Exercises 12.3

Dot Product and Projections
In Exercises 1-8, find

a. veu, |v|], |u|
b. the cosine of the angle between v and u
c. the scalar component of u in the direction of v

d. the vector projy u.
-2i + 4j — V/5k

L v=2i-4j+ V5k, u=
2. v=(3/5)i + (4/5)k, u=S5i+ 12
3.v=10i + 11j — 2k, u = 3j + 4k
4. v=2i+10j— 11k, u=2i+2j+KkK
5.v=5-3k u=i+j+Kk
v=—i+j u=V2i+ V3j+2k

Si+j§, u=2i+ V17

r
8. v= <—\1/—£, %>.

Il

()

Angle Between Vectors

K4 Find the angles between the vectors in Exercises 9-12 to the nearest

hundredth of a radian.

9. u=2i+j v=i+2j—k

10. u=2i-2j +k v =3i+4k
Mou=V3i-7 v=V3i+j-2k
122u=i+V2j-V2k v=-i+j+k

\;./ Triangle Find the measures of the angles of the triangle whose
verticesare 4 = (—1,0), B = (2,1),and C = (1, —=2).

14. Rectangle Find the measures of the angles between the diago-
nals of the rectangle whose vertices are 4 = (1,0), B = (0, 3),
C=(3,4),and D = (4, 1).

15, Direction angles and direction cosines The direction angles
a, 3,and y of a vector v = ai + bj + ck are defined as follows:

« is the angle between v and the positive x-axis (0 < a < )
B is the angle between v and the positive y-axis (0 < 8 < 7)

v is the angle between v and the positive z-axis (0 = y < 7).

a. Show that
..

cosa =
M

b
' cos B = Ik cosy = £
v|?
2 — .
and cos?a + cos® B + cos*y = 1. These cosines are calg
the direction cosines of v.
b. Unit vectors are built from direction cosines Show that i
v = ai + bj + ckis a unit vector, then a, b, and ¢ are the
direction cosines of v.

16. Water main construction A water main is to be CONStructeg
with a 20% grade in the north direction and a 10% grade i, the
east direction. Determine the angle 6 required in the water Maip
for the turn from north to east.

Theory and Examples

17. Sums and differences In the accompanying figure, it looks as
if vi + vy and v; — v; are orthogonal. Is this mere coincidence,
or are there circumstances under which we may expect the sum of
two vectors to be orthogonal to their difference? Give reasons for
your answer.

V2
v + \P)

A4
I -v,

V=V, \4

18/ Qrthoggnality onacircle Suppose that 4B is the diameter of 8
f:ll.‘cl.e with center O and that C is a point on one of the two arcs
Jomning 4 and B. Show that C4 and CB are orthogonal.

19. Diagonals of a rhombus

Show that the di f a thombus
(parallelogram with sides o e diagonals of a

fequal length) are perpendicular.



20. Perpendicular diagonals Show that
: squar
tangles with perpendicular diagonals. quares are the only rec-

21. When parallelograms are rectan
‘ . gles Prove that a parallelo-
gram is a r;ctangle if and only if its diagonals are equal Ii)n Iene:l)l
(This fact is often exploited by carpenters.) -

22. Diagonal of parallelogram Show that the indicated diagonal of

the parallelogram determined by vect :
between u and v if |u| = [vl.)’ ors u and v bisects the angle

23. Projectile motion A gun with muzzle velocity of 365 m/sec is
fired at an angle of 8° above the horizontal. Find the horizontal
and vertical components of the velocity.

24. lqclined plane Suppose that a box is being towed up an in-
clined plane as shown in the figure. Find the force w needed to
make the component of the force parallel to the inclined plane
equal to 12 N.

w

25. a. Cauchy-Schwartz inequality Since u-v = |u||v| cosé,
show that the inequality |u-v| = |u||v| holds for any vec-
tors u and v.
b. Under what circumstances, if any, does |u - v| equal [u]|v]?
Give reasons for your answer.
/" Copy the axes and vector shown here. Then shade in the points (x, )
for which (xi + yj)+v = 0. Justify your answer.

y

— X

27. Orthogonal unit vectors If ui and u; are orthogonal unit vec-

tors and v = aui + buy, find v ui. o
[ Cancellation in dot products In real-number multiplication, if
uv, = uv, and u # 0, we can cancel the u and conclude.thgt
v; = vy. Does the same rule hold for the dot product’.iTha?t is, if
u-v; =u-vzandu # 0, can you conclude that vi = V2! Give
reasons for your answer.
29. Using the definition of the projection of -
calculation that (u — Projv u)-projyu = Y ' .
30. AforceF=2i+]j— 3k is applied to 2 spacecraft with VC:OClty
vector v = 3i — J- Express F as a sum of a vector parallel to v

and a vector orthogonal to V-

of u onto v, show by direct

Equations for Lines in the Plane
Line perpendicular to a vector Show that v = ai + bj is per-

pendicular to the line ax + by = ¢ by establishing that the slope
of the vector v is the negative reciprocal of the slope of the given

line.

\37/ Line parallel to a vector Show that the vector v = ai + bj is

parallel to the line bx — ay = ¢ by establishing that the slope of

the line segment representing v is the same as the slope of the

given line.

—36, use the result of Exercise 31 to find an equation

In Exercises 33
ch the line. Include

for the line through P perpendicular to v. Then sket
v in your sketch as a vector starting at the origin.

3. P2, 1), v=i+72j 34 P(-1,2), v=—2i—]
Q;/P(—z, _7), ve=-2i+j 36 P(11,10), v=2i=3j

In Exercises 37-40, use the result of Exercise 32 to find an equation
for the line through P parallel to v. Then sketch the line. Include v in
your sketch as a vector starting at the origin.

37 P(-2,1), v=i—]j 38. P(0, —-2),

8y P(L,2), v =i 40. P(1,3),

Work
41. Work along a line Find the work done by a force F = 5i (mag-

nitude 5 N) in moving an object along the line from the origin to
the point (1, 1) (distance in meters).

42. Locomotive The Union Pacific’s Big Boy locomotive could
pull 5442-metric-ton trains with a tractive effort (pull) of 602,148
N. At this level of effort, about how much work did Big Boy do on
the (approximately straight) 605-km journey from San Francisco
to Los Angeles?

43. Inclined plane How much work does it take to slide a crate
20 m along a loading dock by pulling on it with a 200 N force at
an angle of 30° from the horizontal?

44. Sailboat The wind passing over a boat’s sail exerted a 4450-N
magnitude force F as shown here. How much work did the wind
perform in moving the boat forward 2 km? Answer in joules.

v =2i + 3j
v =3i - 2j

4450 N
magnitude
force F

Angles Between Lines in the Plane

The acute angle between intersecting lines that do not cross at right
angles is the same as the angle determined by vectors normal to the
lines or by the vectors parallel to the lines.

V2

Vi




Use this fact and the results of Bxercise 31 or 32to find theacutean- 49 /3, - y=-), x- \Ay "
gles between the lines in Exercises 45-11. i ot \/3y . (] ) \/3'))( . (1 + \/3')}:8

6.3+y=5 k-p=4 Wi-4=3 x-p=1
hy= V-1, y=-Virs! 0 10+ 5=1, h-Y=3



Exercises 12.4

Cross Product Calculations
In Exercises 1-8, find the length and direction (when defined) of

uXvandv X u

u=2-2j—k v=i—-Kk
u=2+3, v=-i+j
u=2—-2j+4k, v=-i+j—2k
u=i+j—-k v=20

u=2 v=-3j

=iXj v=jXKk

o O g ba e B

\z/u=——8i-2j—4k, v=2i+2j+Kk

Bu=3i-2j+k v=i+j+2k

In Exercises 9-14, sketch the coordinate axes and then include the
vectors u, v, and u X v as vectors starting at the origin.

9. u=1i, v=j 1. u=i—k, v=j
1ll.u=i—-k v=j+Kk 122.u=2i—j, v=i+12j
\1/'6./u=i+j, v=1i-—j 14. u=j+2k, v=i



Triangles in Space
In Exercises 1518,

a. Find the area of the triangle determined by the points P, 0
and R. tE

b. Find a unit vector perpendicular to plane PQOR.
15 P(L =12, QQ.0,=1), R(0,2,1)
16 PCLLDL O, 1,3), R(3,-1,1)

P2, =21 0B, -1,2), R(3,-1,1)
18 P(-2,2,0), QO0,1,-1), R(-1,2,-2)

Triple Scalar Products
In Exercises 19-22, verify that (u X v).w = (vXweu=

(w X u)*v and find the volume of the parallelepiped (box) deter-
mined by u, v, and w,

u v w
19. 2i 2j 2k
20.i—-j+Kk 2i+j -2k -i+2j -k
A+] Ai-j+k i+ 2k
2.i+j -2k -i—Kk 2i + 4j — 2k

Thepry and Examples

2} Parallel and perpendicular vectors Letu = 5i — jtkv=
J — Sk, w = —135i + 3j — 3k. Which vectors, if any, are (a) per-
pendicular? (b) Parallel? Give reasons for your answers.

24, Parallel and perpendicular vectors Let u =1 + 2j — Kk,
v=—i+j+k w=it+tKk r=—(n/2i-7nj+ (7/2)k
Which vectors, if any, are (a) perpendicular? (b) Parallel? Give
reasons for your answers.

In Exercises 25 and 26, find the magnitude of the torque exerted by F
on the bolt at P if |PQ| = 20cm and |F| = 130 N. Answer in
Joules.

25, 26.

135° / F

\V./ Which of the following are ahvays true, and which are rot always
true? Give reasons for your answers.

a.lu|=\/u_-;

b u-u=|uj

c.uX0=0Xu-=

duX(-u)=0

e uxXv=vXu

fux(v+w =uXv+tuXw

g (uxv).v=0

h. (uX v)ew=u*(vXW

Which of the following are always true, and which are not always
true? Give reasons for your answers.

a uv=v-u b.uxv=-—(vxu)

c. (mu)Xv=—(uXy)

d. (cu):v=u-(cv) = c(u-v) (any number c)

e. clu X v)=(cu) Xv=uX(cv) (any number ¢)
f. uru=|ul?

g (uXu)u=0

h. (u Xv):u=v-(uXxXv)

29. Given nonzero vectors u, v, and w, use dot product'and cross
product notation, as appropriate, to describe the following.

The vector projection of u onto v

A vector orthogonal to u and v

A vector orthogonal tou X vand w

The volume of the parallelepiped determined by u, v, and w

A vector orthogonal tou X vandu X w

. A vector of length |u]| in the direction of v

30. Compute (i X j) X j and i X (j X j). What can you conciude
about the associativity of the cross product?

31. Let u, v, and w be vectors. Which of the following make sense,
and which do not? Give reasons for your answers.

-~ &0 T8

a. (uXv)-w
b. u X (v-w)
c. u X (vXw)
d. us(vew)
32. Cross products of three vectors Show that except in degener-
ate cases, (u X v) X w lies in the plane of u and v, whereas

u X (v X w) lies in the plane of v and w. What are the degener-
ate cases?

33. Cancellation in cross products Ifu X v =u X wanda # 0,
then does v = w? Give reasons for your answer.

34. Double cancellation If u # 0 and if u X v=u X w and
u'v = u-w, then does v = w? Give reasons for your answer.

Area of a Parallelogram

Find the areas of the parallelograms whose vertices are given in Exer-
cises 35-40.

35. 4(1,0), B(0,1), C(-1,0), D(0,-1)

36. A4(0,0), B(7,3), C(9,8), D(2,5)

37. A(-1,2), B(2,0), C(7,1), D(4,3)

38. A(-6,0), B(1,-4), C(3,1), D(-4,5)
4(0,0,0), B(3,2,4), C(5,1,4), D(2, —1,0)

40. 4(1,0,-1), B(1,7,2), C(2,4,-1), D(0, 3, 2)

Area of a Triangle

jxln—ci ;}.m areas of the triangles whose vertices are given in Exercises

41. 4(0,0), B(-2,3), C(3,1)

42. A(-1,-1), B(3,3), C(, 1)

43. A(-5,3), B(1,-2), C(s, =2)

44. A(-6,0), B(10, -5), C(-2,4)

45. 4(1,0,0), B(0,2,0), C(0,0,-1)

46. 4(0,0,0), B(-1,1,-1), C(3,0,3)

47. A(1,-1,1), B(0,1,1), C(1,0,-1)



(8./ Find the volume of a parallelepiped if four of it cight verticesare 50, Triangle area Find a concise formula for the area of g
A(0,0,0), B(1,2,0), (0, -3,2), and D(3, -4, 5). In the xy-plane with vertices (a;, @), (b;, by), and (¢}, ¢y

49. Triangle area Find a formula for the area of the triangle in the
xy-plane with vertices at (0, 0), (a), ay), and (b}, by). Explain
your work.



Exercises 12.5

Lines and Line Segments
Find parametric equations for the lines in Exercises 1-12.

1. The line through the point P(3, —4, —1) parallel to the vector
i+j+Kk

2. The line through P(1,2, —1) and (-1, 0, 1)
The line through P(—2, 0, 3) and Q(3, 5, —2)

4. The line through P(1,2,0)and O(1, 1, —1)

5. The line through the origin parallel to the vector 2j + k

6. The line through the point (3, —2,1) parallel to the line
x=1+2t,y=2—t,z=3t
The line through (1, 1, 1) parallel to the z-axis

8. The line through (2,4,5) perpendicular to the plane
3x+ 7y — 5z =21

\/The line through (0, —7,0) perpendicular to the plane
x+2y+2z=13

10. The line through (2, 3, 0) perpendicular to the vectors u =i +
2j + 3kandv = 3i + 4j + 5k

11. The x-axis 12. The z-axis

Find parametrizations for the line segments joining the points in Exer-
cises 13-20. Draw coordinate axes and sketch each segment, indicat-
ing the direction of increasing ¢ for your parametrization.

13. (0,0,0), (1,1,3/2) 14. (0,0,0),  (1,0,0)
15. (1,0,0), (1,1,0) 6. (1,1,0, (1,11
17. (0, 1,1), (0,-1,1) 18. (0,2,0), (3,0,0)
W .02, 020 20. (1,0,~1), (0.3,0)



planes
Find equations for the planes in Exercises 21-26,

21. The plane through Py(0, 2, —1) normal to n = 3f — 2 - k
22. The plane through (1, —1, 3) parallel to the plane
x+y+z=7
[ The plane through (1, 1, —1), (2,0, 2), and (0, -2,1)
24. The plane through (2, 4, 5), (1, 5, 7), and (~1, 6, 8)
i}l The plane through Py(2, 4, 5) perpendicular to the line

X=5+t, y=1+3f,

26. The plape through A4(1, =2, 1) perpendicular to the vector from
the origin to 4

z=4

! Find the point of intersection of the linesx = 2t + 1, y = 3¢ + 2,
z=4&+3,andx=s5+2, y=25s+4,z=~4s— 1, and
then find the plane determined by these lines.

28. Find the point of intersection of the lines x = ¢, y = —¢ + 2,

z=t+ l,andx =2s +2, y=5s+ 3, z= 55 + 6, and then
find the plane determined by these lines.

In Exercises 29 and 30, find the plane determined by the intersecting
- lines.

Li:x==14+1t y=2+¢t z=1—-f —-0<t<X®
L2:x=1—-4s, y=1+2s5, z2=2—-125; —0<s<X®
30. Ll:x=¢t, y=3-3t, z=-2-4 -0 <t<®

-~ < s< X0
Find a plane through Po(2, 1, —1) and perpendicular to the line of
intersection of the planes2x + y —z =3,x + 2y +z = 2.

32. Find a plane through the points Pi(1,2,3), P23, 2, 1) and per-
pendicular to the plane 4x —y+2z=17.

Q/L2:x=l+s, y=4+s z=-1%s5

Distances - .
In Exercises 33—38, find the distance from the point to the line.
33.(0,0,12); x=41, y=-2t z=2
34. (0,0, 0); c=5+3, y=5+4, z=-3-3
8. (21,3); x=2+2t y=1+6n z=3
36. (2,1,-1); x=21 y=1+24 z=2t

L (3,—-1,4); x=4—1 y=3+2, z=—5+3t
38 (-1,4,3); x= 10 + 44, y=-3 z=4

In Exercises 39—44, find the distance from the point to the plane.

39' (2) —394)9 X + 2y + 22 = 13
40. (0,0,0), 3x+2yt 6z =06
a1, (0,1,1), 4y +3z=-—12

42.(2,2,3), x+y+2=4
[©,-1,0, 2x+y+22=4
4. (1,0,-1), -ax+y+tz=4

Find the distance from the plane x + 2y +62= 1 to the plane

x+ 2y + 6z = 10.
46. Find the distance from
z=~(1/2) = (1/2)tothe

the line x=2+ty=1+4
planex + 2y + 6z = 10.

Angles
Find the angles between the planes in Exercises 47 and 48.
47. x+y =1, x+y—22=2

48. 5x + y—z =10, x—2y+3z2=-1

Use a calculator to find the acute angles between the planes in Exer-

cises 49-52 to the nearest hundredth of a radian.
49, 2x + 2y + 2z =3, % —-2y~-2z=35
50. x+y+z=1 2z=0 (the xy-plane)
51, 2x+2y-z=3 x+t2p+z=2
52. 4y + 3z = —12, 3x+2y+62=6

Intersecting Lines and Planes
z?rciscs 53-56, find the point in which the line meets the plane.

(x=1—1¢t y=3, z=1+48 2x—y+3z=6

54, x=2, y=3+2, z=-2-24 6x+3y—4z=—l2
55, x =142, y=1+5, z=34 x+y+z=2

56. x = —1 + 3¢, z=5; 2x—3z=17

Find parametrizations for the lines in which the planes in Exercises
57-60 intersect.

y= -2,

57. x+y+z=1 x+y=2

58.3x -6y —2z=3, 2x+y—22=2
59, x -2y +4z=2, x+y—2z=5
60. 5x —2y =11, 4y —5z=—17

Given two lines in space, either they are parallel, or they intersect, or
they are skew (imagine, for example, the flight paths of two planes in
the sky). Exercises 61 and 62 each give three lines. In each exercise,
determine whether the lines, taken two at a time, are parallel, intersect,
‘27e skew. If they intersect, find the point of intersection.

Ll:x=3+4+2t, y=—14+4t, z=2~-4 -0 << X
L2:x=1+4s,y=1+ 25,z = -3 + 4s;
L3:x=3+2r,y=2+r,z=-2+2r
62. Ll:x=1+2t, -0 <t < 0
L2:x=2—-5, y=3s, —0 < s < 0
L3:x=5+2r, y=1—-r, 2=8+ 3r;

—0<s< X
-0 < r< o
y=-1-1¢ z=34
z=1+s;

< r<®

Theory and Examples

63. Use Equations (3) to generate a parametrization of the line
through P(2, —4, 7) parallel to v; = 2i — j + 3k. Then generate
another parametrization of the line using the point P(—2, —2, 1)
and the vector v, = —i + (1/2)j — (3/2)k.

64. Use the component form to generate an equation for the plane
through P\(4, 1, 5) normal to n; = i — 2j + k. Then generate
another equation for the same plane using the point P(3, =2, 0)
and the normal vector n; = -V2i + 2\/5] - VK.

65. Find the points in which the line x =1 + 24,y = -1 — ¢
z = 3t meets the coordinate planes. Describe the reasoning be-
hind your answer.

66. Find equations for the line in the plane z = 3 that makes an angle

of 77/6 rad with i and an angle of /3 rad with j. Describe the rea-
soning behind your answer.

. Isthelinex =1 -2,y =2+ 5t,z = =3¢
b ) parallel to the pla
2x + y — z = 87 Give reasons for your answer. piane



68.

69.

70.

74 W

72.

73.

How can you tell when two planes 4;x + B,y + C,z = D, and
A>x + By + Caz = D, are parallel? Perpendicular? Give rea-
sons for your answer.

Find two different planes whose intersection is the line
x=1+ty=2—1tz=3+4 2t. Write equations for each

plane in the form Ax + By + Cz = D.

Find a plane through the origin that is perpendicular to the plane
M:2x + 3y + z = 12 in a right angle. How do you know that

your plane is perpendicular to M?

The graph of (x/a) + (y/b) + (z/c) = 1 is a plane for any
nonzero numbers a, b, and ¢. Which planes have an equation of
this form?

Suppose L; and L; are disjoint (nonintersecting) nonparallel lines.
Is it possible for a nonzero vector to be perpendicular to both L,
and L, ? Give reasons for your answer.

Perspective in computer graphics In computer graphics and
perspective drawing, we need to represent objects seen by the eye
in space as images on a two-dimensional plane. Suppose that the
eye is at E(xo, 0, 0) as shown here and that we want to represent a
point P(xy, y1, 1) as a point on the yz-plane. We do this by pro-
jecting P onto the plane with a ray from E. The point P; will be
portrayed as the point P(0, y, z). The problem for us as graphics
designers is to find y and z given E and P .

a. Write a vector equation that holds between EP and Ej’l . Use
the equation to express y and z in terms of xo, X1, y1, and z;.

b. Test the formulas obtained for y and z in part (a) by inves;
gating their behavior at x; = 0 and x; = xj and by se cing )
what happens as xp — o0 . What do you find?

f
Rl
Py(x1. yy» 21) 5

4

8]

7

—>y

|
[
i
‘(x]vyl’ 0)

E(xOv 09 0)

74. Hidden lines in computer graphics Here is another typical
problem in computer graphics. Your eye is at (4, 0, 0). You are
looking at a triangular plate whose vertices are at (1, 0, 1), (1, 1,0)
and (—2, 2, 2). The line segment from (1, 0, 0) to (0, 2, 2) passes
through the plate. What portion of the line segment is hidden
from your view by the plate? (This is an exercise in finding inter
sections of lines and planes.)



