 Exercises 14.1

pomain, Range, and Level Curves
In Exercises 1-4, find the specific function valgs

1. fxy) = x* + xp?
a. f(0,0)
c. f(2,3)

2. flx,y) = sin (xp)

1)
)

b. f(~1,1)
d. f(-3,-2)

‘{’/f(—3,%)
d f (—% —7)

x-y
3. fo,y,2) = TR
a f(3,-1,2) %(1% _%)

. f<o, —%, o)

4. f(x,}’,z) = \/49 - ,x2 —yz - 22
a. f(o, 0, 0) b. f(2, __3, 6)

d. f(2,2,100)

e f(-1,2,3) d f(L,L,JS_)
V2 V2 V2
In Exercises 5-12, find and sketch the domain for each function.
§/fxy) = Vy—x-2
6. fx,y) =In(x* + y* — 4)
x—1y+2)
Vf(x’y) = ___(;y__

- —x)
sin (xy)
8. flx,y) = x2—+—y2'—_2‘5‘

ﬁlf(x,y) = cos”! (y — x?)
10. fx,y) =In(xy +x—y—1)
o/ﬂx,y) = V(2 -40%-9)
1

12. f(x,y) = m
In Exercises 13-16, find and sketch the level curves f(x,y) =con
the same set of coordinate axes for the given values of ¢. We refer to
these level curves as a contour map.

[ fey)y=x+y—1, ¢=-3-2-1,0123
14, f(x,y) = x2 + y2, ¢=0,1,4,9,16,25
1S, f(x,y) = xy, c¢=—9,-4,-101,49

U/f(x,y) =V25 - x2-y%, ¢=0,1234

In Exercises 17-30, (a) find the function’s domain, (b) find the function’s
range, (c) describe the function’s level curves, (d) find the boundary
of the function’s domain, (e) determine if the domain i§ a_n open re-
gion, a closed region, or neither, and (f) decide if the domain is bounded

Or unbounded.
18. f(x,y) = Vy —*

B fxy) = 4 + 9?2 20. flx,y) =x" =Y

21, f(x,y) = xy 22. f(x,y) = y/x*

23, f(x,y) = ‘—1'6—:\/—-1;2——_-—? 24. f(x,y) = V9 — xt—y?

25. f(x,y) = In(x% + y?) 26. f(x,y) = e &+

27. fxy) =sin” (y —x) 28 flxy) =tan” ({')
29, f(x,y) = In(x2 + 2 = 1) 30. f(x,») =In(9 —x* = »?)

Matching Surfaces with Level Curves

Exercises 31-36 show level curves for the functions graphed in
(a)«f) on the following page. Match each set of curves with the ap-
propriate function.
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Functions of Two Variables ' ' '

c. Display the values of the functions in Exercises 3748 in two ways;
(a) by sketching the surface z = f(x, ») and (b) by drawing an asso,
ment of level curves in the function’s domain. Label each level cyry,
with its function value.

w7 f(x,y) =y’ 38. f(x,y) = Vx

39, fx,y) = x> + y? 40. f(x,y) = Val+ 2

a1, fx,y) =x*—y 42. f(x,y) =4 - x2 -2

[ f(x,y) = 4x* + y? 44. f(x,y) =6 — x -3y

& fey) =1 -1yl 46. S0 y) =1 =|x| = |yl

V/f(x,y) =Vx*+y?+4 48. f(x,y) = m

Finding Level Curves

In Exercises 49-52, find an equation for and sketch the graph of the
d z level curve of the function f(x, y) that passes through the given point.

49. f(x,y) = 16 — x* = y%, (2V2,V2)

50. f(x,y) = Vx* -1, (1,0)

Hfwy) = Vi+yT=3, 6,-1)

9
i

il;’.;y zy :
III' ;}5"’”’4{’%“* 52. f(x,y) = x+y+ 1’ (-1, 1)
,u”l’l,;,’:;f’;: 20007220y y
]"‘ ///,/!/,',!,’,’lff,'g
* " // il = <y Sketching Level Surfaces
f z=eYcosx In Exercises 53-60, sketch a typical level surface for the function.

53. f(x,y,2) = x* + y2 + 22 54, f&,p,2) = In(x? +y’ +7)
55. f(x,y,z2) =x +z 56. f(x,y,z) =z

vQ}/f()c,y,z) =x% + 2 58. f(x,y,z) = y? + 2*

59. f(x,y,2) =z — x? —yz

60. f(x,y,2) = (x¥/25) + (y¥/16) + (z2/9)

Finding Level Surfaces
In Exercises 6164, find an equation for the level surface of the func-
tion through the given point.

61. f(x,y,2) = Vx—-y—Inz, (3,-1,1)
62. f(x,y,2) =In(x2 + y + 22, (-1,2,1)




“gx’y, \/—+y +z (1,—1,\/5)

x—y+z
(}/?(x,)’sz)';fx—-?y_——z’ (1,0,-2)

[n Exercises 65-68, find and sketch the domain of f. Then find an
equation for the level curve or surface of the function passing through
the given point.

6. fny) = G) , (1,2)

o

x+ y)
66. g(x,y,2) = E) TR

, (In4,In9,2)

(0,1)

. fon = [ e
' ’ = | \/——9
68' g(xaysz) / 1 + tz m

(0,1, V3)

(OMPUTER EXPLORATIONS

Use a CAS to perform the following steps for each of the functions in
Exercises 69-72.

a. Plot the surface over the given rectangle.
b. Plot several level curves in the rectangle.

¢. Plot the level curve of f through the given point.

0. f(x,y) = xsin% +ysin2x, 0=x=57w, 0=y=Sn,
P(3m, 37)

(f)'(x y) smx)(cosy)e”z*"z/s, 0 =x = 5w,
<y

=
= 5w, P(4m,4mw)

71. f(x,y) =sin(x + 2cosy), —27 < x = 2w,
=27 <y <2m P(mm)

72. f(x,y) = e Psin (x? + y?), 0 =<x =< 2m,
-2r<y=m, Plm—m

Use a CAS to plot the implicitly defined level surfaces in Exercises
73-76.

73. 4ln(x? + y2 +zH) =1 74, x2 + 22 =1
75. x + y2 — 322 = |

76. sm() (cosy)Vxt +2z2 =2

Parametrized Surfaces Just as you describe curves in the plane
parametrically with a pair of equations x = f(¢), y = g(t) defined on
some parameter interval /, you can sometimes describe surfaces in
space with a triple of equations x = f(u, v),y = g(u, v),z = h(u, v)
defined on some parameter rectangle a < u < b,c < v < 4. Many
computer algebra systems permit you to plot such surfaces in
parametric mode. (Parametrized surfaces are discussed in detail in
Section 16.5.) Use a CAS to plot the surfaces in Exercises 77-80. Also
plot several level curves in the xy-plane.

77. x =ucosv, y=usiny, z=u, 0<u=<2,
0=v=2w

78. x =ucosv, y=usinv, z=v, 0su=<2
O0=v=s2rm

79. x =(2 + cosu)cosv, y = (2 + cosu)sinv, z=sinuy,
0=u=s2mr, 0=<v=2rw

80. x =2cosucosv, y=2cosusinv, z = 2siny,
O0=u=<2m, O0svsnm



Exercises 14.2

Limits with Two Variables 2
. e : Al oyl - i 1,1
Find the limits in Exercises 1-12. 3. x J‘_&“OM Hyi-1 4 . y)ln(‘z’ 3 (x * y)
\}/ i 3x2—y2+5 5 I X 2+y?
m . m —~ i t 6. lim cos
)00 x* + y* +2 (x)=08 Vy > (x,}')%,ﬂ/ﬂ i ay—00  x Tyt



7. lim e* ™V 8. ; -
) —(0.in2) (x'ygx_.m“'”ln“ + x2y?|
b
L e 0. i ;
\/(x' e N
11 xsiny " S T

. lim : im
&=, m/6) x2 + 1 (x.y)—=(m/2,0) ¥ — sinx

Limits of Quotients

Find the limits in Exercises 13-24 by rewriting the fractions first.

2 2
: x° = 2y + 2-y?
13. lim “_—y 14. im e
(x ) —(1.1) x=y =,y * 7Y

x#y x#y
‘/ : Xy —y—2x+2
lim
(x. )= (1,1) x—1

x#1

y+4

lim
@)=2.-9 x%y — xp + 4x? — 4x
y£—4 x#x°

. x—y+2Vx-2Vy
7 lim
(. ¥)—(0,0) Rl Vy

16.

X#Fy
18 fim x+y—4 ‘/ lim V2 —y—2
. " T e — o l -
ENSRD Ny ¥ -2 xy)—20) 2x—y—4
x+y#4 2e—y#4
Vi - Vy+1
20. m — e a
xy—@43) x—y-—1
x#y+1
: 2 2
sin (x*© + 1 — cos
2. him SCEX) g 5)
xy)—00 x*+y x.7)—(0,0) L4
2+ y3 b

23

) lim m— 4. lim
@)=,y x+y (xy)—@22) x* — y*

Limits with Three Variables
Find the limits in Exercises 25~30.

: 1,1, 1 , 2xy + yz
1 -+ =+ = 26. lim —_
25 P—!'(Tw (x y Z) P—(l,-1,-1) x2 + 22

27. lim (sin’x + coszy + sec?z)
P—(7,m,0)

n~! xyz 29. lim _ze ¥ cos2x

28. lim ta .
8 P—(~1/4,m/2.2) P—(m03)

30. lim )ln\/xz + y? + 22

P—(2,-3,6

Continuity in the Plane

At what points (x, y) in the plane are the functions in Exercises 31-34

continuous?

3. a f(ry)=sin(x+y) b fix,y) =hE>+y?)

x+y Y
32. a. f(x,y) = 7= 7 b. f(x,y) = 2+
Y a. glx,y) =sinx; b. g(6y) = 7 Cosx

x2+y2
x2=3x+2

1
34. a. glx,y) = b. g(x,y) = x2

i ¢

Continuity in Space o
At what points (x, y, z) in space are the functions in Exercises 35y

continuous?
2
35. a. flryz)=xl+y’ -2

b, f(x,y.2) = Vxt +y? -1

b. f(x,y,2) = e cos;
1

b. h(x,y,2z) =
A e

36. a. f(x,y,2) = Inxyz

-
37. a. h(x,y,z) = xysinz

1 1
38. a. h(x,y,2) = W b. h(x,y,z) |

xy| + |z
e\s/. h(x,y,2) = In(z = x* =y = 1)
1

b. hix,y,2) = — 75—

40. a. h(x,y,z) = V4 —x* —y? = 2?
1

h(x,y,2) =
d 4-Vxi+y2+22-9

No Limit at a Point
By considering different paths of approach, show that the functions iy
Exercises 41-48 have no limit as (x, y) — (0, 0).

4
A o &
41. f(xay) - m 42. f(x,)’) X4 3 y2

45. g(x,y) = TFy 46. g(x,y) = % —})j
x? + y ;

47. h(x,y) = 48. h(x,y) = _4x - 2

x"+y

Theory and Examples
In Exercises 49 and 50, show that the limits do not exist.

2
,:a/ . ox?t-
lim
=11 y — 1 50.
I, y=x*

51 Let f(x,)) ={ 1, y=<o
0, otherwise.

xy + 1
lim 3
@y=-nx? -y

X

:-‘sitnd each of the following limits, or explain that the limit does not &

f(x,y)
fx,y)
flx,y)

% lim

(x, y)—(0,1)
b. lim
(x,»)—(2,3)

c. lim
(x, »)—(0,0)

1

!
|
|
|
1



X3 x=0
\g/l.etf(x,y) = {x3’ % < g”

Find the following limits,

’ X,

a y)—’(3 -3 f(x,»)

ks x,¥ )—’(—2 l)f(x ')
7 lim X,

¢ 5, 510.0) f( y)

53, Show that the function in Exam

: ple 6 has limi
straight line approaching (0, 0). as limit 0 along every

54. I f(x0, yo) = 3, what can you say about
flxy)

lim
(X, ¥)—(xo, 30)

if f is continuous at (xo, yo)? If £ is not continuous at (x0, ¥0)?
Give reasons for your answers. ’

The Sandwich Theorem for functions of two variables states that if
g y) = flx, ») = h(x,y) forall (x,y) # (xo, yo) in a disk centered
at {xo,»0) and if g and h have the same finite limit L as
(x,y) = (x0, ¥o), then
lim =
(x, ¥)—(x0, y0) fooy) = L.

Use this result to support your answers to the questions in Exercises
55-58.

55. Does knowing that

2.2 -1
x%y tan”" xy
-5 <% <!
tell you anything about
tan™! xy

lim ——7?
@ y—00 ¥

Give reasons for your answer.

56. Does knowing that
3.2

ley,—x—z—<4 — 4cos Vl]xy| < 2[xy|
tell you anything about
4 — 4cos \/lxylr’
1 e {
(x, y}l—'m(0,0) [xy]

Give reasons for your answer.
{/Does knowing that|sin (1/x)] =1 tell you anything about

li ysiny 1 &
m
(x, y)—(0,0) x

Give reasons for your answer.
i t
58. Does knowing that |cos (1/y)| = 1tellyou anything abou

1 2
lim XcoSy "
(x,)—(0.0)

Give reasons for your answer.

59. (Continuation of Example 5.)
a. Reread Example 5. Then substitute m = tan 6 into the formula

_ _2m
y=mx 1+ m?

fxy)

and simplify the result to show how the value of f varies with
the line’s angle of inclination.

b. Use the formula you obtained in part (a) to show that the limit
of f as (x, y) — (0, 0) along the line y = mx varies from —1
to 1 depending on the angle of approach.

60. Continuous extension Define f(0, 0) in a way that extends

2 2
fCx,y) =

xy 4y
to be continuous at the origin.

Changing to Polar Coordinates If you cannot make any headway
with limg, y)—(0,0) f(x, ¥) in rectangular coordinates, try changing to
polar coordinates. Substitute x = rcos 8,y = r sin 8, and investigate
the limit of the resulting expression as »— 0. In other words, try to
decide whether there exists a number L satisfying the following crite-
rion:
Given € > 0, there exists ad > 0 such that for all » and 6,
|r] <8 = |f(r6)—L|<e. (1)
If such an L exists, then
X,
(x, y)—*(O 0) fx.y) =

For instance,

Im})f(r cos @, rsinf) = L.

x3 . ri3cos’o

lim ——— = lim-
(=00 x2 +y* =0 r?

= lim rcos’ 8 = 0.
r—0

To verify the last of these equalities, we need to show that Equation (1) is

satisfied with f(r,8) = rcos®@ and L = 0. That is, we need to show
that given any € > 0, there exists a § > 0 such that for all r and 6,

|[rl<8 = |rcos’d - 0|<e.

Since

[rcos’ 8] = |r||cos’ 6] = |r|1 = |r],

the implication holds for all » and 8 if we take 6 = e.

In contrast,

2 2 2
X r<cos‘ g
= = COS2 6

X2+ y? =2

takes on all values from 0 to 1 regardless of how small lrl is, so that
limg, y)— (0,0 % %/ (x? + y?) does not exist.

In each of these instances, the existence or nonexistence of the
limit as » — 0 is fairly clear. Shifting to polar coordinates does not al-
ways help, however, and may even tempt us to false conclusions. For
example, the limit may exist along every straight line (or ray)
6 = constant and yet fail to exist in the broader sense. Example 5
illustrates this point. In polar coordinates, f(x, y) = (2x%)/(x* + y?)
becomes
r cos @ sin 20

f(rcos,rsing) = ———————-—
r?cos*d + sin@
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for » # 0. If we hold 6 constant and let » — 0, the limit is 0. On the
path y = x2, however, we have rsin@ = r2cos’ 8 and

r cos 0 sin 26
ricos*@ + (rcos?@)?

f(rcos9,rsing) =

_ 2rcos*@sin@ _ _rsiné
= 2.4 == =1L
2r€cos’ 8 rcos° @

In Exercises 61-66, find the limit of f as (x, y) — (0, 0) or show that
the limit does not exist.

3 2 3 3
X Xy X y
1. ) R ———— 62. , V) = —
61. f(x,y) e yz f(x,y) = cos (x2 2)

2
_ 2 . -
[ 1xI+ 1yl
65. f(x,y) = tan™' (xz 2

x2__y2

x2-+-y2

66. f(x,y) =

In Exercises 67 and 68, define f(0, 0) in a way that extends f to be
continuous at the origin.
(3):2 - x%? + 3y2)
xz + y2

Using the Limit Definition . N
Each of Exercises 69-74 gives a function f(x, y) and a positive number ¢

In each exercise, show that there exists a & > 0 such that forall (x, y),
m <& = |flxy) - f(0,0)|<e

69. f(x,y) = x2 + yz, e = 0.01
70. f(x,y) = y/(x2+1), €= 0.05
71. f(x,y) = (x +y)/(x2 + 1), €=0.01

72. flx,y) = (x +y)/(2 + cosx), € = 0.02
2

=3

and f(0,0) = 0, € = 0.04

73. f(Xs}’) = x2 +y2

3 4

+
T4, f(r,y) = 2= andf(0,0) = 0, € = 0.02
x“+y

Each of Exercises 75-78 gives a function f(x, y, z) and a positive num-
ber €. In each exercise, show that there exists a & > 0 such that for all
(x, 3, 2),

Vxl+y?+22<8 = |f(x,y.2) - f(0,0,0)| <&

75. f(x,y,2) = x2 + y2 + 2% € = 0015

76. f(x,y,2) = xyz, € = 0.008
x+y+z

x? + y2 +z2+1’

78. f(x,y,z) = tan’x + tan’y + tanz, € = 0.03

79. Show that f(x,y,z) = x + y — z is continuous at every point
(x0, Y0, 20).

80. Show that f(x,y,z) = x2 + y2 + 22 is continuous at the origin

77. f(x,y,2) = € = 0.015



