
MATH 2010A/B Advanced Calculus I
(2014-2015, First Term)

Homework 5
Suggested Solution

5. f(x, y) =
x+ y

x− y
;

fx =
(x− y)(1)− (1)(x+ y)

(x− y)2
=

−2y

(x− y)2
;

fy =
(x− y)(1)− (−1)(x+ y)

(x− y)2
=

2x

(x− y)2

6. f(x, y) =
xy

x2 + y2

fx =
(x2 + y2)(y)− (xy)(2x)

(x2 + y2)2
=

y(y2 − x2)

(x2 + y2)2
;

fy =
(x2 + y2)(x)− (xy)(2y)

(x2 + y2)2
=

x(x2 − y2)

(x2 + y2)2
;

15. f(x, y) = x2ey ln z;

fx = 2xey ln z; fz = x2ey ln z; fz =
x2ey

z
;

16. f(u, v) = (2u2 + 3v2)e−u2−v2 ;
fu = 4ue−u2−v2 + (2u2 + 3v2)e−u2−v2(−2u) = 2u(2− 2u2 − 3v2)e−u2−v2 ;
fv = 6ve−u2−v2 + (2u2 + 3v2)e−u2−v2(−2v) = 2v(3− 2u2 − 3v2)e−u2−v2 ;

18. f(u, v) = euv(cosuv + sinuv);
fu = veuv(cosuv + sinuv) + euv(−v sinuv + v cosuv) = 2veuv cosuv;
fv = ueuv(cosuv + sinuv) + euv(−u sinuv + u cosuv) = 2ueuv cosuv;

19. f(u, v, w) = uev + vew + weu;
fu = ev + weu;
fv = uev + ew;
fw = vew + eu;

27. z = e−3x cos y;
zx = −3e−3x cos y ⇒ zxy = 3e−3x sin y;
zy = −e−3x sin y ⇒ zyz = 3e−3x sin y;
∴ zxy = zyx

38. z = e−x2−y2 ; P = (0, 0, 1)
zx = −2xe−x2−y2 ; At P, zx = 0;
zy = −2ye−x2−y2 ; At P, zy = 0;
Therefore, equation of the tangent plane is

z − 1 = (0)(x− 0) + (0)(y − 0) ⇒ z = 1

40. z =
√

x2 + y2; P = (3,−4, 5)

zx = x(x2 + y2)−
1
2 ; At P, zx = 3((3)2 + (−4)2)−

1
2 =

3

5
;
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zx = y(x2 + y2)−
1
2 ; At P, zx = −4((3)2 + (−4)2)−

1
2 = −4

5
;

Therefore, equation of the tangent plane is

z − 5 = (
3

5
)(x− 3) + (−4

5
)(y − (−4)) ⇒ −3x+ 4y + 5z = 0

55. u = u(x, t) = e−n2kt sinnx;
∂u

∂t
= −n2ke−n2kt sinnx;

∂u

∂x
= ne−n2kt cosnx ⇒ ∂2u

∂2x
= −n2e−n2kt sinnx;

Therefore,
∂u

∂t
= k

∂2u

∂2x

56. u(x, y, t) = e−[m2+n2]kt sinmx cosny;
∂u

∂t
= −(m2 + n2)ke−[m2+n2]kt sinmx cosny;

∂u

∂x
= me−[m2+n2]kt cosmx cosny ⇒ ∂2u

∂2x
= −m2e−[m2+n2]kt cosmx cosny;

∂u

∂y
= −ne−[m2+n2]kt sinmx sinny ⇒ ∂2u

∂2y
= −n2e−[m2+n2]kt sinmx cosny;

Therefore,
∂u

∂t
= k

(
∂2u

∂2x
+

∂2u

∂2y

)
68. z = ln(cosx)− ln(cos y);

zx = − tanx; zy = tan y; zxx = − sec2 x; zyy = sec2 y; zxy = 0;
Then,

(1 + z2y)zxx − zzxzyzxy + (1 + z2x)zyy

= (1 + tan2 y)(− sec2 x)− (ln(cosx)− ln(cos y))(− tanx)(tan y)(0) + (1 + (− tanx)2) sec2 y

= (sec2 y)(− sec2 x) + (sec2 x) sec2 y

= 0

73.

f(x, y) =


xy

x2 + y2
unless x = y = 0

0 if x = y = 0

(a) For x = y = 0,
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fx = lim
h→0

f(h, 0)− f(0, 0)

h

= lim
h→0

(h)(0)

h2 + 02
− 0

h
= 0

Similarly,

fy = lim
h→0

f(0, h)− f(0, 0)

h

= lim
h→0

(0)(h)

02 + h2
− 0

h
= 0

From question 6, we then have

fx(x, y) =


y(y2 − x2)

(x2 + y2)2
unless x = y = 0

0 if x = y = 0

And

fy(x, y) =


x(x2 − y2)

(x2 + y2)2
unless x = y = 0

0 if x = y = 0

Therefore, fx and fy are defined everywhere and are continuous except at the origin.

(b) Consider along the straight line y = 2x,

lim
(x,y)→(0,0)

fx = lim
x→0

2x(4x2 − x2)

(x2 + 4x2)2
= lim

x→0

6x3

25x4
= lim

x→0

6

25x
= limit does not exsit

And

lim
(x,y)→(0,0)

fy = lim
x→0

x(x2 − 4x2)

(x2 + 4x2)2
= lim

x→0

−3x3

25x4
= lim

x→0
− 3

25x
= limit does not exsit

(c) For x and y not both zero,

fxx =
(x2 + y2)2(−2xy)− y(y2 − x2)(2)(x2 + y2)(2x)

(x2 + y2)4

=
(x2 + y2)(−2xy)− 4xy(y2 − x2)

(x2 + y2)3

=
−2xy(−x2 + 3y2)

(x2 + y2)3
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Similarly,

fyy =
(x2 + y2)2(−2xy)− x(x2 − y2)(2)(x2 + y2)(2y)

(x2 + y2)4

=
(x2 + y2)(−2xy)− 4xy(x2 − y2)

(x2 + y2)3

=
−2xy(3x2 − y2)

(x2 + y2)3

And

fxy =
(x2 + y2)2(3y2 − x2)− y(y2 − x2)(2)(x2 + y2)(2y)

(x2 + y2)4

=
(x2 + y2)(3y2 − x2)− 4y2(y2 − x2)

(x2 + y2)3

=
−x4 + 6x2y2 − y4

(x2 + y2)3

fyx =
(x2 + y2)2(3x2 − y2)− x(x2 − y2)(2)(x2 + y2)(2x)

(x2 + y2)4

=
(x2 + y2)(3x2 − y2)− 4x2(x2 − y2)

(x2 + y2)3

=
−x4 + 6x2y2 − y4

(x2 + y2)3

Therefore, the second-order partial derivatives of f are all defined and continuous
except possible at the origin.

(d) For x = y = 0,

fxx = lim
h→0

fx(h, 0)− fx(0, 0)

h
= lim

h→0

(0)(02 − h2)

(h2 + 02)2
− 0

h
= 0

fyy = lim
h→0

fy(0, h)− fy(0, 0)

h
= lim

h→0

(0)(02 − h2)

(02 + h2)2
− 0

h
= 0

Therefore, fxx and fyy exist at the origin.

fxy = lim
h→0

fx(0, h)− fx(0, 0)

h
= lim

h→0

(h)(h2 − 02)

(02 + h2)2
− 0

h
= lim

h→0

1

h2
= limit does not exsit

And

fyx = lim
h→0

fy(h, 0)− fy(0, 0)

h
= lim

h→0

(h)(h2 − 02)

(h2 + 02)2
− 0

h
= lim

h→0

1

h2
= limit does not exsit

Therefore, the mixed partial derivatives fxy and fyx do not exist.
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74.

g(x, y) =


xy(x2 − y2)

x2 + y2
unless x = y = 0

0 if x = y = 0

(a) For x and y not both zero,

gx =
(x2 + y2)(3x2y − y3)− xy(x2 − y2)(2x)

(x2 + y2)2

=
(x2 + y2)(3x2y − y3)− 2x2y(x2 − y2)

(x2 + y2)2

=
x4y + 4x2y3 − y5

(x2 + y2)2

gy =
(x2 + y2)(x3 − 3xy2)− xy(x2 − y2)(2y)

(x2 + y2)2

=
(x2 + y2)(x3 − 3xy2)− 2xy2(x2 − y2)

(x2 + y2)2

=
x5 − 4x3y2 − xy4

(x2 + y2)2

For x = y = 0,

gx = lim
h→0

g(h, 0)− g(0, 0)

h

= lim
h→0

(h)(0)(h2 − 02)

h2 + 02
− 0

h
= 0

And

gy = lim
h→0

g(0, h)− g(0, 0)

h

= lim
h→0

(0)(h)(02 − h2)

02 + h2
− 0

h
= 0

Therefore, gx and gy are defined everywhere and are continuous except at the origin.
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(b) Use polar coordinates x = r sin θ and y = r cos θ,

lim
(x,y)→(0,0)

gx

= lim
(x,y)→(0,0)

x4y + 4x2y3 − y5

(x2 + y2)2

= lim
r→0

r5 sin4 θ cos θ + 4r5 sin2 θ cos3 θ − r5 cos5 θ

(r2 sin2 θ + cos2 θ)2

= lim
r→0

r(sin4 θ cos θ + 4 sin2 θ cos3 θ − cos5 θ)

= 0

Since | sin4 θ cos θ + 4 sin2 θ cos3 θ − cos5 θ| is bounded. Similarly,

lim
(x,y)→(0,0)

gy

= lim
(x,y)→(0,0)

x5 − 4x3y2 − xy4

(x2 + y2)2

= lim
r→0

r5 sin5 θ − 4r5 sin3 θ cos2 θ − r5 cos θ sin4 θ

(r2 sin2 θ + cos2 θ)2

= lim
r→0

r(sin5 θ − 4 sin3 θ cos2 θ − cos θ sin4 θ)

= 0

Since | sin5 θ− 4 sin3 θ cos2 θ− cos θ sin4 θ| is bounded. Therefore, gx and gy are continuous
at (0, 0).
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(c) For x and y not both zero,

gxx =
(x2 + y2)2(4x3y + 8xy3)− (x4y + 4x2y3 − y5)(2)(x2 + y2)(2x)

(x2 + y2)4

=
(x2 + y2)(4x3y + 8xy3)− 4x(x4y + 4x2y3 − y5)

(x2 + y2)3

=
−4x3y3 + 12xy5

(x2 + y2)3

gyy =
(x2 + y2)2(−8x3y − 4xy3)− (x5 − 4x3y2 − xy4)(2)(x2 + y2)(2y)

(x2 + y2)4

=
(x2 + y2)(−8x3y − 4xy3)− 4y(x5 − 4x3y2 − xy4)

(x2 + y2)3

=
−12x5y + 4x3y3

(x2 + y2)3

gxy =
(x2 + y2)2(x4 + 12x2y2 − 5y4)− (x4y + 4x2y3 − y5)(2)(x2 + y2)(2y)

(x2 + y2)4

=
(x2 + y2)(x4 + 12x2y2 − 5y4)− 4y(x4y + 4x2y3 − y5)

(x2 + y2)3

=
x6 + 9x4y2 − 9x2y4 − y6

(x2 + y2)3

gyx =
(x2 + y2)2(5x4 − 12x2y2 − y4)− (x5 − 4x3y2 − xy4)(2)(x2 + y2)(2x)

(x2 + y2)4

=
(x2 + y2)(5x4 − 12x2y2 − y4)− 4x(x5 − 4x3y2 − xy4)

(x2 + y2)3

=
x6 + 9x4y2 − 9x2y4 − y6

(x2 + y2)3

Therefore, the second-order partial derivatives of g are all defined and continuous except
possible at the origin.
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(d) For x = y = 0,

gxx = lim
h→0

gx(h, 0)− gx(0, 0)

h

= lim
h→0

(h4)(0) + 4(h2)(03)− (05)

(h2 + 02)2
− 0

h
= 0

gyy = lim
h→0

gy(0, h)− gy(0, 0)

h

= lim
h→0

(05)− 4(03)(h2)− (0)(h4)

(02 + h2)2
− 0

h
= 0

gxy = lim
h→0

gx(0, h)− gx(0, 0)

h

= lim
h→0

(0)(h4) + 4(02)(h3)− (h5)

(h2 + 02)2
− 0

h

= lim
h→0

−h

h
= −1

gyx = lim
h→0

gy(h, 0)− gy(h, 0)

h

= lim
h→0

(h5)− 4(h3)(02)− (h)(04)

(h2 + 02)2
− 0

h

= lim
h→0

h

h
= 1

Therefore, all four second-order partial derivatives of g exist at the origin but that gxy(0, 0) ̸=
gyx(0, 0).

(e) Consider along the straight line y = x,

lim
(x,y)→(0,0)

gxx = lim
(x,y)→(0,0)

−4x3y3 + 12xy5

(x2 + y2)2
= lim

x→0

−4x6 + 12x6

x6
= lim

x→0
8 = 8

lim
(x,y)→(0,0)

gyy = lim
(x,y)→(0,0)

−12x5y + 4x3y3

(x2 + y2)2
= lim

x→0

−12x6 + 4x6

x6
= lim

x→0
− 8 = −8

Consider along the straight line y = 2x,

lim
(x,y)→(0,0)

gxy = lim
(x,y)→(0,0)

x6 + 9x4y2 − 9x2y4 − y6

(x2 + y2)3
= lim

x→0

x6 + 36x6 − 144x6 − 64x6

x6
= −173

8



lim
(x,y)→(0,0)

gyx = lim
(x,y)→(0,0)

x6 + 9x4y2 − 9x2y4 − y6

(x2 + y2)3
= lim

x→0

x6 + 36x6 − 144x6 − 64x6

x6
= −173

Therefore, none of the four second-order partial derivatives of g is continuous at the origin.

♠ ♡ ♣ ♢ END ♢ ♣ ♡ ♠
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