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1. (P.247 Q22)
1

1
To show the uniform convergence of f, to f, note that f,(z) — f(z) = (x + =) — 2 = —, and hence
n n

1

lfr. — fllr = = — 0 as n — oco. Therefore, by Lemma 8.1.8 of the textbook, f,, converges uniformly to f on
n

R.

To show f2 does not converge uniformly on R, by Lemma 8.1.10 of the textbook, it suffices to find some
€0 > 0 such that for all N € N, there exists m,n > N and z € R such that

[fa(@) = fa(@)] = e

Let ¢g = 1, for all N € N, chooses m = 2N,n = N,z = N, then
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Therefore, f2 does not converge uniformly on R.

2. (P.247 Q23) Since fy,, g, converges uniformly to f,g respectively on A, and that f,, g, are bounded for all
n € N, there exists B, C' € R such that || f]|a < B and ||g||la < C (Why?). To show f,g, converges uniformly

to fg on A, we use the definition of uniform convergence:

Let 0 < € < 1 be given, by Lemma 8.1.8, there exists N € N such that for all n > N, ||fn, — flla < ﬁ
€

2B+1

Then for all x € A, n > N,

and |[gn — glla < . In particular, ||gn|la <e+C <1+ C

|fagn(@) — fo(@)| < [f(@)]l9(x) = gn(z)| + |gn(2)[|f(z) = frn(z)]
< Bopa O Grg)
< €

Therefore, f,g, converges uniformly to fg on A.



Remark: Many students use the boundness of each function of the sequence (f,) (similarly for (g,)) to
argue that there exists M € R (independent of n) such that || f,|la < M for all n € N. This is not true in
general (consider f,(z) = n on R) unless (f,) converges uniformly to some function on A. One has to use
Cauchy criterion to argue the existence of such M.

. (P.252 Q12) We first show that f,(z) = e~"*” converges uniformly to 0 on [1,2]: since e > na? > n for
1
alln € Nand z € [1,2], [fu(z) — 0] = e < . Therefore, | follj1,2) < i 0 as n — oo. Therefore, by

Lemma 8.1.8, f,(z) = e="*" converges uniformly to 0 on [1,2].
Therefore, by Theorem 8.2.4, lim ff e dy = ff 0dx = 0.
n—oo
. (P.252 Q20) A reflection followed by a translation of a typical example would do. Let n € N, let f,, : [0,1) = R

be defined by f,(z) :=nz+ (n—1) ifz € [1 — 2,1) and f,(z) := 0 otherwise. It is easy to check that {f,}
is decreasing and its pointwise limit is 0 constant function but the convergence is not uniform.



