D} inRis closed.
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Let a < b be real numbers.

Subset open | closed | bounded

0 Yes Yes Yes

(a, b) Yes No Yes

[a, b] No Yes Yes

(a, b],[a, b) No No Yes

(a,4+00),(—o0,b) | Yes No No

[a, +00),(—00, b] No Yes No

(—00, +0) Yes Yes No

(—o0,a)U[b,+0) | No No No
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Theorem (Intermediate value theorem)

Suppose f(x) is a function which is continuous on a closed and
bounded interval [a, b]. Then for any real number n between f(a)
and f(b), there exists £ € (a, b) such that f(§) = .

Theorem (Extreme value theorem)

Suppose f(x) is a function which is continuous on a closed and
bounded interval [a, b]. Then there exists o, 3 € [a, b] such that
for any x € [a, b], we have

f(a) < f(x) < £(B).
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