MMAT5010 2021 Assignment 1

Q1. (=) Suppose X is a Banach space, we want to show that Sy is complete. Let (x,) be a
Cauchy sequence in Sx. Because X is complete, (z,) converges to some x € X, because Sx is
closed, so x € Sx.

<) Suppose that Sx is complete. Let (x,) be a Cauchy sequence in X, because
S hat Sx i 1 L b Cauch, in X, b
Hznll = lzml] | < [lzn — 2]

it follows that (||zy||) is a Cauchy sequence in R. Because R is complete, (||xy||) converges to
some L € R. If L = 0, then lim, ||z, — 0]| = 0, i.e. z, — 0. If L # 0, we may assume
that x,, # 0. then (z,/||x,||) is a Cauchy sequence in Sx (Fact: if (\,) is a Cauchy sequence
in R, (z,,) a Cauchy sequence in X, then (\,z,) is a Cauchy sequence in X) By assumption,
Zn/||Tn|| is convergent to some s € Sx, so x, = HanHz—:H is convergent to Ls € X.

Q2. (a) We need to check

(i) If g(x,y) = 0, then x = Ox and y = Oy
(i) q(tx,ty) =tq(x,y) forte R,z e X, yeY
(i) q(z1 +m2, 91 +y2) < q(@1,91) + (w2, 92) for 21,22 € X, y1,5p €Y
For (i), suppose ¢(z,y) = 0, then ||z||x + ||y||ly = 0, therefore ||z||x = ||y||ly =0, hence x = 0x
and y = Oy.

For (ii), suppose t € R, z € X, y € Y, then q(tz,ty) = ||tz||x + ||tylly = t(||z]|x + ||y|]ly) =
tq(z,y)

For (iii), let 1,29 € X, y1,y2 € Y, then

q(z1+m2, y1+y2) = [|lz1+ze| | x +Hyi+yelly < |lollx -+l x+Hvilly +Hvally = q(z1,91)+q(z2,92)

(b) (=)Suppose that X @Y is a Banach space. By symmetry it suffices to show X is a Banach
space. Let (z,,) be a Cacuhy sequence in X, then ||z,||x = ¢(zn,0y), so that (z,,0y) is a
Cauchy sequence in X @Y.

By assumption, lim(z,,0y) = (x,y) exists. Since ||z, — z|| = q¢(zn — z,0y) < ¢(xy, — z,0y —y),
it follows that (x,) converges to x.

(<) Suppose both X,Y are Banach spaces. Let (x,,yy) be a Cauchy sequence in X @Y, note
[lzn||x < q(zn,yn), therefore, (z,,) is a Cauchy sequence in X, by assumption (x,) converges
to some = € X, ie. lim, ||z — x,||x = 0. Similarly, (y,) is convergent to some y € Y, i.e.
limy, [y — ynlly =0

So limy, ¢(zn, — @, yn —y) = 0 and hence (z,,y,) converges to (z,y).



