Exgrciseﬂs 12.1

Geometric Interpretations of Equations
In Exercises 1-16, give a geometric description of the set of points in
space whose coordinates satisfy the given pairs of equations.

lL.x=2 y=3 2.x=-1, z=0
3.y=0, z=0 4. x=1, y=0
5.x2+y2=4, z=0 6.x2+y2=4, z= =2
7. x2 + 22 = 4, y=0 8.y2+22=1, x=0
9. x2+y?+z2=1, x=0

10. X2+ y? + 22 =25, y=—4
jlfx2+y2+(z+3)2=25, z=0
x4 (y— 12 +22=4, y=0
;ljx2+y2= s Z5Y

Geometric Interpretations of Inequalities and Equations
In Exercises 17-24, describe the sets of points in space whose coordi-
nates satisfy the given inequalities or combinations of equations and

ineqyalities.
l.?.;:‘.xZO, y=0, z=0 b.x=0, y=0, z=0
18. a. 0 =x=1 b.0=x=1 0=sy=1]
c.0=x=1l], 0=sy=1, 0=sz=1
lJa.x2+y2+2251 b. x2+ y?+ 22> 1
20 a. X2 +y?=<1, z=0 b. x2+y?=<1, z=3
¢. x>+ y?2 =1, no restriction onz
da.15x2+y2+2254
b. x?+y2+22<1, z=0
22. a. x=y, z=0
Zya.yzxz, z=0

24. a. z=1 — y, norestrictiononx

b. x = y, no restriction on z
b. x<)% 0=<z=<2

b. z=y% x=2







In Exercises 25-34, describe the given set with a single equation or 44. P1(3,4,5), P»2,3,4)
with a pair of equations. 45. P,(0,0,0), P2, —2,—2)
25. The plane perpendicular to the 46. Py(5,3,-2), P0,0,0)

a. x-axis at (3,0, 0) b. y-axisat (0, —1,0)

c. z-axis at (0,0, —2)

Spheres

26. The plane through the point (3, —1, 2) perpendicular to the Find the centers and radii of the spheres in Exercises 47-50,

a. x-axis b. y-axis ¢. z-axis 47. (x + 2+ 2+ (z— 2 =8

2 _ 2

2{/The plane through the point (3, ~1, 1) parallel to the 48 (= 1) + (y 4 %) F(z+ 37 =25

a. xy-plane  b. yz-plane c. xz-plane

- 2 2

28. The circle of radius 2 centered at (0, 0, 0) and lying in the 49, (x = \/5)2 + (y — \/5.) + (z + \/5) =2

a. xy-plane  b. yz-plane c. xz-plane 1\ 1% 18

i - - 5. x>+ (y+3) +l2-3) =5

y The circle of radius 2 centered at (0, 2, 0) and lying in the 3

a. xy-plane b, yz-plane c. planey = 2 i i el

i i enters i iven i

30. The circle of radius 1 centered at (=3, 4, 1) and lying in a plane gmd c?quagl?n§4for the spheres whose centers and radi are 8iven ip

parallel to the KRS~

a. xy-plane  b. yz-plane ¢. xz-plane Center Radius
3)- The line through the point (1, 3, ~1) parallel to the
f : . . 51. (1,2,3) V14

a. x-axis b. v-axis €. z-axis
32. The set of points in space equidistant from the origin and the

point (0, 2, 0) 53, (_1, _é.) - %) g
3\, The circle in which the plane through the point (1, 1, 3) perpendic-

ular to the z-axis meets the sphere of radius 5 centered at the origin 54. (0,-7,0) 7

34. The set of points in space that lie 2 units from the point (0, 0, 1)

) Find the centers and radii of the spheres in Exercises 55-58.
and, at the same time, 2 units from the point (0, 0, —1)

55.x2+y*+ 22 +4x —4z=0

2 2 4 8 _
Inequalities to Describe Sets of Points 20 B # Y 2 by +8 =0
Write inequalities to describe the sets in Exercises 35-40. d 22 + 2y2 + 222 + x + y+z=09
3J The slab bounded by the planes z =0 and z =1 (planes 58. 3x2 + 32 + 32242y -2, =9
included)

36. The solid cube in the first octant bounded by the coordinate Theory and Examples
planes and the planes x = 2,y = 2,and z = 2

) . Find a formula for the dist i z) to the
37 The half-space consisting of the points on and below the xy-plane istance from the point P(x, y, z) to

i a. x-axis b. y-axi o

38. The upper hemisphere of the sphere of radius 1 centered at the ] Jeaxis C. z-axis

origin Qy Find a formula for the distance from the point P(x, y, z) to the
39. The (a) interior and (b) exterior of the sphere of radius 1 centered a. xy-plane b, yz-plane ¢. xz-plane

at the point (1, 1, 1) 61. Find the perimeter of the R —— ]
40. The closed region bounded by the spheres of radius 1 and radius 2 B(1, -1, 3), and C(3, 4, 5).

centered at the origin. (Closed means the spheres are to be in- 62. Show that the point P(3, 1, 2) is equidistant from the points

cluded. Had we wanted the spheres left out, we would have asked A(2,~1,3) and B4, 3, 1.

for the open region bounded by the spheres. This is analogous to _ .

the way we use closed and open to describe intervals: closed 63. Find an equation for the set of all points equidistant from the

means endpoints included, open means endpoints left out. Closed planes y = 3and y = —1,

sets include boundaries; open sets leave them out.) & Fidan equation for the set ”

i all points equidistant from the
point (0, 0, 2) and the xy-plane,

Distance 65. Find the point 2 2 t=4
In Exercises 41-46, find the distance between points P; and P;. point on the sphere x? + (y ~ 3)? + (z + 5)

nearest
4L P(L 1, 1), Py(3,3,0) N

2. P(=1,1,5), Py2,5,0) 66. Find the point equidistant from the points (0, 0, 0), (0, 4, 0), (3.0.0)
43. P(1,4,5).  Py4,-2,7) and (2, 2, —3).

a. the xy-plane.













Exercises 12.2

Vectors in the Plane
In Exercises 1-8, letu = (3, —2) andv = (-2, 5). Find the (a) com-
ponent form and (b) magnitude (length) of the vector.

1. 3u 2. =2v

.u+v 4. u —v

5. 2u — 3v 6. —2u + Sv
3.4 312

W5u+5v 8. 13“'{'13V

In Exercises 9-16, find the component form of the vector.
9. The vector PQ, where P = (1,3)and Q = (2, —1)

10. The vector OP where O is the origin and P is the midpoint of seg-
ment RS, where R = (2, —1)and S = (—4, 3)

11. The vector from the point 4 = (2, 3) to the origin

1¥ The sum of 4B and CD, where A = (1,-1),B = (2,0),
C=(-1,3),and D = (—2,2)

13. The unit vector that makes an angle § = 27/3 with the positive
x-axis

14. The unit vector that makes an angle § = —3/4 with the positive
x-axis

15. The unit vector obtained by rotating the vector (0, 1) 120° coun-
terclockwise about the origin

16. The unit vector obtained by rotating the vector (1, 0) 135° coun-
terclockwise about the origin

Vectors in Space
In Exercises 17-22, express each vector in the form v = vi +

vaj + »sk.

17. PP, if P, is the point (5, 7, —1) and P, is the point (2, 9, —2)
18. P—j’z if P, is the point (1, 2, 0) and P; is the point (=3, 0, 5)
p,?é if 4 is the point (=7, —8, 1) and B is the point (—10, 8, 1)
20. ABif A is the point (1, 0, 3) and B is the point (—1, 4, 5)
QY 5u~—vifu=(I,1,—-1)andv = (2,0,3)

22. —2u + 3vifu = (—=1,0,2)andv = (1,1,1)

Geometric Representations
In Exercises 23 and 24, copy vectors u, v, and w head to tai] a5 Needeg

to sketch the indicated vector.

23.
w
u
= >
a.u+ty b. u+v+w
c.u-—v d u-—-w
24,
v
u 3
w
au-v b.u—-v+w
¢. 2u —v du+v+w

Length and Direction

Ir} Exc?rcises 25-30, express each vector as a product of its length and
direction.

25. 2i + j — 2k 26. 9i — 2j + 6k
27. 5k 28 354+ 4y

5 S









31. Find the vectors whose lengths and direction,

: . s i
the calculations without writing, are given. Try to do

Length Direction
a. 2 i
b. V3 -k
1 30,4
C. 2 S‘i +‘5“k
6. 2..3
d. 7 71 7j +7k

32. Find the vectors whose lengths and directi i
ons
the calculations without writing. areiglien. Try t0'do

Length Direction
a. 7 -j
_3._4
b V2 Sk
3 3. 4. 12
© 12 T3k
da>0 ——i =3

1
i+—=j—
3] Find a vector of magnitude 7 in the direction of v = 12i — 5k.

347 Find a vector of magnitude 3 in the direction opposite to the di-
rectionof v = (1/2)i — (1/2)j — (1/2)k.

Direction and Midpoints
In Exercises 35-38, find

a. the direction of P,P; and
b. the midpoint of line segment P P;.
35. Pi(—1,1,5) P25, 0)

36. Pi(1,4,5) Pi4,-2,7)
37. Py(3,4,5) P22,3,4)
38. P,(0,0,0) Px2,-2,-2)

find 4.

39. If 4B = i + 4j — 2k and B is the point (5, I, 3),
~3,6), find B.

40. 1f 4B = —7i + 3j + Sk and 4 is the point (=2,

Theory and Applications ) ) _
41/Linear combination Let u=2i ¥} Vv= i+j, and W

i — j.Find scalars a and b such thatu = av + bw.

i—2j,v= dw=
‘yLinear combination Let u =1 "ZJ,V 2i + 3j;| and _
i+j.Writteu =u; + u,, where u; 18 parallel to v and uz is par

allel to w. (See Exercise 41.) o . o
43. Velocity An airplane is flying in the direction 25 .westfohno !
at 800 km/h. Find the component form of the velocity of t :: alr(;
plane, assuming that the positive x-axis represents due east an
i P . rth-
the positive y-axis represents due no o
44. (Continuation of Example 8.) What speed and dlr;ct1t<)3;}t1grx1:g
the jetliner in Example 8 have in order for the resu an
be 800 km/hr due east?
45. Consider a 100-N weight sus

accompanying figure- Find t
the force vectors F and Fa.

two wires as shown in the

d b
pendecoy ponents of

he magnitudes and com

46. Consider a 50-N weight suspended by two wires as shown in the
accompanying figure. If the magnitude of vector F, is 35 N, find

angle & and the magnitude of vector Fa.

47. Consider a w-N weight suspended by two wires as shown in the
accompanying figure. If the magnitude of vector F; is 100 N, find

w and the magnitude of vector F.

48. Consider a 25-N weight suspended by two wires as shown in the
accompanying figure. If the magnitudes of vectors F; and F; are
both 75 N, then angles a and B are equal. Find a.

49. Location A bird flies from its nest 5 km in the direction 60°
north of east, where it stops to rest on a tree. It then flies 10 km in
the direction due southeast and lands atop a telephone pole. Place
an xy-coordinate system so that the origin is the bird’s nest, the
x-axis points east, and the y-axis points north.

a. At what point is the tree located?
b. At what point is the telephone pole?

50. Use similar triangles to find the coordinates of the point Q that di-
vides the segment from Py(x), y1,21) to Pa(xz, y2,22) into two
lengths whose ratio is p/q = r.

51. Medians of a triangle Suppose that 4, B, and C are the corner
points of the thin triangular plate of constant density shown here.
a. Find the vector from C to the midpoint M of side 4B.

b. Find the vector from C to the point that lies two-thirds of the
way from C to M on the median CM.







c. Find the coordinates of the point in which the medians of
AABC intersect. According to Exercise 17, Section 6.6, this
point is the plate’s center of mass.

Z
a1
C(1:1:3)

A4,2,0)

2. Find the vector from the origin to the point of intersection of the

medians of the triangle whose vertices are
A(1,-1,2), B(2,1,3), and C(=1;2, —1).

53. Let ABCD be a general, not necessarily planar, quadrila

tera]

foppo.
he seg-

space. Show that the two segments joining the midpoints o
site sides of ABCD bisect each other. (Hint: Show that {
ments have the same midpoint.)

. Vectors are drawn from the center of a regular n-sided polygon i

the plane to the vertices of the polygon. Show that the sum of the
vectors is zero. (Hint: What happens to the sum if YOU rotate the
polygon about its center?)

. Suppose that 4, B, and C are vertices of a triangle and that a, b,

and c are, respectively, the midpoints of the opposite sides. Show
that Aa + Bb + Cc = (.

Unit vectors in the plane Show that a unit vector in the plane
can be expressed as u = (cos §)i + (sin 8)j, obtained by rotating
i through an angle 6 in the counterclockwise direction. Explain
why this form gives every unit vector in the plane.





