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1. (3 points) Show that
r 1
l+z 2
(b) lim 2 + 3z = 4;
z—1

(a) lim
z—1

(¢) lim vz sin(z™') = 0.

z—0t

Solution:

(a) Let f(z) = {77 For any € > 0, we choose 0 = min {¢, 1}. Then for [z — 1| < 4,
we have that

)5 -

r—1
2+ 2x

<l|lr—-1| <e

Therefore, lim,_,; f(z) = 3.

(b) Let f(z) = x* + 3z. For any € > 0, we choose 6 = min{&,1}. Then for
|z — 1| < d, we have that

|flz) —4|=|2*+3z—4| =z — 1]z + 4] <6lz— 1] <e.
Therefore, lim,_,; f(z) = 4.

(c) Let f(z) = /asin(z™!). For any ¢ > 0, we choose § = €2. Then for |z — 0] < 4,
we have that

|f(z) = 0] = |Vasin(z™")| = || [sin(z™")| < [Vz| <e.
Therefore, lim, ,o+ f(z) = 0.




2. (2 points) Show that the following limit does not exists.
. . _9 .
(a) glﬁgn%(x 1), x> 0;

(b) xl_l)gl_loo sin x;

Solution:

(a) Let f(z) = (r—1)"?and a,, = 1+n~'. Then f(a,) = n®. For any M € R, by the
Archimedean property, there exists an n € N such that f(a,) = n?> > n > M.
Hence f(a,) is an unbounded and divergent sequence. Since lim,, ,o, a, = 1, we
have that lim,_,;(z — 1)™2 does not exist.

(b) Let f(x) = sin(z), a, = 2n7 and b, = 2n7 + 7. Note that for all n € N,
f(an) =sin(2nm) =0

and .
f(b,) = sin(2n7 + 5) =1

Then lim,, , f(a,) =0 # 1 = lim,_, f(b,). Since both a,, and b,, go to +00 as
n — oo, we have that lim,_, . sinz does not exist.




3. (2 points) Define
flx) =

Show that f has limit at * = 0 and does not have a limit at ¢ € R for all ¢ # 0.

{x, if ze€Q;

0, otherwise.

Solution: Since 0 € Q, we have that f(0) = 0. To show f is continuous at 0, it
suffices to show that lim, o f(x) = 0. Note that f satisfies that |f(x)| < |z| for any
x € R. Let € > 0. We choose 6 = ¢. Then for |z — 0] < §, we have that

1f(z) = 0| = |f(z)] < |z]| <

Therefore, lim, o f(z) = 0.

For ¢ # 0, by density of Q and R—Q, we can find two sequences a,, and b,, converging
to ¢ € R such that for all n € N, a,, € Q and b, € Q. Then for all n € N,

flan) = a,

and
f(bn) = 0.
It follows that
lim f(a,) =c#0= lim f(b,).
n—oo n—oo

Therefore, f does not have a limit at c.
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4. (3 points) Let f: R — R be a function such that f(z+y) = f(z)+ f(y) for all z,y € R.
If f has a limit L at z = 0.

(a) Show that L = 0;
(b) Show that f has a limit at every ¢ € R.

Solution:
(a) For all x € R, we have that
F(20) = f(o+2) = 2f ().
Since lim, o f(z) = L, we have that
L =lim f(x) = lim f(2x) = lim 2f(x) = 2L.
z—0 z—0 z—0

It follows that L = 0.

(b) Since lim,_,o f(x) = 0, we have that for any ¢ € R,

lim £() = lim f(c+h) = ln(f(c) + F(h) = f(c) + lim f(h) = £(c)

Tr—C

Hence, f has a limit at every ¢ € R.




