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. (2 points) Let x, = v/n+ 1—y/nfor all n € N. Show that z,, and /nx,, both converges.

Solution: For all n € N, we have that

1 1
Oan:\/n+1—ﬂ:ﬁ+m§2\/ﬁ.

By squeeze theorem, to prove lim,,_,., x,, = 0, it suffices to show that lim,, \/lﬁ =0.

For any € > 0, by the Archimedean property, we can find N € N such that N > ¢ 2.

Then for n > N,
1

\/n
Hence x,, converges and lim,, .o, z,, = 0.

As fory/nx,, note that
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we have that
. ovn+1
lim = 1.
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Therefore,
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2. (3 points) (a) Suppose z, is a sequence of positive number such that

(b)

T
oo,

lim
n——+oo Tn

Show that x,, is an unbounded sequence.

Suppose x,, is a sequence of positive number such that

1/n
n

lim z,/" < 1.

n—-+o0o

Show that x,, is convergent. If the limit is 1, what can we conclude? Justify your
answer.

(a)

Solution:

Tn41

> 1, then lim, , yo =2 > r for some r > 1. It follows that

there exists N € N such that 2L >  for n > N.

n

Suppose that z, is a bounded sequence. Then there exists some M € R such
that |z,| < M for all n € N. Let t = log, % By the Archimedean property, we
can find K € N such that K > t. Then

. . Tpt1
Since lim,, ;o =2

T

NtE-1
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Tyig = TN H ;’ > ant® > oyt > oy— = M.
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Contradiction arises. Therefore x,, must be unbounded.

Since lim,, o zi/m < 1, then lim,, . o 2" < s for some s < 1. It follows that

there exists Ny € N such that :17711/” < s for n > Ny. Hence 0 < z,, < s™ for
n > Ny. Since s < 1, we have that lim,,_,,, s = 0. By squeeze theorem, we have
that lim,, . z, = 0.

If the limit is 1, we cannot draw any conclusion. Let a, =1 and b, = (1+ 7)".
We have that
lim aY" = lim b/" =1.
n—+400 n—+oo

But a,, is convergent while b, > 1 +\/”—ﬁ =1+4+y/n — 00 as n — oo.
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3. (3 points) (a) Let 21 =1 and z,1 =z, + i for all n € N. Determine whether {z,}

(b)

is convergent or not.

Let 1 = 1 and z,,+1 = /2z, for all n € N, show that {x,} is convergent.

(a)

Solution:

We first prove by induction that x,, > 1 for all n € N.
Whenn=12,=1>1.

Suppose x; > 1 for some k € N. Then xp,1 = 1 + i > 1. Hence z,, > 1 for all
n € N.

Suppose {z,} is convegent. Then lim,, ,,, x, = L > 1. By taking limits on both
sides of the equation z,, 1 =z, + mi, since L > 0, we have that L = L + % > L.
Contradiction arises. Therefore {x,} is not convegent.

We prove by induction that z,, <2 and z,,, > x, for all n € N.

Whennzl,xl:1<Zandx2:\/§>x1.

Suppose 7 < 2 and x;,, > x; for some k € N. Then z;,1 = /22, < 2 and
Tpypg = V2Tk41 > /20, = 7341 Hence x, <2 and x,, > x, for all n € N.

Therefore {z,} is monotone increasing and bounded from above. It follows that
{x,} is convergent.
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4. (2 points) If every subsequence of {x,} has a sub-subsequence converging to 0, show
that z,, — 0.

Solution: We prove the contrapositive of the statement. Suppose that {z,} does
not converge to 0. Then there exists some ¢y > 0 such that for every n € N, we can
find N,, > n such that |xy,| > €. Note that {zy, : n € N} is a subsequence of {z,}
satisfying that |z, | > € for all n € N. Therefore no subsequence of {zy, : n € N}
converges to 0.

In conclusion, if every subsequence of {x,} has a sub-subsequence converging to 0,
then x,, — 0.




