In Problems 1 through 4, find dw /dt both by using the chain rule
?.n d by expressing w explicitly as a Jfunction of t before differen-
iating,

Lw=exp(—x* -y, x=¢ y=f
1

v uU=cos2t, v=si
u? + p2 sin 2t

3. w=sinxyz; x=t y=1 z=p3
Jw=ln(u+v+z); u=cos’t, v=sin’t, z =1

In Problems 5 through 8, find dw/ds and dw/oat.

S. w=ln(x2+y2+22); X=S—t.y=s+t,z=2\/s-t_
6. w=pqsinr; P=2S+1,q=s-—l,r=st

Tow = Vul 717,

= 4¢'
\S/zw =YZ+zx +xy;

In Problems 9 through 12, find dr/dx, or/dy, and dr/dz.

—_ plt 3
9. r=e U+w’

2. w =

u = 3e'sins, v = 3e'coss,

x=5'—1 y=s14+1, =542

u=yz,v=xz,w=xy
0. r=uvw—w? -2 —w?, yu=y4z v=1x+g
w=x++y
1. r =sin(p/q):  p=xy’3, q=Vx ¥y ¥32
r=2434 % poer gmen smem
q s P

In Problems 13 through 18, write chain rule Sformulas giving the

partial derivative of the dependent variable p with respect to
each independent variable.

13. p= f(x,y)

14’ P=f(x‘)’-z)2
15. p = f(u,v,w);

w(x, y,2)
d p= f(v,w);

x =x(u,v,w), y=yu,v, w)
x=x(u,v), y=yWu,v), z=2z(u,v)
u = ulx,y,2), v=uvxy2, w=

v=v(x,y,2,1), w=wx,y,z1!)

17. p= f(w); w=w(x,y,z,u,v)
18. p= f(x,y,u,v); x =x(s,1), y = y(s,t), u =u(s1),
v =uv(s,1t)

In Problems 19 through 24, find 3z/3x and 3z/dy as functions
of x, y, and z, assuming that z = f(x,y) satisfies the given
equation.

19. x23 4+ y¥3 4227 =1

20. X} +y + 72 =xyz

21. xe® + ye¥* + ze” =

22. x> +xy*+yz=>5

2 2 2
Z
c

st
xyz=sin(x +y+2)
n Problems 25 through 28, use the method of Example 6 to find

dw/dx and dw/dy as functions of x and y.
13.' w=w+P+x2+y, u=x-y, v=x+y

6. w= Juvxy; U=JXx—Yy, V=X+Y

2w =xyln@+v); u=@x>+y)", v=(x3+y*)"2
X Y
. W= UV — XY, u=-x—2'_-+_—)7»v—x2+y2

[

32, write an equation for s,
In Problems 29 through 32, _ : € plan
g:lznt at the point P to the surface with the given ¢ quation e

29, x4y +22=9 P(1.2,2)

30. x242y2+22 =14 P21, =2)
wx3+y3+z3=5xyz‘ P(2s lvl)
e+ (x + )2+ +y =13 PQ2,2,1)

33. The sun is melting 2 rectangular blqck of ice. Whep ,
block’s height is 1 ft and ttTe edge of 1ts square bage is 2
its height is decreasing at 2in/h a;md its base edge is decreg,
ing at 3 in./h. What is the block’s rate of change of Volup
V at that instant?

34. A rectangular box has a square base. Fxpd the Tate at whig
its volume and surface area are chmglng .1f its base g
is increasing at 2 cm/min and its .helghf is decreasing a
3 cm/min at the instant when each dimension s 1 Meter

35. Falling sand forms a conical sandpi}e. ’When the sap il
has a height of 5 ft and its base radius is 2 ft, its heigh i
increasing at 0.4 ft/min and its base radius is increasing 5
0.7 f/min. At what rate is the volume of the sandpile j,.
creasing at that moment?

¢

36. A rectangular block has dimensions x = 3 m, y = ) m,
and z = 1 m. If x and y are increasing at 1 cm/min gy9
2 cm/min, respectively, while z is decreasing at 2 cm/min,
are the block’s volume and total surface area increasing or
decreasing? At what rates?

37. The volume V (in cubic centimeters) and pressure p (in at-
mospheres) of n moles of an ideal gas satisfy the equation
pV =nRT, where T is its temperature (in degrees Kelvin)
and R = 82.06. Suppose that a sample of the gas has a
volume of 10 L when the pressure is 2 atm and the tem-
perature is 300°K. If the pressure is increasing at 1 atm/min
and the temperature is increasing at 10°K/min, is the vol-

ume of the gas sample increasing or decreasing? At what
rate?

38. The aggregate resistance R of three variable resistances

R1, Ry, and"R; connected in parallel satisfies the harmonic
equation

1

1 1 " 1
R R, "R, Ry
Suppose that R, and R are 100 Q and are increasing a

1 Sfs, while R3 is 200 Q and is decreasing at 2 Q/s. Is R
Increasing or decreasing at that instant? At what rate?

39. Suppose that x = h(y, z) satisfies the equation F(x, y,2) =
0 and that F, 3 0. Show that

3x _ 3F/dy
dy  aF/ox

40./Suppose that w = f(x,9),x = rcosf, and y = rsinf.
Show that

(aw)2 (aw 2 eV 3w)2

dx dy ( or ) r2 \ 96

41. Suppose that w = f(u) and that u = x + y. Show ™
dw/dx = dw/ay.



42. Suppose that w = f(u) and that ¥ = x — S
dw/dx = —0w/dy and that y. Show that

Fw 2w 92w
dx2 T 9y _‘3x6y'

43. Suppose that w = f(x, y) where x = u -
Show that VRN e g,

— — — e

44. Assume thatw = f(x, y) where x = 2u + ——
Show that vandy mu v,

8_2_'_”_4. __azw Fw  Pw 2w

R N T T P e

45/ Suppose that w = f(x,y), x = rcosf, and y = rsi
\jéhow that Y= rend

9w 9w _ Nw

dw 1 3w
=~ + =
axz oy or

1
Far tre

[Suggestion: First find 3°w/36? by the method of Exam-
le 7. Then combine the result with Eqgs. (7) and (8).]

Suppose that
v=1r(-5)

and that r = \/x? + y% + z2. Show that
3w + P?w w1 92w
ax2 | ayr @ 972 a? arr’

47. Suppose that w = f(r) and that r = \/x? + y? 4 z%. Show
that ‘

w w  Pw dw  2dw
ax? + ay? | 8z dr? rdr’

48. Suppose that w = f(u) + g(v), thatu = x — at, and that
v = x + at. Show that

82 w 2 a2w
— 0 .
ar? ax?

49. Assume that w = f(u,v) whereu =x+Yy andv=x-—Y.

Show that
dw dw 8w)2__ (a_w_)z
ax,0y  \du dv
50. Given: w = f(x,y), x = €' coSV, and y = " sinv. Show

that
2 2
(Y, (Y (8_12)%_6;_)}
ax ay au v

\5// Assume that w = f(x, ¥) and that there is a constant a such
that

x =ucosa —vsina and y = usina +vcosa.

Show that

2 2 2
dwy | awzz(aw)+(%ﬂ)_
ou dv ax y

52. Suppose that w = f(u), where
X2 — y?
Show that xw, + yw, = 0.

Suppose that the equation F(x,y,2) = 0 defines implicitly the
three functions z = f(x,y), y = g(x,2), and x = h(y, 2). 'TO
keep track of the various partial derivatives, we use the notation

u

(ﬁi) = (ﬂi) = (20a)

ox y ax ay x dy

(?_X) _ s (?Z) _d% (20b)
ax /), ox 9z ), 0z

("’_") ok (a_") oy DA (200)
ay ), 9y az /), 9z

In short, the general symbol (3w/du), denotes the derivative of
w with respect to u, where w is regarded as a function of the
independent variables u and v.

Sé/ﬁsing the notation in the equations in (20), show that

GGG =

[Suggestion: Find the three partial derivatives on the right-
hand side in terms of Fy, F, and F..]

54/ Verify the result of Problem 53 for the equation
Fx,y,0)=x*+y*+22-1=0.

55. Verify the result of Problem 53 (with p, V, and T in place
of x, y, and z) for the equation

F(p,V,T)=pV —nRT =0
(n and R are constants), which expresses the ideal gas law.

56. Consider a given quantity of liquid whose pressure p, vol-
ume V, and temperature T satisfy a given “state equation”
of the form F(p, V,T) = 0. The thermal expansivity o
and isothermal compressivity 8 of the liquid are defined by

a4 = —— ﬂ:————

Vap’

Apply Theorem 3 first to calculate 8V /3p and 9V /3T, and
then to calculate dp/9V and dp/3dT. Deduce from the re-
sults that 3p/38T = a/B.

57. The thermal expansivity and isothermal compressivity of lig-
uid mercury are @ = 1.8 x 107* and 8 = 3.9 x 1075, re-
spectively, in L-atm-°C units. Suppose that a thermometer
bulb is exactly filled with mercury at S0°C. If the bulb can
withstand an internal pressure of no more than 200 atm, can
it be heated to 55°C without breaking? Suggestion: Apply
the result of Problem 56 to calculate the increase in pressure
with each increase of one degree in temperature.

58. Suppose that the transformation 7 : R> =~ — R3 s de-
. uvw Xy2
fined by the functions x = x(u,v,w), y = y(u, v, w),
z = z(u, v, w). Then its derivative matrix is defined by

'xll xu xw
T'w,v,w)=|% Yo Yu
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Calculate the derivative matrix of the linear transformation
defined by x = aju + biv + 1w, y = au + byv + c,w,
z = azu + byv + c w.



