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Black-Scholes Model
Black-Scholes Formula

Assumptions of Black-Scholes model
(1) Stock price (S;)o<i<r follows the Black-Scholes model:

Sy = Spexp ((u—0?/2)t +0By),
or equivalently,
dSt = ‘U,Stdt + O'StdBt.

(2) Risk-free interest rate r is constant.

Short selling is allowed.

No transaction fees.

All securities are perfectly divisible.

No dividends during the lifetime of the derivatives.

Security trading is continuous.

No arbitrage opportunities.
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Black-Scholes Model
Stochastic Integral: motivation

Dynamic trading: let ¢; := kAt, risky asset price (S, )x>0, interest rate
r>0.

Discrete time dynamic trading between ¢; and tj1:
Htk+1 = ¢tk5tk+1 + (Htk - ¢tk Stk)erAt
_ Htk erAt + ¢tk (Stk+1 _ StkerAt)
~ Htk + (Htk - ¢tk Stk)rAt + ¢tk (Stk+1 - Stk)
Then

n—1

n—1
Oy, =T+ Y (I, — ¢4, Se,)rAL+ > br, (Shy, — i)
k=0 k=0

The continuous time limit:

T T
HT = HO + / (Ht - ¢tst)7'dt + / Ode[
JO J0
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Dynamic trading strategy

We say a portfolio is self-financing if
dil; = (I; — ¢ S)rdt + ¢y dSy,
where II; denotes the total wealth of the portfolio, ¢; denotes the

number of the stocks in the portfolio, II; — ¢;S; denotes the wealth
invested in the risk-free asset.
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Option pricing by replication

Let us consider the European call option with payoff (S — K), if there
is a self-financing portfolio IT such that

Iy = (57— K)4,
then the option price at time ¢ is given by

I1;.

Option price at initial time 0 is IIj.
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Black-Scholes Model
Black-Scholes Formula

Remember that
Sy = Soexp ((u—0°/2)t+0By), (or equivalently dS; = puS; dt+0S; dBy).

Let u: [0,7] x R — R be a smooth function, then by 1t6's lemma,
Y: = u(t, S;) satisfies

dY; = du(t,S) = du(t, So exp ((u — 0%/t + aBt))

1
(atu(t, $1) + uSidault, ) + So2SFO%u(t, st)) dt
+ 85U(t, St)O'St dBt
1
(Brult. 1) + So2S20%u(t, S1)) dt + D.u(t, ) dS,
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Black-Scholes Formula: Delta hedging

Let w: [0,7] x R — R satisfy
1
Opu(t,s) + rsosu(t,s) + 502528§Su(t,5) — ru(t,s) = 0,

and u(T,s) = (s — K)4.

Then with dynamic trading strategy ¢ = Jdsu(t, St), and initial wealth
Iy = u(0,Sy), one has

Ht = U(t,St),
since
dHt = ¢t dSt —+ (Ht—ngtSt)rdt
1
= Qult,5)dS, + (Bu(t, S,) + So?SPRu(t,5,)) dt

= du(t, St)
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Black-Scholes Formula: Delta hedging

Since u(T,s) = (s — K)4, one has
HT = U(T,ST) = (ST—K)+,

i.e. the perfect replication of the payoff of the call option.
(1) Solve the Black-Scholes PDE

1
Opu(t,s) + rsdsu(t,s) + 50'28283811(25,8) — ru(t,s) = 0,

with terminal condition u(T,s) = (s — K)4.
(2) Construct a perfect replication portfolio II, i.e. with initial wealth
Iy = u(0, Sp) and dynamic trading strategy ¢¢ = OJsu(t, S¢), one has

HT - (ST _ K)+
(3) The call option price is given by
HO == U(O, So)
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Black-Scholes Model
Black-Scholes Formula

The price of a vanilla European call option C is the solution of PDE

ot 052

e 4 10252 8:0p +TS% —rc=0,
Ce(T,S)=(S—-K)™ .
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Black-Scholes Model
Black-Scholes Formula

The price of a vanilla European option with payoff g(St) is the solution
of PDE

%7; + %0252% JrTS% —ru=0,
u(T, s) = g(s).
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Black-Scholes Model
Continuous-Time Risk-Neutral Valuation

In the risk neutral world (under the risk neutral probability Q), the stock
price follows:

dS, = rS,dt + 05, dBY,
ST _ S()e(r—%a2)T+oBT7

In(St) ~9 N (ln(So) + (r— %UQ)T, O'QT) .

Proposition 1.1

One has

S

u(0,Sy) = E“[efrTg(ST)].
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Black-Scholes Model
Continuous-Time Risk-Neutral Valuation
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Black-Scholes Model
Continuous-Time Risk-Neutral Valuation
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Black-Scholes Model
Black-Scholes Formula

Theorem 1.3

The the Black-Scholes formula for European call option is

Cg(0,80) = SoN(dy) — Ke "' N(dy),
and the Black-Scholes formula for European put option is

Pg(0,50) = Ke " N(=dz) — SoN(=d1),

Var J—oo
i In(So/K) + (r+ 1o?)T _ In(So/K) + (r — 10T
u oVT C oVT
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Black-Scholes Model
Black-Scholes Formula
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Black-Scholes Model
Black-Scholes Formula
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Black-Scholes Model
Black-Scholes Formula

More generally, one has:

Theorem 1.4

The the Black-Scholes formula for European call option is

Cr(t,S;) = S;N(dy) — Ke " T~ N(dy),
and the Black-Scholes formula for European put option is

Pg(t,S;) = Ke " T N(—dy) — S,N(—dy),

where
g - {5/ K) + (r + 30°)(T —t)
' oVT —t ’
and
e In(S;/K) + (r — 1o?)(T - t)
2 oVT —t '
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Black-Scholes Model

Option Pricing

Monotonicity in the factors:

increasing in | call option price | intuitive reason
S(t) | increases potential payoff increases
K | decreases potential payoff decreases
T —t | increases more “time value”
r | increases present value of fees K decreases
volatility o | increases risk increases

We can justify these conclusions with the Black-Scholes formula.
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Black-Scholes Model
Black-Scholes Formula

The Black-Scholes formula for the vanilla European call option has the
following properties

° % > 0. (Note that A = %.)
aCE
0K
aCE
a(T—1)
ac

o ZE >0

OCE

° < 0.

° > 0.
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Black-Scholes Model

Greek Letters

We define the Greek letters for an option or portfolio Cg as

o Delta: A = 28x.

@ Theta: © = acE'

2°Cp
052

@ Gamma: I' =
acE

@ Rho: p=
@ Vega: V = SCE.
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Black-Scholes Model
Greek Letters

Because the price C'p satisfies

0Cy 1 4.,0°Cy  .9Ck -
W+§O’S 952 +T5875—7‘CE—0,

we derive that 1
O+ §U2SZF +7rSA =1rCg.
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Black-Scholes Model
Carr-Madan formula

Let g € C?, it follows by Taylor's theorem that
9(St) = g(Fo) + 9 (Fo)(Sr — Fo)

Fo o)
+ [ = s+ | ) (Sp )R

In practice, let us choose Fy = Spe™ T, then the price (at time 0) of the
option with payoff g(St) is given by

Fo o)
g(FO)e”TJr/O g”(K)PE(K)dK+/F d"(K)Cg(K)dK.
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Pricing by the martingale approach: discrete time market

Snu2
D fuu
Sou
B
fu
So Sgud
A
f E fud
Sod
C
fa
Sod?
F faa
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Pricing by the martingale approach: discrete time market

The risk-neutral probability

erAt —d

1= "a

Price of the derivative option:

fu = e_rAt(qfuu + (1 - Q)fud) = EQ[e_rAtftQLS’tl = Su]7
fo = e Nqfua+ (1= q)faa) = E¥e 2 f,,]Sy, = Sdl,
fro = e (afu+ (1 —q)fa)

= ¢ NG fuu + 241 = @) fua + (1 = 9)* faa)
EQ [6—27-Atft2 |St0 = So],

It follows that the following discounted process are martingales:

(e_kTAtStk)k:0,1727 (e_krAtftk)kzovLQ.
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Black-Scholes Model
Pricing by the martingale approach: continuous time

Under the risk neutral probability Q, the risky asset:
S; = Sy exp ( r—o?/2)t + O‘Bt>
and the option price are given by
u(t, Sy) = EV [efT(T*t)g(STﬂSt]

It follows that the following discounted process are martingales:

(e—rtSt>te[0,T]7 ( (t St))te (0,17
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Black-Scholes Model
Self-financial strategy

Dynamic trading: let tp = kAt, risky asset price (S, )x>0, interest rate
r > 0. Let us denote S; := e~ "tS, and I, := e~ "*I1;.

Discrete time dynamic trading between ¢; and ¢34 1:

f[tk+1 — e—’l‘tk+1Htk+l — Tt (¢tk5tk+1 + (Htk _ ¢tk5tk)€TAt)
~ ﬁtk + b1, (gtk.u - §tk)
Then -
ﬁtn =10 + Z b1y, (§tk+1 - gtk.)-
k=0

The continuous time limit:

T
Iy = IIp + P+ dSy
Jo
T

— Tp=eT (HO + / (z)td's}).
0
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Self-financial strategy: martingale property

Then the portfolio is self-financing if

IT;

t t
Ho-l-/ (H9—¢959)Td9 + /¢9d59
0 0

~ t ~

— II; = H0—|—/ Pg dSy.
0
Recall that B B
dSy = 0SpdBY,
then
Sy = So+/ USgdB;Q, II; = H0+/ ¢9059d3?,
0 0

are both martingales under Q.
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Pricing by the martingale approach

Theorem 1.5 (FTAP(Fundamental Theorem of Asset Pricing))

Assume that there exists a probability measure Q equivalent to P, such
that the discounted values of all the financial assets are martingales
under Q. Then there is no arbitrage opportunity on the market.
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