MATH 2010A /B Advanced Calculus I
(2014-2015, First Term)
Homework 5
Suggested Solution

fle.y) = T
£, = (z—y)A) - D)(z+y) —2y
’ (z —y)? (x — y)?
I, = (z—y)A)—(D+y) 2z
Y (z —y)? (z —y)?
f(x,y) 1,2:33_/3/2
g, = @)~ (@y)(22) _ uy* ~2%)
‘ (22 + y?)? (22 +y2)?’
; (z* + %) (x) — (zy)(2y) _ x(2® —¢?).
Y (.’E2 + y2)2 (.ZU2 + y2)2 ’
f(z,y) = 22e¥In 2; )
fr=2xe%Ilnz; f, =x%eYInz; f, = :czey;

2

- flu,v) = (2u? + 302)e w0
fu = due """ 4 (202 + 302)e "V (—2u) = 2u(2 — 2u® — 3v2)e v Y7,
fo = 6ve V" 4 (202 + 3v2)e ¥ V! (—20) = 20(3 — 2u? — 3v2)e W Y7,
. flu,v) = €"Y(cosuv + sinuw)
fu = ve'(cos uv + sinuv) + e“Y(—vsinuv + v cos uv) = 2ve™’ cos uv;
fo = ue"(cosuv + sinuv) + e*’(—usinuv + u cosuv) = 2ue"’ cos uv;

)

. fu,v,w) = ue + ve® 4+ we;
fu= e et
fo = ue” + e

w = ve’ +e%;

. z=e 3T cosy;
Zp = —3e 3% cosy = Zpy = 3e 3% siny;
2y = —e 3 siny = Zyy = 3e 3% sin y;
Rry = Ryx

Cz=e Y P =(0,0,1)

Zy = —er_“:j_yz; At P, z, = 0;

Zy = —2ye " TV At P, 2, =0

Therefore, equation of the tangent plane is

z2—1=0)(z-0)+0)(y—0)=>z2=1

cz=x?+y% P=(3,-4,5)
2o = 2(22 +y2) 72 At P, 2y = 3((3)2 + (—4)2)~
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v = y(22 +y2) 2 At P, 2, = —4((3)% + (—4)2) "2 =
Therefore, equation of the tangent plane is

z—5= (§)(:v—3)+(—%)(y— (—4)) = 3z +4y+52=0

5 5
2 .

u=u(z,t) = e ™ *sinn;
ou 20 .
i —n?ke "kt sin na;
ou 2 0%u 20 .
9 ne """ cosnx = o —n2e " F sin na;

T T
Therefore,

ou kﬁzu
ot 0%x
2 2 .

u(z,y,t) = e [Tkt gin ma cos ny;
8’LL 2,2 .
5= —(m? 4+ n?) ke~ " Tk gin i cos ny;
ou 2, 9 0%u 2,2
e me M +17IkE cogma cos ny = o —m2elm +n7lkt

T x
ou 2,2 . . 9*u 24 n2
9= —ne~ M 77Tkt gin g sinny = 92y = —n2e~m+n7]kt

Yy Yy
Therefore,

ou_, (P, P
ot \9%2x 0%

z = In(cosx) — In(cos y);

)

COSMx COS NY;

sin max cos ny;

ze = —tanw; zy = tany; zz, = — sec? T5 Zyy = sec? Y; Zay = 05

Then,

1+ zi)zm — 22p2yZzy + (1 + zfc)zyy

2

sec? y)(—sec? ) + (sec?

) sec? y

0 ifx=y=0

(a) Forz =y =0,

(
= (1 +tan?y)(—sec’z) — (In(cosz) — In(cos y))(— tanz)(tany)(0) 4+ (1 + (— tanz)?) sec? y
(

unless z =y =10



f: = lim

Similarly,

fy = lim

From question 6, we then have

y(y* —a?)
fa(z,y) = (% +9?)?
0 ifr=y=0

unless t =y =0

And
x(z® —y?)
fy(z,y) = ¢ (22 +y?)?
0 ifr=y=0

unless t =y =0

Therefore, f, and f, are defined everywhere and are continuous except at the origin.

(b) Consider along the straight line y = 2z,

_ 22(42% —2%) . 623 6 . .
lim f,=Ilm ———--"=1lim —— = lim —— = limit does not exsit
(2,5)—(0,0) =0 (22 + 422)? z—0 254 250 25z
And
2 _ 4 2 -3 3 3
lim  f, = lim u — lim —% — lim — —— — limit does not exsit
(2,y)—(0,0) =0 (22 +422)2 -0 25zt -0 25w

(c¢) For z and y not both zero,

(22 + yH)A(—2zy) — y(y? — 22)(2)(2? + y?)(22)
(1.2 +y2)4
(22 + y?)(—2zy) — day(y® — z?)
($2 + y2)3
—2zy(—2” + 3y%)
(5[72 + y2)3

fzx =




Similarly,

(22 4+ y*)* (—2xy) — x(2® — y*)(2)(2* + y*) (2y)

foy = (22 + y2)4
(@ 4y (—2ay) — day(a? — y?)
- (1'2 +y2)3
_ —2xy(3x2 — y2)
(.%'2 _|_y2)3
And
foo— (22 +y)*(3y* — 2?) — y(y® — 2%)(2)(«® + *)(2y)
Yy (1.2 + y2)4
_ @ +y)By? —2?) — 4Py —2?)
(.’E2 _|_y2)3
_ —.%'4 + 6.%'21/2 _ y4
(IE2 _|_y2)3
I (22 +y*)?(32® — ) — x(2® — y») (2) (2 + y*) (2z)
yr = (22 + 2)°
(@ +yH)(Ba? — y?) — 4% (a? — o)
- (22 + 42)3
_ —xt + 6:1;2y2 — y4
(x2 +y2)3

Therefore, the second-order partial derivatives of f are all defined and continuous
except possible at the origin.

(d) Forz =y =0,

(0)(0* —h%)
foo = lim F2BO =500y (EHOCP
RS0 h h—0 h
0)(0* —n?)
_ 1 fy(O,h)—fy(0,0) 1 (02+h2)2 _
Sy = Jimy I = hm I =0
Therefore, f,, and fy, exist at the origin.
(W2 -0)
—1; fz(07h) _fm(0>0) N (02+h2)2 . 1 — 1imi 3 31
foy = ,111_% . = }1113%) . = }lllgg) 72 = limit does not exsit
And
(h)(h? - 0?%)
. fy(h,0) = £,(0,0) (h? +02)2 T .
Jye = ]%11}% . = }lllir(l] h = ]1113%) 72 = limit does not exsit

Therefore, the mixed partial derivatives f;, and f,, do not exist.
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(a) For x and y not both zero,

Forx =y =0,

And

gle,y) = 2 +y°

2 _ 2
M unless t =y =0

0 ifr=y=0

(22 + y?) 322y — y°) — ay(a? — y?)(22)
(.%'2 +y2)2
(22 + y?)(3z%y — y°) — 222y (a? — y?)
(iUQ +y2)2
zhy + 4z2y® — P
(ZL‘2 +y2)2

(22 4 ) (2® — 3ay?) — xy(2® — y*)(2y)

(22 + y2)2
(2% + %) (2 — 3ay?) — 229%(2® — o)
(22 + 12)?
- 4x3y2 — acy4

(12 + y2)2

g hlg% h
(MO~ %)
= lim h? + 0
h—0 h
= 0
9 = Jim h
Om© -1
= lim 02 + h?
h—0 h
= 0

Therefore, g, and g, are defined everywhere and are continuous except at the origin.



(b) Use polar coordinates x = rsinf and y = rcos#,
lim
(2,y)—(0,0)
. oy 4 4z — P
lim 5 55
(@y)—00)  (z*+y?)
79 sin? 6 cos 6 4 47° sin? 6 cos® § — 1° cos® 6

= lim
r—0 (r2sin? 0 + cos? 6)2

= lim 7(sin® 6 cos @ + 4sin? f cos® @ — cos® 6)
r—0

=0

Since |sin? @ cos § + 4 sin? @ cos? § — cos® 0| is bounded. Similarly,

lim
(@)= (0.0) P

- 4:z:3y2 — :1:y4

(e)s00) (22 +y?)?

rPsin® @ — 47° sin3 0 cos? 6 — r° cos f sin* §

= lim
r—0 (r2sin% 0 + cos? 0)2

= lim 7(sin® 6 — 4sin> @ cos® § — cos O sin? )
r—0

= 0

Since |sin® § — 4sin3 0 cos? § — cos @ sin? 6| is bounded. Therefore, g, and g, are continuous
at (0,0).



(c¢) For z and y not both zero,

(22 + y?)?(4ady + 8ay?) — (a'y + 42%y® — ) (2) (22 + y?) (22)
(1'2 + y2)4
(22 + y?) 423y + 8xy?) — dw(x'y + 4x?y> — o)
(1»2 + y2)3
—4z3y% + 12290
($2 + y2)3
(22 + y?)?(—8ay — day?) — (2° — 4a”y? — 2y?)(2)(2? + y*) (2y)
Jyy = (22 + 42)
(22 + ) (=82%y — dzy?) — dy(z° — da’y? — ay")
(.%'2 + y2)3

Gex =

—122%y + 4a3y3
(22 + 2)3
(2% + ) (2! + 122%% — 5y") — (a'y + 42%y° — °)(2)(2* + %) (2y)
(22 + y2)*
(2% +y*) (" + 12072 — 5y) — dy(a'y + 42y’ — o)
(22 + 42)3
x5 + 9:1:4y2 — 9m2y4 — y6
(22 + 42)3
(2% +y*)% (52" — 120%y% — y*) — (2° — 427y — 2y")(2) (2 + ¢)(22)
(22 + y2)?
(22 + y?)(5xt — 122292 — y*) — 4 (25 — 4a3y? — zy?)
(22 + y2)3
28 + 9Lv4y2 — 91’23/4 — y6
(22 + 42)3

Gzy =

Gyz =

Therefore, the second-order partial derivatives of g are all defined and continuous except
possible at the origin.



(d) Forx =y =0,

Gz

Gyy

Gxy

Gyz

h—0 h
(h1)(0) +4(h*)(0%) - (0°)
= lim (b2 + 0%)°
h—0 h
= 0
—  lim gy(oa h) — gy(07 0)
h—0 h
(0°) = 40 (W) — (O)(h") _
= lim (0°+ h%)° _
h—0 h
= 0
— lim gz(()? h) — gx(ov 0)
h—0 h
(0)(h1) +4(0%)(h%) = (%)
= lim (h2 + 0%)? _
h—0 h
=
= -1
— lim gy(h7 O) — gy<h7 0)
h—0 h
(h%) = 4(h*)(0%) — (W)(0Y)
= lim (h2 + 0%)° _
h—0 h
= W
= 1

Therefore, all four second-order partial derivatives of g exist at the origin but that g, (0, 0) #

Gy (0,0).

(e) Consider along the straight line y = =z,

. ) —43333/3 + 12:cy5 =425 41225 .
lim = lim = lim = lim 8 =8
(25)—(0,0) (@y—00 (22 +y?)? a0 b =0
) . —1225y + 4a3y3 . —1225 4 425 .
lim gy, = lim 5 V) = ——% = 1lm —8=-8
(2,9)—(0,0) (@y)—00 (2% +y?) 20 x 20
Consider along the straight line y = 2,
. . 28 + 9xty? — 922yt — ¢/F o 2%+ 3625 — 14425 — 6425
lim gz = lim 3 3 = lim G
(2,9)—(0,0) (2,9)—(0,0) (@* +9°) 20 x

=—-173



. . 28+ 9:U4y2 — 9x2y4 — yG o 28 4+ 3625 — 14425 — 6446
lim gy, = lim = lim =-173
(2,4)—(0,0) (2,4)—(0,0) (22 +y2)3 z—0 6

Therefore, none of the four second-order partial derivatives of g is continuous at the origin.
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